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Chapter 6 
DIVISION OP RATIONAL NUMBERS 



PURPOSE OF THE UNIT 



The purposes of the unit are these j/ , %^ 

1) To develop understanding, of the operation' of 
dlvlBloi;! as applied to rational numbers. 

2) To develop methods^ for computing quotients of 
rational numbers using fraction numerals- and 
decimal, numerals. * ^ 

3 ) yTo. extend • the - meaning of ^the fraction - symbol 
to in^ltade; * ' : \ ' 

a) the use of fractions whose n;amer«ttors and 
denominators are rational' jnumbei^s . 

b) The use of the traction symbol to indicate 
' * the quotient of two whoJLe numbers or of 
V -two rational numbers.' ^ • 



4 J To develop understanding of the Jimitations of 
a place-value system of number-' -notation for 
naming rational numbers. ^ ^ 

5) To -provide experience in solving problems ' ' 
requiring division of rational numbers. 
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'.OVERVIEW OP THE^UNIT ' - • . ' 

^The sections In this unit majr be grouped In five part3,,as 
•follows; - , ' • 

I. ' Review * - • * 

Some Facts. You Know About Rational Numbers ' 
Common- Denominators • . 

. Decimal Names for Rational Numb.ers " , - 
Prc^erties of Rational Numbers . 

• II. The Operation of Division of Rational Numbers- and Computing 

Quotients, Using Fraction Numerals 

* ^ Getting Ready for Division of* Rational Numbfers 

Division, by a Rational Number ■ \ . % 
Computing Quoti«its of Rat'ional Numljers 

XTL. Appllclitlon of Division of Rational' Nimbers to 

' . - Pi*oblem-Solvlng " ' ' 

Problems Solved- by Division \ ' ^ 
Division on the Number Line 

* Vi. Ifew Meanings fo:^ the •Fraction" Symbol * ^ . 

■ ../*■' ' ■ ^ 

Rational Numbers as Quotients of Whole. NuinjDers 
Extending the System of Prgictlons , - 



.V* Using Decimal Numerals- in Diyisl on ' V- ' : 

. -» , .*'•■■.» ■ * , 

DLylslon of Ratlorxal Numbers Named by 'Decimals 
Ex'ten^ing the Division Process • - - 

Estimating. Rational Numbers Using Decimals . 

.... * ' ' - ■ ' ■ ' ■ / 

Ti is of course desirable that the teacher be familiar/tvith 

the entire unit before beginning, to teach.lt. It is essential 

that he be thoroughly familiar with ail of the sections under 

one* of the five main topics before beginning the first section' 

on that topic. ^ ' . • 

In tti;Ls Commentary, comments on all of the sections per- 
taining to one of the main topics are coriiblned, ^and p??ecede the 
related pages of. the pupil text* 



TeacJiing the Unit 



I. SOME' PAQTS YOU KNOW ABOUT RATIONAL NUMBER? 
COMMON i)ENOMINATORS ' • 



DECi: 



,PROP] 




NAMES FOR.^TIONAL NUMBERS 
lES OP RATIONAL NUMBERS ' 
G l^ATIONAL NUMBERS 



J4atierlals : 



Since this- Is the l^st chapter on jtiational numbers • 
^for the year. It Is the purpose ,of this section to 
jsummarlze and reteach, . when necessary^ the 
f oliowlrig concepts b:^. rational- nujnbers deveroped In 
previous 6hapters^ In- Grades Four," Jive, apd Six; 

(1) Rational niimbers ^.re used as measures -of ' 
part of a -unit .segment, regloH, tsr set; 



A ratloTial 'number has many ^ names: fractions^ 
mixed forms, and decimals.. 



(2) 

(5 ) Rati onajL- numbers\,have many of the properties 

tf whole^ numbers; The reciprocal property 
/ is a special property of every rational 
number except ^erq.-- ; * * * 

(4) The > operations of addition," subtraction, and 
multiplication can^ be performed on rational 
numbeA. ' ' I 

(5j • Many problems require the" use of rationsuL 
numbers . . ^ * - 

•Number lines, models of ,;:lrcizlar and square 
reglo^is, arrays, pocket chart and cards for place 
value of decimals, , as needed. I 



Suggested Teaching Procedure: 



• See Mathematical Background for Grade 6; 
Chapter 2. • * _ 

' * ' ... 

. The teacher shpTild'be .thoroughly familiar 
with the texts for Grades 4 and 5, especially 
Grade Qhjtpter lo, and Grade 5, Chapters 1, 
2, and 6. ... * ^ 

As^an informal inventory test .of iinder^ 
st^diiig of 5?ational-,niambers, have children 
^suggest words to b\iild a "Mathematical 
Vocabulary ' Record words on the-:chalkboard - 
or .on large' sheets o'f paper that.can.be jmt on- 
the bulletin board. . (Some teachers start such' 
lists at beglrihing of teim and keep 'them in 
evidence all year, adding new words* as they 
are introduced.) * . * - 

When teacher :L3\satisfied that the, list 
has » been complieted (sh^'shOTild suggest any 
that.^have beeh omitted) ask* f or voluntefer^ 
to £OT^.^ln to the class the meai&.hg of each 
teiTO, demonstrating with concrete materials, 
diagrams, exercises on board, etc . These 
demonstrations will be far more valuabl-e 'than 
mere ver^^^alizations . Much recall will have 
taken- place during this discussion* of vo- ^ 
scabulary. - - * \ ... , 

• " Have (^Idren read and work' the^ -first • " 
ei^t Exercise Sets Ihdependently. Evaluate 
eadh Exercise Set carefully to determine wha,t. 
rete^c^iing of concepts and skills is necessary. 



/ 
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Chapter 6 v ' . ' 

■ ■■ ' • ■ " . ■• ■ ' ■ . ■ . » 

DIVISION OP RATIONAL NOTffiERS. 

SOME i'ACTS YOU KNOW ABOUT RATIONAL NUM^p2?S . . . ^ 

The' Whole zjuinbers are u^efiil In answering questions about 

hovJ many objects^a^i^e In a ^set of . object's; but to -answer questions 

«. • ' ■ 

about the parts of a-single object, or a part- of a set of obiectSB 

numbers of a new kinoT are used. .Th6 new set of numbers Is 

called the set of rational numbers. f - . , V 

Numbers named by numerals like -0, ,8, ; 0.9, i, 

1 * - 

aihd jg- are rational numbers of arithmetic , ^ 

^ . - ."-^ 

Some rational numbers such as o, 1^, I98, and 7033 

! I • ■ ' ■ . , 

are also whole numbers. - • ^ . - 

A fraction Is one kind of symbol, or na^6," for a rational/ 
number.. Fractions we have used fti our work so far are written ' 
with two numierals separated by a bar. The number named by the v 
numeral below the bar Is called the denominator and must be a 

counting number,. * The number- named above . tHe bsir Is called the . 

\ / ,"v - ■ \ . i 

numerator and must be a whole number. ■ - . "' 

; . . V •.. ^ - • ■ . ■ 

.Every rational- nCimber has many fractlonv names. iJhole ' 
numbers may be named by .fractions whose denominators are 1. 

• \ 0, ^ 1, . 2j 3, , . . '. : * 

"' . . . • ' ' . ^ 

•■ "O^'l 2 5 , • • ' "- ' 
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Whole number's also may be named by fractions having . 
denominators other than one. . 

Notice that whenever a whole number Is named^by a fraction, 
the numerator Is always a multiple of the denominator. 

Rational numbers like j, and ^ also have many 

fraction iiames. Any rational number named by a ' fraction may 
renamed by. multlplyiiig both the numerator and denominator 
by any counting number greater than one. Why do we say, 

"greater than l"? . ^ 

*■ • ■ ' - • 

■ • " 2 ^. _ 6 _ 8 i»lo 

., J- F - 5" • • • 

\ _ 8 _ 12 _ 16 _'20 



% _ 21 _ 28 _ 55 - , . 

IF ~ ~ 3? - ^ • • ^ , 

Can you think of this , way to rename a rational nToniber 
naned by a fraction In a different way? Could we think of It 
aa -multiplying thfe number by 1, and naming 1 by a fraction 
with denominator greater than 1? . , 



1 V 2 _ 2 



1 V 3 _ 5 

51» . 



... . ■• f 

The slB^lest fr&oXton name f or £i rational' number is- the 
one In which rthe numerator and denominator have lio common 
factor except 1. ' . j 

2 _ 2lx 1 - ^ • 

Numbers namfd by fractions like ; t§* and 'j^ can be 
renamed' In sjtaplest form .by dividing the numerator and 
denominator by their greatest common factor. 



.5 e * 6 1 

T? ' 12 ♦ b = ? 



10 _ 10 5 2 
T5 - ITT^ = J 



15+- 



Names for rational niunbers greater than 1 may be written 
In a variety of mixed forms. 



mxed forms such as 6|-, and 7^ are each a 

simplest mixed form because ^ 

{1) the ntmierator of the fraction Is smaaier 
than the denominator, and 

(2) the fraction is In simplest form. 
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* Exercise Set! , 



1. Replace n In each sentente'By a nimersd to make a true 
- statement. ^ 



2. Write the following In the simplest mlxed^ form. 



r 



3.^ Replace n in* each of the following to make the sentence * 
. true. ^ . 

- ■ 5| = If .C5) •. ■ . ' el = 7| CO 57| • = 5f ,0.3; 

14 = ^ (7; ■ , 1^ = i3§ (/^; 21:^ = 24 oy 



15 
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k..' write thr«e more members for eachr set below. 

• .'set c =• {|, f, ^ <M iM fWJ 



5. Find ^he slinplest fraction name for eacAi. rational numbei 



a. 


9 . 
15 




e. 


12 




1.- 


27 


p.) 


b. 


6 

IB- 




f. 






J. 


24- ) 




c« 




-■(fl 


g. 








^ / 

if' 




d. 


21 
57 






.28 




1." 







6. Copy and supply th^ missing n\am(jrat*o|r or denomlEtator; 



1 (f) 
? = IE. 



I? 

_ 21 



c. X= 2i_ 



5 _ C2S? 
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. COMMON DENOMINATOR - . . .. I • ? 

V ^ Ixi jrouy 'work with rational numbers, it la often 
convenient to work with fractt^ns whose denominators are the . 
same. If two or.' more fractjions have the same denominator, we 
s^y they have a common denominator. Comaon denominators may.be 
foim\^Qr any two fractions by finding common mtiltlples of both 
denominators . J • ' . z 

Often your knowledge of the multiplication facts is all 
you need to do this. For greater, less familiar denominators 
you can find the least multiple common to both denominators. . 

■ - Consider fractions -with denominators I5 and 21. 
Suppose Set P Is the set of multiples of 15, and Set T 
is .'the set of multiples of 21. Can you llse*every member of 
the set? How do you Incttcate that there are more manbers than 
I* is possible to list? •. 

SetF={15> 30, 45, 60, 75, 90, 105,....} - 
.Set T ={ 21, 42, 63, 84,1.05, ...}. . 
. Ffl T = {105, ...)- • 

Find the next seven members of Set P; of Set T. Pind the 
next member of . P fl T. 

^. ■ . ' . . ■ . 

Since 105 is the smallest nvmiber in ; Set P fj it is 

called the least copnon multiple of I5 , and . 21. Any multiple 

of 105 Is also a common rauitlple of 15 and 21. The 

product of - .15 and ^ 21, or of any two numbers, is always a 

common multiple of the numbers, but not always' the least^r. 

common mailtlple. , . / / 

' ' 518 
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Complete factoilzatlon, or expressing a: rrumbex>'«ff^a 
product of primes, /is r the silnpleSife method of finding a least 
common multiple forf;two niunbers whose multiples' -you, do not 
know. * . " 



Suppose ttie npabers are 12 and 21.^ Do'you recall this 
convenient diagram/ you used in finding the least common 
multiple^. p j: - 



2lll2__ 

i ♦ t V , 

2x2x5x7=^ 



21 



'8^>^s the leatst common multiple of ■ 21 and 12. 
•. ' ■ j - . " 

is also the least! common denominator of fractions with 

denominators 12 land *21, ^ 



84 



\ 
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Bcerclse Set 2 



1. Rename th^l^munbers named by each palr^of fraciiona below 



^by fractions which have the least common denominator, you 
shoxild use Just multiplication facts for these. . 



a..- 


1 ■ 


7 

9 






d. 


3 
?' 


■5 
9 


,27 


25; 


b. 


5 


2 




¥2 ^ 


e. 


2 


l^ 
7 






c. 


5 
T' 


5 




7 ) 


■ f. 


6 
7' 


1 




Zly 
2S»V 



Which is the greater rational number? 



f ^0 



or 



b. 



5 °^ 7 




3. Arrange In order from Xeast to 

■ I ■ k •• 1 
J' 




St. 



4. Write the first five members of the set of multiples for 



each number. Underline^ the least common multiple fo^; each 
pair. Then write the, first two members of the set of 
cotaon nnaltlples for each palr.\ 

•^,■76 



' b. 20r , 25 lll'>^>'0''o»(£Si 
. Y''^> 100,1X1} 

lleo, Zoo 



. 13, 26 



d. 15 



t-S"> /«, /£, ao,, 



1^520 



5. Name each' pair of. numbers by fractions" with the least 



common denominator. 



5 



7 

12" 



If?' TfJ 



^8 



6. FlQd the least common multiple of . each pair of nvmibers 
by using complete factorization. 



a. 10, 14 (70) 

b. 12; 20 ^60; 

c. 21, .30 (2^0) 



d. 5, 16 Cm) 

■ ■ « 

e. 12, 14 (Sf) 



f. 13, . 15 ■ (lis) 



7. . Which Is the grearer rational nvmiber? 



^2 



a. 




'5 i 'Or) 



c. or 



DECIM^ NAMES FOR RATIONAL -NUMBERS , ; 

If Vou heard the wordS; "three- tenths", you coizld write the 
fraction name or the decimal name - 

Rational numbers whose fraction names have denominators -10, 
loo,, or 1000 may be written directly as decimals. "■: 

\^ lo ' •! • T§ ^'^ Tooo " ^-^^^ 

m = °-°2- . I§|j= 0.025- • ...§g=5.lO 

Some numbers like ^ ^ ^st be renamed before they 

can be named by decimals. " 

Any decimal name for a rational number may be written 
directly as a fraction or mix?d form. 

= "^T^ , 2.007 = 2^ 

■ 0.59 = ^ 0.9 - 



00* u.^ = 

Recall that you can find a fraction name for a nmber if 
you knov; a decimal name for it, in this way; 

-The digits in the' decimal indicate. the numerator. 
. The place value of the last digit on the' right in^cates 
the denominator. ' • 
For exa^nple, V 3.^57 = .^0^5=.^^ ' 

The fraction obtained in thi-s v;ay is called the fraction 

■ \r — ~ - 

form of the decimal. . 

VJhat is the fraction form of 1.4?^'^f 2.007? a of ; 0.59?C7^j 

.-r . ■ ■ ' '■ 522 . • 
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Exercise Set 3 . * . 

1. Name in words the rational number named by each decimal below. 



a. 1.2 



lb. 0.07 



[ 



c. 0.^135 



2. Complete the following chart. 





.ML, 



• Fraction- Name 


Numerator 


Denominator 


Decimal Name 

- • ' \ 


a. . 


. 100, 


5 


100. 


0.05 . ■ 
, r 




76 
loo 






Co. 74; 




' . '^0 




iloco) 




d. 


24o8- 




' C/oo) 


(24. Of) 


e. 


3012 . 

Tooo 


(30/Z) 


(iooo) 


, (5.0/2; . 


f . 


¥^ 




Oo) 




. S- 


9 

10.00 




OocoJ 


C.OO9; 


,h. 


25^ 
Too 


(Z34) 


Ooo) 





3. Match 6ach fraction name "in Column A with the. decimal in- 
. Coliimn B naming the same' rational nxomber. 



Column 


A 




Column 


B 


a. 


30 . 
100 




: . g- 


3.0 


b. 


5 

Too 




h. 


0.30. 


c. 


3 

1000 




i-. 


. 0.005 


d. 


• ^ 

10 




j- 


0.03 


e'. 


Tooo 




•k. . 


- a. 030 


■ .f. 


300 
To- 


uy 


1. 


30.0 



Complete the chart iDelov/, 



' 'Decimal Name^of 
Rational -Number. 


Numerator 6f' 
Fraction' Form 


Denominator of 
Fraction, Form 


Pr»a<Jtion ■ Form 


. ^• 


0 . 42 ' . ■ 


... ; 42 :• . 


- ■ 100 ' . 


ji 0 — 
• ; 42. 

loo 




0.056 




^ C/oooJ 


(/ 000) 


c. 






iio) 






2.08 ^ 






■ iioo) . 




h'. 


11 . 01 ■ 


(11 01) 


— -^h 


V /oo / 


f . 

r 


0.9 ■ 


C9).-. ^ 




(^>- 


■g. ■ 3.. ^05 




:(jooo) 


/^-^o^- ) - 
\ / 000 


h. , 


4-.071 




Oooo) 




•i. 


2.06 








J..' 


. 8.9 









Tell^ whether e^ch of the ratipnal number's nained belov; 







>-l, <-J^ or = r 






a. '■ 0.01 


« ) • •.. 


' d.-. -1.1 C >■). 


g. 0.^' 


C<) 


b. O.T' 


: . 


e.- 0.001 C <) 


h. ,l,;©lb'. 




c. 0.9 




.-.f. 1.0 -t = ) 


. i. 0.901' 


«) 













6.. In each of " the following, write a' decimal .^ame for ^tf^ 
rational, number J such Jbhat 

^3c./2, */^, ./W,....J 

a. iri > O.il.-and m <'0..2^ more than one* ansvjer 

' . ' correct? ) 

b. p > 0.009 and p < 0.009 ( --^^ 

■ — • . . 

c . t > 0.1; and t < 1.0 C.z> .^3, . .5^ . 6^ . : . ; 
J d. s > 1.1 and "s < 1.9 /-^S^ /.v^ /.5,. /.6,...; 



23' ^ 524 



1519 ' ' W 

7. Arrange in order from least to -greatest, v * 

• • • • 

0.25,^ .1, 0.02,; 1.02, 2.002; , 2.2 



8. wnte in expanded notation 



• a. 4.9 R^'^O C*? X 7^;J 

b. 927.872 X./e>»; + C2 X/0; + C7,C O + (9 j^jk) ^ (7 + y 

, 56.63 . [(5x,o; + '^e-^,;, + ^^^.)^(3^^j7 



9. Write the decimal numeral for: 



b. (7 X 10^> i- (2 X lO""-) +' (4 X 1) + (9 X -K-) + (7 x i) 
. . . (724:97) 
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Exercise Set ^ 



1. V/hlch of these fractions may be v/ritten directly as decimals? 

V 

Write the decimals if you *can write them directly. 

I 

50 



l^6 



e. 



3 



■2. Rename each number so that It may be written, dlrectay as 
■ a decimal. ' " ' ' •. ' - 





■flame" 


by 


New Fraction 
Name 


Decimal 
^Name 


a. 


12" 




Too 




b. 


130 




\ \/ooo > 


Co.zeo) 


c. 


. .I' . 




I/O-' 




d. 


k 






Xo.9) 


e. 








- (o.^s) 


f . 


sfo 




. r— ) 


(o.sdo) 


g. 


6b ■ 
50 




/ /2o\ 


0-2O) 


' h. 


-212 
200/ , 




/ /06^ % 

f 


(i.oeo) 


1. > 


2 

•15? 


• (#^'. 


• Ciooo) 





25 



526 
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•• , . ■■■■■ .-■ ■ r ■ ■ ■ ■■. ■^■ ■.r-,-/^- 

5. \Jhlch of the following numbers^do not have a Sraction ^name 
. wifh denominator/, 10*, lOOir pr^ lOOO.x ^lei;>aine all 'others ' 



as decimals i- ' 



• •■ - ' ■ ^ 






. - ■ •• . . 

Complete • i 






Rational Number 


■ Eraction Jjame 


Decimal Nam6 


T" — ^ 

oner- fourth , / 


1 


0.25 * 


one-half. 
^ 






three-foiirths 




(■0.75; 


foiir- twentieths 




(0.2} J 


three-fifths 






ninertenths ' 







Match each fraction name in Col;Mn A with the correct 
decimal ,name in Colximn B. ' ' * - 

£ 

Co^Amm A a. ^ (/u) Col;jmn. B 



20 
2^ 



22 
5? 



d. 



2 

■ 22 
202 



f. 



„ 2oe 



527 



h. 0.008 

• 

i. 0.80 
J." .0.88 
k. 8.06 ' 
1. -OvSoS 
m. o.o88- 
n. • 0.08 - 



2S 



Exerclae Set ^ 

1. \a. Add 29.9 tod 37.06 (66.76> 

■ b. Multiply fti^ (^)^ (T^ 

c. Subtract 11. 58 from 4o ; C?^-^^) 

■ d. Add 35^ and 1?! C53 55) 

. e. mitlply .0.2 tod 0.3 (0.06) 

/f. Subtract 9^ from 14^ (^z^^ 



Read the following carefully. Express the relationships 
. In each problem In a jnathematlcal sentence. Solve^ and 

; write your answer In a copoplete- sentence. Rational 
* nunbers nay be represented by fractions or^ decimals. 



2.^ One basketball player had an ave^»^ of twenty-seven and 
ninc-tehttid points per; game. A second "player 'had an 
average Of twenty-five and one-half points per game. »»»i7.f.a^ 
Mhiph player had .ttje better ave&i^ .a By how^iiy^poin 
was.lt. ?)etter7 Cz^^-J ^ = ; 



27 
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In a class of children, there are 1^" boys and l8 * 
girls. 6 of the 14 boys are Scouts. 10 of the , l8 
girls. are Campfire Girls^. What part of the boys are 
Scouts? /T what part of the girls are Canipfire^ Olrls^ What 
part of the class are Scouts?^ VThat part of the class are 
Campfire Girf-s?/ Which group represents the greater part 
of the ^lass. Scouts /Or Campfire Girls? (/l^u^^x^^^ff^^^^^ 



In one part^ of the Amazon River Val-ley the averajge rainfall . ^' 

per month is twenty-one and four-tenths inches. What is 

the total' amount of rainfall for the year? CzS(:>.? x^-hx^Jl^J . 

If a plane averages 560 miles an hour, how far will it . - 
''travel, in five and one-half hours? . (,Zc>^o .^.u^^^uZl^^^J ^ 

( >u ^ Si: )c SCO) 

On our vacation we averaged twenty-el^t and seven- tenths 
miles per ho\ar for -an average of seven and one-half 
, hours e^ch day-. What Was the distance we traveled each day?^ 

The av^age hbuse fuse will allow 15 amperes of 
electrlclty^o pass through it. If you connect a two and 
five- tenths amp heater and a ten amp refrigerator to it, 
how. many more amps can the fuse carry ^without burning out?yf 
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8; A metric ton weighs two thousand^wo hundred four and six- 
tenths poimds . HO* many more poiinds than the English ton 
is the metric ton? 

C >J^"X<.>je^^^£i^ 2.0.4. <, 
C 1*1^ = zzcf-.s - 2.000) 



9. In the school library, books are arranged on the shelves 

iiist as numbers are arranged on a number line. Call 

V numbers on books became greater as you move to the right. 
• . . . , — ' ' 1 ■ 

How shoiad the following books be .arranged on the shelf? 




0.0218 




10. Olie^head is about ^ of the height of a-yoxmg boy. Jim 
is 60 inches tall . * Will his head be above water when 
he stands In a pool marked h feet deej>?(^y^J VJhy? 
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PROPERTIES OP RATIONAL NUMHE31S 



' \ Exploration. 

' Add^ny two whole numbers. t 
. ; ^ ATry^thfee more pairs. 

Did you always have a whole number to use as 
Can- you think of any two whole numbers , whose ^xan is not a' 
whple number? -i'Tlo) 

Do you agree wl|;h this statement: Cy^l^) 
- . "The sum of any two whole numbers, is cilways a ^whole number"? 

1. Add the following pairs of rational number^ 



a. 4 

1 



b. 



1' 



C. 



d. 17| 



e. 



f. 



22| 
3| 




Was each sum a ratlpnal number? 

Can .you' think' -of any two rational niambers" whose sum is nbt 
a rational number? (^71^) 

Do you £^ee that the sum of any two* rational numbers is 



a rational noimber? 



2. Perform the following^ operartlons- 



a. 452 X 56 

b. 708 X 9 ' ' 



c. 



^90 X 78 



e. 3 X 



d. 5600 X 45 



f . 



2. ^ 4 



h. 



2 X 3| 



7^6 



, ' Whfen you multiplied two whole numlrers, was the product 
always a whole number? ( 

When you multiplied two rational numbers was the product 
always a rational, niffi^r? ^ J ^ 

you make about the product of t^vo 
whole numbers?/! of two rational numbers? (-^ ^iu^^^r^j^gjrr^^^^^ ) 

• '>T^< »<t^ 

3. Find the prpducts of the following pairs of numbers • 
\ a._ . I and i O) . d. ^ and. 10 0) 

b. l| an* I (I) e. l^ and ^ (/; ' 

c. ^5 and \ . f.^ 7 3^^. ^ (t) 

What do you notice about th*e~ products you found? 

^. Can you. think of ahy two whole numbers" whose .products is 1? 
Did you think of. 1x1? This is one more property of ! the 
interesting numbei* 1: 
- -When ' 1 is. multiplied by 1;,. the product" is 1. 
No other whole number has this' property. 

• ' ' ' r ^ - • 

Every rational, number, however, with the exceptia)i of 
zero, does possess tfiis property: 

For anjr rational number, except zero, .there is another 
rational number such that tlie product of the numbers^is 1. 
Such numbers are' called recl-procals of each other. 
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5. . Look back at exercise, 5. . • 

What do you notice about the numbers In each exanrole? ■ 
Name the reciprocal of each of the following: 

- r ci; c. I Cf> e. ^. ifj.^ 



b. 



6. vmich. 



product expressions below, are names for I'i (eu, Vc) 
a. c. ; 5,X.| e.- l|x^ 



Which of the followiri^ statements are true? 

ExplsLln* your answer. / 

a. 7 +^=.4 + 7 C3*J^ - ^t^^T^yt^cS^ 

b. 17.55 + 5^.7 = 5^.7 + 17.55 ^Jfcx^ 




c . . 5| + 14' = 14 + 5| c^*^ 

d. 1.5 - 0.5 = 0.5 - 1^5 -A O S) 

e. (5.7 X 2.4) X 6.8 = 5.7 X (2.4 x 6.8) V j - ^_uf .^f-->^-^^ 

f. (| X J) X l| = 1 X (fx if)-^^-,.,,.,,.^^^ 

g. 16 + (8 + 20 = (16 + 8j' + 2 CU£.cZ^ /^^-t-^H- 

h. 2 X (5 x 5) = (2 X ij) X 5 ^c3t^ 



Jo 
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PICTDRINa^HAUfcNAL NUMBERS 

* . . •■ 

• Rational numbers are used. ^ to describe the measure of a 
. segment, region, or set In relation^ to a unit segment,* unit. 

region, or set, > 
s r The following^ c^^grams. picture a^ region, a segment, and a 

set, eacJh with measure ^ 




-I 1 L 



I 



BLACK 



WHTTE 




2 i 2 1 1 5 § 7 8 
8 8 8 8 8 6 8 8 8 

B 



g of the circular region In figure A- Is shaded. 
The measure of 35? In figure B Is ^. 

^ of the set. of white keys -on. the song "beils have matching 
black keys. . > 

Just as 5 Is another name for- . ' 

^ 1 + 1 + 1 + 1 + 1 

or 
5x1, 



Is another name for 



or 

.or 



"5 



X 1. 
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EScerclse Set 6 



1. A and B are xmlt squares. Write both the fracrtlon and* 
decimal names that best describe. the measure of each 
shaded region. ' ^ 




4t-H--|- 




2. Find the perimet,er and area of each rectangular region below, 

* 



6 Y^, o.j; 



12 |- FT.; 



15.05 MILES 



u. 



in 
US 



Ok 

id 



3. Find 'the area of the floor of the house 'whose floor plan 



Is drawn belov;. 



in 

T— .. 

1 



in 

eg 



•20.5* - 



•,555 3^ 
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1. AEPJ . is a region separated into \ congruent regions, 
if m AEPJ = 1, . ' 

a. m jCbIJ = m ACHJ = / c. m ADGJ = 



ERIC 



2. 
3. 



If m ADGJ = 1, 
4 



a. AEPJ ^622 .13.111 ^CHJ = C|2 . c. m 'ABIJ = (7^ 



If m ABIJ = 1, 
a. m AEPJ = W 



vfL . 'b- AIXJJ = C3; -cm ACHJ = 



4. 



Write one additlon^ and two subtraction sentences pictured 
by. .the diagram below. Write sentences using 
(a)' fractions, and (b) decimals. 
» A ' ' ^ . 



B 



I 



"2 

5,i 



V 
5 



• -♦••.j-o.g; 



1 ' 1 
5 5 

V 536 

35 



2 

5 5 
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5. 'Illiistrate the following. problem with a number line 

i , 

drawing. * , 

♦ * z s. 4 * 

4 MM <H | M I I I I i nill UMH i H I n J I f l 1 r H M l 1 I ftMMMM I ■ 

Tony made a chart to show the height in Ijiches of all the 
children in his class. Ailer^oid him he was 4j feet 
tall. How many inches did Tony record for Allen's 
height? C ^ ^ ' ju^yt/cU'xjL^^ J -0 



6. Below^ls a seating plan for a class of 36' children. 



EKLC 





rl t1 T^ T 

A t^ r^ rj T 


\ AAA A 






\ A: AAA 




rj rl T 


\ A -rl rl A 



0 



In how many other v/ays can you arrange the desks to • i- 

make a series of equal rows?>{ Dr&vi a diagram similar to 
the one above to Illustrate ^ne arrangement and write , 
the fraction nam^ that best describes the measure of 



each row. 



f 

Z 
I 2 
3 

56 

/ 

6 



2 
I' 
3 

/ 

e 



• 537 33 



J 



I 



Bcerqd,se Set 7 

1. Con^plete tlie following mathematical ^sentences, 
a. X 3.52) + (4.9 - 3.52) ^ 08^28) 

. (7 - 4) + (5j x 2|) = C>£r; • 

;d. (62.5 - 38.9) x 4.3 = 25 + Q±+S) 

■ ■ ■•> 

f. (0.3 X 0.3) + (20.6 - 12,93) r C2.7<; = 5 



2, At one point, the river is 2.6 feet deep. . At another. 

It Is . 5.1 fe?t deep. What, is the .difference in these ' -.- 
two dep^s? (?. 6 ^) C 'aXt. ^ uf f e. t * ^ 

3. it takes 3j seconds for' a word sent by telegraph from one 
s-tatidh to reach a second station, 4 seconds more to reach 
the third, and 3.9 seconds , more to reach the foxirth. ' How 
long does It take to transmit the word from the first to the ■ 

37 
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^. Ricky needed two 8.7 Inch long axles and one 6 inch 
steering wheel pole for a toy rac.er he was making. He 
bought an Iron rod 2^ Inches long. After he cut off . 
the parts he needed, how many Inches were left? ('-^ 



5/ ?iane traveled 650 miles per hour for 5^ hours. . -■ 
Plane B traveled 6cX). miles per hour for . 3I houi>s. ' 
Which plane traveled the greater dlstanc^^T^w'^ixch' ' 
greater was the distance? /25-»oTi/.J 

6. What Is the perimeter and what Is the area of a i-ectangular 
Toom whose adjacent sides measure . 24i.' feet by l6i i-eef 

7. Discoverer II was In orbit arbxald^'the earth for a' period 
of 90.5 minutes. Xaiscpvereri Ji^, y^^^^ 95-569 - > 

:•, ■ -minutes'-. ; What is the .difference In time of the two orbital 



P33* ■ ' ' . j • .■ . ; / ^ .•; 

■ ■ . / / .■ 

- • • 

Read the follov^ng problems^ careTxilly. * . 
Express 1;he relationships in each problem as' avrnathematical 
sentence. * ' • ^ . 



i. 



Jane measured the tallest siinf lower plant in her garden. 



feet? 



JEt .was 117 inches tall . Vlhat v/as it^^ measurement in 

mi height is |- of .. Tomts. Tom is 6 feet tall. .; 
. How tali^ is Bii^l? ^'Cv^ ^ |- x ^ : ^^jlL^L^ 4t[ ±:dM^O 



Philip can throv; a ball ' ^ of the dis.:fence that Tim can. 
.Tim can throw, a b^l 100 feet. How far can PM^lip 



throw it,- C-^-'^- x /oo; iS^JJ^ut^ ^'^^'^^^ 



A piece of garden hose-, i? feet long is divided into /2'^ 

equal lengths. What is -the measure of e'a^ch pieee? . 

/ " ' ■ -^.'t* '■ ' 

5. Mary and Florence bicycled to a "picnic. They left home at 
- the same tliTie .and traveled the same dl-s't'ance. Mary reached 
the picnic in ^ of ap hour.. Florence reached it l^:^!^ of 
an hoiir. Which,. girl took more time? H6w much more?- 



IS 



6. l/lldwooa a^id ffiLllcrest Schools are havliag/a debate; Each 

■ ' ' ■ '• ' *'■/•' 

.school h4s ^trifio speakers on Its team. The debate will last ... 

• one' hour*'.; - OSie.^^^^^ will be divided equally among the 

speakers I,:'. What; part of an hour will each speaker have? 

7v The area of a rectaiigv^a^^ bed is 2^' square ^eet. 

The. measure of one side; is 8 feet. What is^lihe^'inea^ixre 



• ; of the adjacent, side? V 7; ^^aj:7 TT^vTTT. 



■ 8. In January, 19^1, 4^8 Inches of rain fell in New Orleans*, i; 

1 In February, \.\ * inches fell. How much rain did Nevj 
v\ \A Orleans have in the two months? 

• V It takes^ijupiter 11.862 eaJrth years tQ orbit the sim. • ' 
ilt takes Saturn 29.^58 earth years to orbit the sun. 

' Ip^hat is the difference in- earth years between the.tinj^ 

• j required 'il^a^^ Jti and Saturn tb orbi't'the sun? 

10<^ y^'T^j^^^ a^^n-eatliig white shark measiiring l6^. ';feet was * . 
\ c^gnt by rod and reel Iji Australia, setting a new record. 
A year later, a blue shark ;measixring 11^ feet was caught 

* . by rodr and reel in the TJtiited States, setting^ world record 

■* ^ ■ • * ■ 

. also. • How much greater was the length of the white shark? 

'6 



Iir GETgi^G KEADy P^^^^ . • , 

DIVT^ON EY A ^imx^^ 

COMPUTUS QaOJIEN|s' QP: RAn^ NUMBERS - . ■ 

Objectives: To review -theipifepertles of rational' numbers 
used '^'p^:Ja^ji^ttMd ' for £lhdi,ng . quotients 
of ratlbiial' . niunbers. 

To appl;y;.:the properties of rational numbers 

In finaE:bj^:.quotle^^^^^ . • 



To find a shQj;t'.,me.thbd f o.P; computing .^otlents 

. i ^li^t'^f '^^y^? 0> c/0,d>0 • 

Vocabulary: Product, factor, unknoim factor, "dividend, 
divisor, quotient, "^dl vide. _ __ by - , , ' 

<^ vision sentence/.multlpllcatlon sentence, 
quotient expressloiv. , . 

Materlalsj strips of paper each about C8 Inches by 2 

Inches. The teacher and each pupil should V ■ 
^ ... ^ h^ve -several strips. • " ' . 

- ■ J - ■ ^O':- ■ ■ 

.• ;Sttggested Teaching Procediii-e:' '-.f 

■ ■'■ ' ■ ^ ■ ■ . 

Division for whole numbers was defined as" the 
Inverse of multiplication; that is, 15 + 3 =-n 
me^s that p is a whole number such that 
!li ,H I, ^'^^ 5 X n = 15 . With this definition, 

diyislon/ was not always prossible. for exajirole, ' 
there Ig^ no .whole number .-.n for v^h this sentence 
IS true : -". ■ • ' ; 

DlvisioK for rational numbers Is defined "Sji the 
same way: ' . • . 
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^ r^f°f® beginning .the section,-: "Getting Ready 
for myislon of Rational Numbers," ybu may wishTto 
prpceed as follovis,^ using the'atrips of paper 
•mentioned above, ^ . f 

■ . 4i-- 542' ■■ ■ 



You know how to add,* subtract, and inultlply rational 
numbers. Now v/e are going to study dlvlslomof rational numbers. 

You have some strips of paper on your desk which you will 
use to diagram some mathematical sentences. -The strips will 
help you picture division of rational numbers. Here are the 
mathematical sentences. Notice that in each,- 1 is the'product> 
and a rational nximbei* is the knovm factor/ . ?: . vr 



a. 



1 + I = .n 



c. 1' ^ 



= n 



; 5 



b. 1 + 



= n 



d. . 1 + 



= n 



f . 1 



. I = n 



CoAsider that one whole strip represents a region whose 
measxire is ^. How can you use one of the si^rips. of paper to 
picture 1 (r^ake as many small regions whose measure 



is ^ as we can. ) 

Hqw can you show a region Whose measure is ^? 
strip into ^. . Use three of the fourths to picture thr.^e- 
f ouijths . ) 



(Fold. <tJ:xe 




•a/ 



strip 1 



You have^one i^iece whp^e measure is ^ '^Oif^' the un region. 
You- have another piece which is smaller. V/hat part of a ^ 
piece is it? , (It is i of a piece.) 



YOU- .can now tell what . l .*: 5 . is. Look at your strip of 
paper. . One wSale .,s.trip is. separated into two pieces. The 
larger piece has measure . ttoee'-fourths . How does the smaller 
piece compare m size with . the larger? (it.is-.one-third as 
large.) The meaSuye of tiie smaller piece is i of three- 
fourths, ^jhat Is^ 1 + . (1 5 -,1 -5 



TT ^ because you have one 



three-fourths piece and one- third' of another such piece.) 



•' ' '^■^rlte' 1 + I 1^ on the chalkboard as the 
beginnliig of a summary of the day" s discussion. 



•use another strip of paper to represent a region whose 
.measure is 1. use it^to find 1 * |. 'Describe how you do this, 
(Fold the strip into ^. use two of the thirds to make one " 
piece with measure two-thirds; the other piece has measure- ' J 
ortwo-thirds. 1.'.;+: I = l|'.)- (See Strip'2.) " - " 




-Strip 2 



The teacher should emphasize that a strip has 
a measure of. 1 -when the whole strip is the unit 
but it Ws a measure of l| when the unit region 
is J of a strip. ' ■ • ■ 

f i.JfZ% *^e,?a*hem^ical sentences b through ' 
\ solved in the si^e way. , 

_ ^ Each solution should be added to the summauy. 
The summary -should" have the form as shown at top 
of the next. page. - ^ 
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a. 
b. 
c. 



1 + 1 

1 2 - ,1 

1 + ^ = ij 

1 + T = 3 



d. ■ 


1 


+ 






e. 


1 


+ 


2 

5 




f . 


1 


+ 


3._ 
5 


^1 



• Look at yoTir resiats in the problems above. -The quotients 
are named by mixed forms. Rename them by fractions. , 



a. 


r 


+ 




J 


- d. 


1 


+ 


3 _ 8 


b. 


1 




2 


3 




1 


+ 


2 _ 5 
5 - ? 


c. 


1 


+ 


1 


r 


f . 


1 


+■ 


3 _ 5 



-What do you notice about the results? > (Each is the 



reciprocal of the known factor. ) 



1 as the product.' Use 



Let^s test another division with 
a* strip of paper to fi^nd 1 + 'V. 

The strip may^ easily folded into halves, 
then, into foTirtns, then into eighths, apd then 
into sixteenths . ELve 'Sixteenths* may then be 

torn off, another ^ -torn ofi*]! and another, and 



the 



left shown as ^ of. a ^ piece, 



VJhat is 1^ + 



(3^) We can vn?ite 1 + ^ = is 
the result ^ere the reciprocal of the knovm factor? (Yes) You 
^have pictured division v;hen the product is l and the Imov/n^ 
factor is a rational number. Later you .vzill picture division 
when the product is. a number different from 1. -' . 

The development of the method Resented in the 
text for conqputing n with fraction numerals is 
based on the definition -of division and on these 
properties of rational numbers ajCrea^ known:- 



1. Multiplication Property. X\ 
not. 0;^ then 




b and d are 
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2. 



•3. 

4i 



Reciprocal Property, ifor every rational 
number, except o, .there is another rational 
number such that thfe product of the two 
.numbers is l. if a ;^ o_ and b ^^.o, the 

reciprocal of the nvimber '- is ' ji 

, • b . a ^ 

Associative Property. 

• | x^(|x|) = (| x S) x f 

Property of Ohe. 'If. n is a rational number, 
then X 1 f= 1 .X rtO= n. 



^ m addition 'to 'these four Properties, the <idea 
■ o-f equality is . ijigxjrtant . . The symbol ^* =• " is 
taken" to mean "is another 'name for*." This is the 
meaning, };ith which the. pupils are familiar, but It 
has special importance' in this development. 
' ■ ' . , 'i ■ . . 

„„.\p^ first Exploration for the section 
Getting-Ready to Divide by a Rational Number," 
oiYlsion of rational numbers Is defined as indi- 
cated above. The exerpises in Set 9- are designed ' 
to focus attention on this definition and on 
Properties 2 and 4- in the list above 

.; The second '^loration focus'es attention on 
the meanUig of " = J' and on the idea that the 
product* bf two rational nxmbers is a' unique 
rational number. Thus, if "5 x n"" and "7" 
are names for the same number, "2 x (5 x n)" / and 

2x7. are also names for the same number . . 

». section "nivisl^cJirby a Rational 

Number the properties arefused to find the 
quotient pf two. rational, nlmibers. No attempt 

5^ "^.^^f* ^^"^^ *° arrive at the u sual- 

^ . for finding quotients. Emphasis should be 
on using the properties of rational numbers to ' 
find quotients of pairs of rational iil^bers. 



way: 



You may wish to begin the discussion in this 



Think of any two rational nvmibers. Suppose we use 
You know how to find their sum. What is, it? (|| 

from ^. 

addend?- . ^1? « 1 . " ^ 



and 



You know how to subtract ^ fr< 

You know how to find the- product "tjf 
or |) 

.-. . ■ - ^ ... 



8 



Vflaat is. the other 



5. 



and 



8 



\IhSLt is it? 



' 8 
Now we wish to flpd. the quotient j ^ 

Is related to multiplication, .you can use sbme things you have 

learned about multiplication .to find out how to divide. 

Su^ose that, j ^ == n.' (Wrlte.J^|^* | 
l«niat Is a multiplication ,sentencjB-^hlch states the jsame 
relationship as this division ^ ^^ntence? x n = j) We know a 
number fpr ^ x n. VJhat Is Itp (j) ' you. wish; to find a number 
for n, VJhat number .times rr equals n? (l' x n = n) Now we 

have 3 X n and we want l/ x n, 

r5 



Since division 



on the board) 



Hoy; could you operate on 
so as to have^a product (1 x n)? - Could^you multiply? 

* n ft ^ 

because 5 x 1) Try it. 

Now s'ee what . we have: 



(ixn) 

(Yes ) By, what number? 

x n) M|x|) 
(Write on board. ) 



^5' 

X n 



1 X n) 



5 



X n = 



8 



8 



VJhatJ 
riajrie ' the 
"* "so 



8 
7 

number. 



5 x^ (| X n) = ? 
lall we write .onr.^th6* right aide^. 'Since (^ x n) and 

L ' *^ A' ^ ' - R ft 

same number^* ^ x- ■(.S.xnV/.and- f^r; x ^) . name the same 



8 x' 



How can we rewrite the left' side? 
(rx^) 



r8 5x 8 8 

(^ X g) X n -= ^ X J. 



VJhat property was used? (Associative) - 

'88 

Rewrite the left side again. (1 x n = — ,x -r) Rewrite it 

8 8 '*2 ^ 

again.- (n = x j) Now find a simpler name for the number named 

by^ the product expression, (j^-) So 



n 



64 
15 



^ and 



8 



5 ^ 64 



Continue with other examples. Then work 
through the Exploration ^ith the pupils,^ 
Eii5>haslze the properties u^ed^ Exercise Set 10 
can be used for Individual work-in finding 
quotients, following the models shown.. 

Here is a slightly different development 
which you could use ^instead of, or in 
addition to, the one abovg. 

As before/ 



so 



8 


5 






H 


= n. 






8.. 


B ^ 


n 


.3 



What number must replace n _to make a true statement? 
Suppose n were" 2? 

Suppose n- were 



Then ^ x 2 = ?. 
Then ^ x ^ = ? 



.Finding n In this way would take a long time. 

8 



Suppose n » were* 



Then 
8 



8 



= 1 



To get a numeral for by what nioinber must we multiply 



(g X In 



Since 1 X 



8 



8 



J = J, mul-tlply by j. 



X f)x|=lx8 



The multiplication sentence with n was ^ x n = ^ 
xise the Associative Property. 

5 V _ 8 



so 



Rewrite this multiplication sentence as a dlvlslpn sentence 

_ ^ ^ 8 • 
3 " 



8 5 a 



So, 




8 _^ 5 6k- 
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la the section "Computing Quotients of 
'Rational Numbers" the method for finding 
quotients developed in the previous section 
is examined to find' a clue for a short 
method of computing quotients. Work through 
the Exploration with the class ^or develop 
an exaii?)le on the board). * Stop' short of 
^simplifying the final product e^resslon>; / - 
/ centering attention on the facts that • .^r 
^ \7 ^ 3 _ Qj^^ that apjplication of the 
..Properties shows that n =^ x j. / Therefore, 

7 . . 3 ^ 7 



7 ^.5.7 X 4 



"When the pupils have learned to compute 
quotients using therxelatlon 

a r c a V d 

it is important to j^etum to. th)^ longer 
methods of solution used in the beg^i^iing 
frequently enough to remind them tha^f; this ^ 
convenient short/ cut is a consequehc^ of ttj#-'; ';^ 
definitions and. properties of i^j^i^fi^^ -^^t 
numbers: previously observed. .-ji^U'''- ' l^^^^ 
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CEETTINO BEAD? FOR DIVISION OP RATI6NAL NUMBERS / 

Exploration . 

' ■ , '■ ^ ■ 

• You have studied multiplication of rational numbers. Now 
you will s^dy division of rational numbers. 

•You know that division With whole numbers' Is a process of 

* ■ ■ * . * 

finding an unknown factor of a product when one factor Is known 
We shall think of division with rational numbers as having the 

Bamc meaning. That Is, the sentence - . 

* ■ ■ . \ • . . . , ■ 

ineans - J ^ t| = | - ' €|S 

Is this multiplication sentence true? 



Until now, you have used only factors whlcjh were counting 
numbers. In thinking aboul^ division of rational numbers we 
shall also consider rational numbers as factdrs of a product 
which Is a rational number. For example. In the sentences 



X n .» 7 ,:. "or 7 + 5 = „ 



we shall speak of 7 as the product, | as one factor, and 
n as the o'thef factor. We also can use the language of 
division and call 7 the dividend, § the divisor and . 
n the quotient. . 

In the next set of exercises vise what you have learned 
about prckiicts of rational numbers and about the operation of 
division to get ready to divide by a rational/number. V.'" 
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Exercise Set 9 
Find a fraction name for each product expression. 



a. 


J X J = n- 




d. 


2 

15 ^ 


^1 = 




g- 


b. 


5 y 9 _ „ 


(W. 


e. 


1^ 




n G^> 


h. 


c. 


S X 1 = n 


(f) 


f . 


10 ^ 






1. 



57 X i|2 =e n 



3' /-sa^s 



I) 



■ ■ ■- } \ 

In example 1, each product Is the nxanber 0) / .' ±n each 



product expression, one factor is th 



le o 



ler. 



For. each sentence. 


find a number 


n 


which makes the 






sentence true,. 












\ 4 • if ^ 
a. J X n = 1 




h. 


(| X §) X n = 






b. .hx^'=l 




1. 


(| X n) X 1 = 






■ 4 4 




J* 


(9 X n) X = 


_ 15 
- T 


a) 


^:''"]fex^ = 1 V 






(n xy) x^ = 


_ 5 
- IT 




1 

e. n X = 1 


cf) 


1. 


f X (nl^ ^J = 


8 






(0 


m. 




= n 




8. 




n. 


n X X ^) 


. 5 
- 17 


cm 



50 
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4. . Here are; some diyisiwi sentences. Write the' relationship 
in each sentence as a multiplication sentence. 

a. 20 +-n = 4 d. 42 + n = 14 ' - e. i '+ n-= IQ 

b. 65+13=n e. n + l4 = 42 ■ h. 1 + IQ = n 
c: 42+lir=n - f. 19+n = 19 . 1. n+^|'=| 



5. For .each sentence In exercise 4, find a nmber . n which 
makes the sentence true. (Use :(our multiplication 
sentences if you prefer to do so.) C^jl^ yauS-trv~<^) 



6. Rewrite each division sentence as a multiplication ' 
. sentence which 'States the samp relationship. 

a. 15 + n= (|'x|) h. 6| + (^xj) =n 

^+(§Xr)=n . n+^=2 
e. •T^+n= (^x;^tr) 1. ^■*T=n 

V. =.2. riS:\i. 7 w . 30 '■^ sy 



5155a 



7. Sot each sentence you wrote In exercise 6, find the 
number n which nakee yovir mcatlpllcatlpn sentence true. 

8. For each inui^tipllcatlon sentencj^^^^iiSw, write two dlvlalbn. • ■ 
, sentences which state the sane relationship. ' 



c. 



♦S9 ZJJ- 







1 

9. When a product Is the number 1, and one factoi* la^ a 

z^tional nuniber, the unkpown factor la the ^e^iytt^^^^c^ 
of the flrBit -factor. > 

■ ( • 

We write: 

■ . . ■ *' . 

A ^ 

1 ♦ ^ - 5» when^>a / 0 and b / o. J \ .' 



■ ■ Exploration- ' •'■ ' ..-v:- 

You know 't^^ 6 X.5 •■=.3o..;-The-:.'>.-= "'raeijia'ttiaLt '"6 x 5" and 

"30" are two names for the same numter/ ." 

• •• . ■ ■ 

. ' ' ... ■ ^ •'■ 

6x5= 30, what'numbe?r.l's 

• ,2x6x5?, Isit^Sx,.3o? (jc^J -S:-^-^'-' 
The. Associative. Property tells us that * . " ■ • 

^ •.'' ;2^-><:^^6.x.5a:=.C2 X 6) x;^^^ . ■ 

;i§d';-2 X 6 x.5 cam be 'ttipueht or as . 
'(ax'e) X 5. If we choose' .toVtMrjc: <Jf:.^^^ (6 x 5), 'theirX^ 

: 2>x 6 x' 5 '=;2 x-;5"b'. ? 

Now consider this sentence: ' V.; 

. . 7 X n = 42.. 

If 7 X n and .. .^2^^^^^^^ two names for the same hiomber, you. knovr^ 
that n = 6. /.tf<x other number for -n .will make, 7 x n = 42- a 
true^entencey. • ■ , . 

If 7 X n = 42, what about 5 x (7 x n)?.:\" How. must you 
operate on %2 to get a product vihlch- names the same number 
as 5 X (7 X n)? ' . . • . , . ' 

■ If ■ 7" X n = 42, 

then 5x7 x n -Jj^) x 42 . . . ? 



• . ■ < • "•*•'' 

' * ' ' * . "■ * ' ■ ^ .: * • 

* ■ . * ■ • ■•.':'.'» •■ ' . . • 

Conplete these sentences. . Remember the jneaMng of / " « 

■ .^l/.'if' ; ■ / 3 X 8 = 24 ; ■ • ; . ' 

th&fi 2 x5 x'8:= (Z^x 24 . 

' • ' , then ' ■ , ("j^x 48 = 5 x 6'X 8--' 

^- ■ If;', 3-xi5'='45 ' ' ^' ' ■ ' "' 

c;.>- ' ■ thfin 5 X 15 X I = 4^ x (f} 



/ then ' . ■; ^;:x;i5^;^'j^ 



^.^55 -^V ^^^^^^^^ ■■ ■ 



>;-.:5. ,If ' ■ • , ■ 6 x, ri'-h}l&^ ., • ■ 

then 2x6 x n = C^^ x 3,6 > ^ • 

V-;06.. - If ■ . ^- ... I X r-=i.-12 ■•• 

_ then |.x J X r ^■^•px 12 .-^ 

T. ;. If . ■■./:\:^ ^ 15 . ■ : ' ' ' 

^en- ■ n x ^ xi = (/^ x 1 : - ' . 1 

8.; - If ■■■ ■ • ■^xii =; 4o. \ V'' \ 

then- ^ X n x ^ '4o x ffl 
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IT. Ifn .. . '• ■ n x..| ='^^ 
. then' n X Jxi = ife 



r ■ - • • - 



and. 



18.. 


. If 
then 


^ ^ f ^ ^ = ^ § 




aiid 






arid 


• . n.= Cfe- --^^ 42) 


• 








then 


» 7 ^ 9 = 7 X liJxn. 

* • 




and ' 


,, ? ^ f '= Ii2. X n 




an^ 








^ . 20. 


If *^ 

/' ■ ■ 






^then 

1^. * • 






and. 

■J 






and 








'ij .... 


* • 




53 ' . 
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... » 
DIVISION Ear A RATIONAL NUHBER 



Exploration 



You know how to find an imkno^ factor of the number 1 
when ^yoii know the other factor. Now consider finding an unknown 
factor of any rational number. • ' 

Think about this sent^ce: * 



,1. / What multipljLcatlon sentence states the same ' 
* relationship? C J ^ ^) 



) 1 



2. Complete this sentence: • ^ 

( 7) X ^ X n = 1 X n " ' - 

. Your answers to exerdises l and 2 suggest a way to 
* find 1 X n, or n. . 



Yoxir multlpilcatlon/sentenc6 was 

ijc n « Z 
You wl?Ji to find n, or 1 x n. 
• Your answer to exercl#e 2 shows that 
'•TX^xnsJLxn 
This sxiggests multiplying ^ x n^ by « 



5. Look at these sentences. Can you conplete them? 

J 7 ' " 

=.(j)x^f or 
The sln5)lest fraction name Is (Jt)' 

e.. so\ ■ . 



a. 


f X n 


b. • 


. J X ^ X n 




C^xn 


d. ' 


n 



■ • - . 

, Now tMnk' about .this -example:" ' 

.... V . . 

Use -the multiplication sentence ^' 

- " 2 5 « ' " - . 

,^ ' • n X ^ = f - - 

a. .You have a nmber for li x ^.a *YOtl want find 

-n X 1 = n x^l xC£2 

b. .;Now use the result In exercise a. ' 
Multiply n.>x ^ by Cj-j 

■nx f x (i2= 5 xi£; :,: • ' ^ 

. d. ■ - ^ nx C£= 5x{ij • ' • 

■.■>-• ... I 5'5* • ' 

\ -559 * . , . 



Now look at this exanple. 



If 



Rename, the numbers: 2^ + ^ = n 
. State the nniltlpllcatlon sentence: 

n X -g- - 

-To get n X 1, multiply (n,x^) 'by ^: 

fn V V S _ 10 8 
* . (n X X 3^ = X 

^Use the Associative property: 
11 V 8' ■ _ lo 8 

-r^ir = ^ ■ "XI = T'^'Tr 

Us^ the Property of One.: n = x 
.> Now you have a product expression: 



n = 



n = 



10 X- 8 _ 80 _ 66 ^ ih 
5 X 11 ' 3J ~ 3J 3J 



So . • ^ + - % 

bheck: Does 1^ x ^ = 3j ? 

11 ^..8o _ 11 X 80 _ 11 X 8 X 10 .10 ,1 
"3" ^.3J " « x-33 -.'B X 11 X 3 " T " - 



Now try, this exanple: Write out- yotir work as' shown above. 

. *^ • 

. ■ 16- 8^ ■- 

■■ .-• ^* • ^- .. • : 
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Exercise Set 10 * * 

Copy the .work for these division examples and complete each 
sentence to make it true. - - 



2 • 
2 7 



(n X j) X ( i)^ ^ X (#2 (same number in both blanks) 

n- X (I' X ^ X {zl . (sa^e n\mber as before ) • • 

n.x 1 = X C^y ) (same number as before) 
^ n = 7 x(£; • - 

• n = (7g -^ //xy (sifliplify product expression) 



(n X |-) X = X (12 (Same n\anber*ln both . bilanks 

n X (| x = l^ x£|2 • 

n k = xf£) (Different numbers) 

. ■ . n = (g^ #;' . . 



P3*8 . 



3. Are the niunbei*s suggested for n correct? Check by 
'multiplying.. 

6 8 ' 
•* ^ . a. y + ^ = n ' 

3^+'n = l| 



b. 



5' Ptnd a number n which makes ^ch sentence true. 

■'f if "^^itfri-te. your, work as^shown in exercises 1 and-' 2. 



6. 4.+ 3|.=.n (i; 



61 562 



ERIC 



• XJCWPUTO^ OP RATIONAL NOMBERS . ' - 

Exploratlon\ / " 

^ y:■:'^?bfa_ha^re learned how to divide by a rational number, using 
iihe to of division and the properties of mltiplicdtion of 

ration^ numbers. Now see whether there is a short wky to 

■cpopute quotients. 

.i.y fixplai^ lines b to f of this example. 



2. Now compare lines- a -X. ''F^ can 



see that . v. •^^ . '"O; ^ 



Wliat do you observe?- 



A 

■s 



3 * Now explain 'each line of this exaogple. 

.14 . 21 



4i +10^.= n . ' - * 



f. • n X 1 = 

g- n = 



14 i:< 



■ l4 21 l4 c 

, -y + -5- =r*'^ X (Prom b and g) 



h. 

4. X'/hat relation does line h suggest? 'f' 

B,,:.- '. Suppose you apply, yoj^ observations in exercises 2 and. 4! 

;•,;.^/ac^^ this "sentence: 

^-^^ ' ■ 5 ^ 3 _-5 4 , ^ ■■■■ 

H t-J - H ^ J , . . 

You can test the correctness of this- sentence, by; using the 
meaning' of division. That is, ■ : ' . 

Does X X = ^ -J 



60.^ 2x2x3x5 _ 5 •" ' ■ 5 
5^ i5x2x2x2x2x5-2x2x2=H 



" So the quotient ^ + |- i£ the same number as the^product 



. 5 4 '■ 

' ^ 



H ^3* 



:|■xii^ v3.5 



Do you . see an easier v;ay to shov; that x =•) x 4- = 4 



ERIC 



6. Exerc;Lses 2, and 5' suggest tliat 

a." ' 



d. 
e. 
f . 




lo|+ 12 =J^;-x Crzh 



,v 7v Vfrite which states the saijie 

- fV : each division ,seintenc"e^ ' - 



a. 



c . 



\1 + 5 _ 21 

sr + 7 - "T 



B;" Test each mu^^ sentence you wrote for exercise 7 

.// ,:^o^.see \vheth the sentenc>e is true> . 

false? j( If ^s6, cap ydu chaage any numbers 
■r'tcr^^^ a true sentence? (%'^ xZ) 



9. Write a statement" describing a short Way to divide by a 



ratl9nal number. xLu^utI^LlJ ^cu ...^^ 

^ ^-io^ < t. ^Tcytt ^-^N ^tJ^jt^ i f^ t ^ At ^xl^^f^ 



10. 



If • by 6,. a/ 0, then |.|:=|x'|.(^^^.^x^; 



a 



-c a 



c . 
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Exercise Set 11 



Use 5''^+ -J = § X — to find simple names for these quotient^* 

1.. i'* 7 (Ml . 6.- 71^^12 Cil -^ r/ 

2- 5|*2^ . T. 5280 +I6|^f3 



1*5 -(f) 10.. 1* *2| (f; 



11. ^ Match each quotient expression In Colxunn A* vjlth the 
product expression which names the* same number in 
■ Column B^. . . / 

\ _ ■ /' \- Column A Column B .y ^ ' 



a. 


5 




4 4 

e. ^x^ 








, 






c. 


J* J = 




3 4 
"g. fx J.- 




d. 






'h. ^x^- 





6; 
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Complete : 



'-if 



^v: 6 + |-; =..6 x-^gj^;^ = 8 



Find arrractlon or mixed, form for n . vjhlch maices each sentence 
true 



13?- 9j + 2f=n XJl; 
IK 12| + 50 = n ' (^) 



18. 19^ + 3 = n 



19.. 3' 



15. 10 + 



-1 . /"JO N 

^7 = " ; KzzJ 



')0 



20. .100 + 2^ = -n.- 



16. i.*2i§=-» /g; 



4 



21.. 2r^ + l^ 



n 



17., 8| + | = .n 



2^ -if^^j^.n cv*; 



2^. Write out i;ork for exercise . I3 as shown in exercise 1 < 
■ of Exercise Set lo. y^^ z^^f^ - / 

2i:-. Urite out- exercise ' 19 as shown in exercise 1 "of 

(si- ^.^f . 
-^erclse Set lo. x -^^^^ i'— 



6^ 
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PROBLEMS SOtVED BY DIVISION 
DIVisrON ON THE NUMBER LINE 



Objectives: 'To help pupils recogni'ze pt^blem- sitaiitions 
. ■ v/hich can be solved by divisri on' of rational. . 
numbers. • 
To picture the operation of division of . ■ 
• '/ rational numbers.. . v ' ./ - ' ' 

To relate the computational process for ' 
finding quotients, i.e., multiplying by : the ' / 
reciprocal of the divisor, : to a t3ii)ical 
problem- situation requiring division. 
^ To shovj that division of rational niunbers on 
the number line may be thought of as ch^ging 
the unit segment ' on the nvimber line. ; 

Suggeste^ Teaching Procedure.: ■ ' ' 

The pupils now have a 'process -for computing 
quotient's. In the section "Problems Solved by.' 
Ittvislon," the Exploration presents a problem 
situation to be solved by using ;,a diagram v;hich 
i-s essentially a part of a .number line. • Dlvi- ^ 
sion is pictured as a process of finding how 
many* times the segment ^:^hich pictures the^ 
divisor can be laid off ''idn the segment repre- 
senting the' 'dividend. Th^ numbers chosen for 
this discussion are such that for each quotient 
the divisor is less than the dividen'd, -but in 
the next section larger divisors are used also. 

Attention is. centered on the segment with " 
measure l,v to eir?>hasize* the significance of 
•the reciprocal of the divisor in the problem • 
situation. In example' 2 of the Exploration, 

l^- hops or ^ hops are required to .cover 1 

foot. For a mathematical sentence V7e have 

^ X 3 . 

,1 2 



1 

V 



{foot ) 



or .li- (hops) X (foot) = 

, Before beginning the Exploration for the " 
section, ' "Problems Solved by Division, " you may 
wish to conduct a discussion along these lines: 



Imaglhe you have six oranges on your desk. Also on your 
desk; are a stack of plates a knife. Tlnd- hoW many people 
♦you can serve ^ of an orange. 



le you pick up the krilfe and ^ut the oranges In '&uch 
a way that you prepare the servings . mnk about what you 
•would do. In a few minutes. I will ask several of you to. describe 
the method you woxild follow. , ' ' ' 



Give the children time to think about their 
plans of action. 

. Tivo general procedures for finding that 8 
servings may be made will probablv be given. 
Each can be written in/ symbols to show divtslon# 

• . ' ' ■. . . V"^ ^ 

• .'How many servihgs of J orange could be made- from 6 
oranges? 

H * All shoiild give answers with general agree- 1 1 
raent on 8 servings. .. . * - > . 1 1^ 

; Describe thet^proceduie-you^ planned for cutting arid- 
preparing the servings. ^' ^ " 

, Listen to th^ procedures^ and summarize them 
in a way similar to the following: : (Be sure all 
or the infolTmatijDn given below -is included, .if "' r 
it ^is not> question, the chlldiren ■until it is all" 
given?)- * ^- ^ . 

(1) ' I 'cut eachVof - the six .oranges into four 
equal ..pieces.. Then i had v. 24 .pieces,- - 
each tme-^fooirth of an orange.' The servings 

were'^'fe) i&e ^ of a^^^oi^ge;^^ i ^ut ■ 3-- 

. P^eees pn eacb^aatef ■ 2^^ + 3 '= '8. i made : 
">.,.^^ o servings. " 

(2) cut. one orange into four eqii^l/^iecis. : f 



Then r put -, J. of thf ^orar^e" pn^f plalf^^^ ^ ^ 
and of an orangej(orit /anothi^^ 
I cut' a seQond oi^e^ in'^thefl ^■ 
• *y on one plate and^ -^. ^.of aXi orakge on;.the;^ " ; 
1>late with, the othej:*;'^^ . .^-'-I,^t^^ had 
..servings.:... <iS?-^V---'.. 



Pupils may wish to use sketches on the board 
to supplement their explorations. 

. • • ■ - 

I will write in symbols the procedure some' of you used; first 

cutting all the oranges into fourths. The prcJblem is: 



The six oranges were ^ changed from ^ Qi^Si^eS to ^ oranges by 



r will -restate the problem by 



cutting each orange into 
renaming p as Ep. Now „the' problem is: 

You then said that ^Ince .there were 24 fourths,^ and 3 
fourths were to be put on each plate^ 2k should be divided 
by 3. 'The prob3,em can be restated as, 

- 24 +0 =8. \ • 

Summarized, the method you followed is: 

6 



T + 

2k . 

2if + 5 = 8 



This Is a different method for dividing rational ntunbers 
from the one you have studied. You first rename the numbei^^'^ 
fractions vrlth a common denominator and divide the numerator of. 
the product by the numerator of the known factor; Now I will 
i^^te In symbols the procedure you described for cutting one 
"^oraJige at a time. The problem Is: ' 



'J 



'63'" / 
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^One orange wa3 cut so that ^ orange was put on or^e plate ai^*^- 
^ orange on another plate. How many servings were made'from^^ 

one orange? ,^ (One 'whole serving and/part'of aiipther.) V/hat^^ 

' '■ -If'' ' ■ 

part of another serving? (j)* Then^how many servings werie made 

froin^one orange? ^fli) ' 

1 

The teacher shoxild eng^hasla^, that -j^ 

orange Is of a. three-Yourths serving. As 

with /Sie strips of paper suggested earlier 
there Is a cTiange in unit~ from, one orange as 
unit to one serving as unit. 



•%iis means that 1 + 



1 .ol 



jj: = X J or J 

servings will 6 oranges make? (iThey will make 6 times as 

oil ^ ^ 

=8.)- In symbols then, our problem 



servings / How many 



maiiy. Y ^ ^ 



becomes. 



_ 6 



, 5 - 6 ^ 21^ 



= 8 



What number is 



1 + ' Since you know how mar^ 

servings there are in one orange, how did you find how many 
servings 6 oranges make? (There are 6 times as many in 
6^ as there are In 1.) VJrite this in symbols. 

(6 + J=6x|^=^=8.) . 

Can you find 12 + 4 in this way without cutting oranges? 

(Yes. We know that j x |- =*1,: so - 12 x''(j X J) = 12. 
^this in symbols.) * \ ' , 

.(12 +.| = 12 X I = i^-,l6.) ~* 

I^^his really the same method you have learned for. 
conqputing quotlentia of rational xxumbers? (Yes) ' 



Write 



In the section, "Division on the Number 
Line," the operation of division Is again 
examined as. a matter t of change of scale. 

. Points corresponding to thie divldeAd and 
divisor are labeled and the Segments whose- 
measures are *these nymtrers are Identified^ A' 
new. ^cale is then laldgout, with' the "divj-sor 
segment" as imit se'gment, dnd the nxmiber' * 
corresponding to the dividend in the new 
scale is determined. This nxmiber is the re- 
quired quotient.^ * 

The sentences 'preceding ihe exercises in 
t jie Exploration show that* the quotient of 
mA? + mS5 is the same number^ regardless of * 
the . scale uSed/' That is if -aC. is the iinion 
of segment 55^ and another S(5g^^^nt half as 
long as aS, tHe sentence 

mAC -ivmAB = i- • 

is ^tru^e if the computation is done with 
measUres^.obtalned from either of the two^ 
scales sho;m-.^ 'fslngpthe original scale, 
. mA5'> 1 and nSS = j, and ; ' " 

■ ,, ■ --^'l . 

Usfng the new -scale, mAC = I* and -^mAB = 1 

^ • <f 

Again . = fr. • 



PROBLEMS S(2,VED* BY DIVISiON ' " '\ -. 

.. *. * Exploration ; ^ . 

; - you have learned how to dlylde by ^. rational number. NoW'- 
think about what^this means when 'you have a problem t6 solve in 
which 'the numbers are rational numbers. . . 



1,. A mechanical toy moves by hops. In e4ch hop It covers 2, 

feet. . How many hops will It take i;o cover'^ 8 feet? . ^ 
: One hop 




^ 3 4 5 6 7 8 

you know it will take 4 hops. How xvould yqu show this on 
the diagram? >\ V/hat mathematical operation on the niomber 8 
and 2 gives you the answer .4?4 The mathematical sentence 

r\ .... 

is ^ 1^ 4- 2 = n . or 2 x n 8. 



2^ Now suppose you have a small -copy of the to^. This one 
covers j foot in each hop^^ How many hops does it make 
to cover 8 feet? 



One hop 



I, 2 3 4 5 )6 . . 7 8 

«*• . ■ 

Count on the diagram to find trie answer. (Notice each unit 
segnent^, is separated into' three congruent segment*.) Did* 
you get .12? » > : - . ' 

Is this the same kind of problem as exercise What is 

the iriathemati.cal sentence for Ity Qz,)e.^ = 8 S-r^'-ru^ 
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5^. Another of these toys hops. J foot.; How many hpps will 

it take to- cover 8 feet? ' ' •-. 
^^^^_^n» Hop 



I 



8 



Count o^ the diagram to find the answer. (Notice each unit 
segment is. separated Into four congruent segments. > Is the 
answer a whole niunber? (. "flc) ^ 




Ten .hops take the toy 7^ feet. Thte next hop will tike it 
-beyond": 8 .feet. What . "papt of a hop" ..will 'take' it Jvst 
to 8 feet? -'(I .^^^J ■. ' ■ . 

Vfliat is the mathematical sentence for this probl^em? 

Now Ibpk at.the mathematical sentences and the solutions you 
have found . f rpm" the diagrams . • • . 



J- 



1. 8 + 2 = n «n ="4 



2. -8 + I = n 



3. 8 + J. = n 



J 



I V .--..vis 



n = 12 



n = ip| 



!^. Find npieS|,|'or these quotients by ifSlng .| -J^- f = f X 



a.- 8 



b;. 8 .+ £ 
3 • 



c. 8+ \^ 



DO your results agree, with your answers for exercises l-j? 
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5. Look again at exercise ,2. If this toy had to go. 50 feet. 
It would be awkward to find -the answer from a diagram. Look 
at the part of the diagram which represents the first foot, 

\' • TO 
I 2 -3 

* The toy cover^ j* foot 'in its first hop. The second hop 

What "part of a hop^' will take it 




, will talje it past !• Whai 
' te l?/^T^o cover r foot. 



the toy takes l|- hops-^j^r 



hops, if you know this, how can you find how many hops it 

- \ C2xf; (sxf) .s) 

sum taflce for 2 feet?^ for 5 feet?>^ for 50 feef^K^^^/ 

Check the following on the diagram: • • 



V 


*i 


foot 


3 
? 


hops 




2 


•feet' 

< 


2 


V 5 
X ^ 




3 

4 • 


feet 


3 


V 5 
X ^ 



6. ' Writej the mathematical sentence for this problem. If a 

in one hirp, hov 
to go 50 feet? 4- 1 - 



toy hops feet in one h*p, how many hops must It make 
^ .3 



2 * aca d* 
Solve the sentence 50 + =• = n. Use ^+^ = ^x— . ^ • 

^ » ^C^a-^-ZS^ so X ^ 

8. ^0+1^ = ^ I"* 3ji the diagram in exercise * 5> what does 
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9. ■ LoqJc again at exercise 3. . The sentencse f or. this problem 



What ^es ' the nufiber y repyei^t' ; 




in the' diagram? 



10. a. 



ailacerthe rnimber^l^^ .bfclbi^and use :it to inake. the' V 
X±rat part of .a . diagram to represent the hops b;f . d toy ' 
which fiops, I^ - feet, per^op' and has loa' :feet td io'l ■ 





of tShe 100 



sentence showing" 
3 



ij feet, ahfl; t: 



^eiatlonshaj) ■'. 



|hop^ V C^c>o-^^|.%^ 



Solve the mathematical sentence us 
^^^Bhat does - represent In t»e dlagrapff. ) 





For each probi«i^aik'^j)art .or all of a line ^diagram. Then 
write the niatheinati;MpL ;se^ Solve the sentence and answer 



the question; 



: The oimer decided to put 



1.. A store had ^.7^^.,^bu3a<i5' c>f ^^5^|3 

it In bags ^n^ill^^^ |^-^j^nMs'. each. How many bags could ^ 



he. fill? 



2|»i;/^Tom ' watche^l 

f oo^in a irdniitii 



ip a wall 9 feet high. It climbed 
that rate, how long would It take \ 




recl|)e 



had a dessert 
>^alled for ^ • dozen. 'She wanted to make 



as imach?i^pssert as possible for a party. How many recipes 

.- y - C/.^ -r-^^«*t/; •^^x^'/^r- 

could .sirc^ma^e If she used' all th^ eggs? c^Huuc^..i^^.>^g^ -^ar >^^^.^^ 



i 




' > ' ' I ' ' < 

food company has 50^ pounds of peas. How many 

80 f^<isiBti^Q^J 



^. , pcWnff packages can they make? 




5. Tfeu have^y piece of cardboard 50 Inohes long and. ^10 



inches jf/lde. How 'many lO-lnch strips ^can you cut from 
Lece^lf you make* the strips Ifr Inches- wide? 

' /to " - - ^ 



X /-i = 3P, 
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DIVISION ON THE NUMBER LINE 



Exploration- • ^ 

You can picture division on the number line if you think- of 
two different" scales on the same line. Consider 1 + ^. 



B 



Q 
3 



I 

3 



. 2 
3. 



I 

-ft' 

3 



m the diagram, what segment has measxire l? (AC) 
What segment has measure j? C^B) 

Now think about a second scale on the .number line ^ In which 1S5 
has measxire 1. .. 



On the diagram below label'si for the new scale are written on 

C 



17 in squares. 
^ A 

' . m 



m 



|2j 
0 



in 

2 



i 
3 



2 
3 



1 
3 



How many times can the new unit segment (IS) be laid off 
on IC? (li) 

Hie picture shows that mAC + mSS = I' * 

-2 P 



In the orlgld^ial scale. 
In the new scale. 



7? 
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• -The picture also shows that" niSS + mAC = j 
In the original scale, " j + 1 j 

In, the new scale, ' . 1 * |. = j 



Wh^t division sentence is 'pictured on each number line below? 
In each, consider miJC as a product and mSS^ as the knoxm factor 



1. 



7 



• A • « 


B 




















1 


0 • I- 

6 6 


2 
1 


3 

• 6 


4 

6 


5 

6. 


6 
6 


• A . ^ 




B 




C 














0 








1 





Q 1 2 3-4 5 6 7 8 9 

9 9 . § ^ § § ' § § § 9 



t 



B 



Q 1 2 3 T T i 7 ^ 
5 5 5 5 5 5 5 5 



e 1. 2 3 4 5 6 7 8 9 10 V 

10 10 "10 10 10 lb lb 10 10 ib 10 



B 



2 1 2.3 4 5 6 7 8 9 
7 7 7 7 7 7 7 7 7 7 
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Write a division sentence for. each problem. Picture each 
one on a numbfer line. ^ 



5. you have a measuring' cixp^ full'^'^ie^orange jiilce.r" You serve 
it in sniall glasses, each holding " ^ cup / How many 
sejrvingsjHre there in 1 clip? .^^^ jr^. 



p. you have/ 1 'yard of rlblDon ^Itli you .cut to < make badges, ■ 
7? Of a' yard for each badge . * You have * enoxigh for how many 
it badges? ^ ' / ■ 



you have one cup of ^Ik to make candy. Your recipe calls 
for , cup. How many recipes can you make if you use all> ' 
of the milk? . 




8. you have I mile . to walk. You. can .walk |- mile in an' 

hour . How long will . it *take you to walk 1 mile? ^ U r -2 « / 



5 H«mM 



9. In many coTintries dlstancejs are meastired in kilometers, 

rather than rin miles. One kilometer 'is about mile. 

■».• • 
If you walk 1 Mle, aboii-t how many kilometers have you 

. . walked? " * ^ / . . „ 



■5562 ' , ■ '•: • ■ 

«* , •' . .' 

• ■ ' •, " • - ' • ■ ■ ■ . ■ ■ u 

lb. How many shaded regions are needed to cover the - unit 
clrculkp region? 



> 




11. 



How many' 'shaded regions will It take to cover the xmlt 
.rectangular region? X^k^ I j ^k) ■/ ' 




Exercise Set 1^ 



1. Ytou have a '90 mile tilp ,to?m^ Hbw many mlles.must: V ... 
you 'travel per hoiBP, on the average/ to finish In ■ ' ^ 

* • ; 3' : -^loiirs? (30) What operation dl4 .you^use?^/3cL;^*^^ 

b. 2 hoxirs? ^ 

c. 2j hours?r34j vnia 
, 1^ hoxirs? (5/ i; 

' . . ■ ■ 

; e. Suppose you .are a racing driver. If you drive 

a 90-mlle course in ^ of an .hour, what fs . * 
• yoxir average number of miles per ho\ir? ^00 ^p-^) 



2. ESnpreas each measxifement^lri tiie unit named. 

a. 3^ ^ouncfes Is C^jqJ pounds. ^" 

.' \ ^ ' ■ • ; -v'^* ' * ■ 

f 

b^ Inches ' Is' feet. ' ^ 

d. 95- pints ±a i^r) gaarts 



b ■ 



e. .24|» seconds Is mlAutes . 



3. you:,kno«r that the measure a rectangular region- is the:-*'' . 
- - Vproduct of the measures of two adjacent sides. / / 

Find in the : table below', the missing measure for- each : region.. 



Rectangular 
Region. / 


' Measure' of 
First Side. 


■' Measure of 
.^Second -Side 


■ ' Measure of- " 
.'.Region . • " 
>. . ■ '- •■ ■ 










' " ' . 'r ■ *■ 

■ B.V,-.- ' ■ 










^ '- cfir:'::: 


' ■■ ■ - ■ 


■■ ■■■ ....... 




' ■ ■•■3 ■ 








4 . 







■■^'^^^^ ^ inathematical sentence for eaal;!- pi'obleml^ " Be .sure 
ques.tioh>in.a complete sentence. ■ ' ' • 



A peanut:, y^ndop^ at the ball park bagged, 3(^0. pomdS: of ... . .. 

pear^uts^ - putting abc^t poimd in each, bag Ho^tWiy " ' ■ 
.. bags could he .fiir from lV*poiind?.?Srom "the^^^^^ ^5 'poundJffc^- 



■5. 



* One of the satellites t^es l|. .hours ^0 travel around ' the : 
earth. How many trtips dbes^v^it make in a day? (/S') V. • 



82 
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6. The Saizlt Salnte Marie Canal Is 1.2 miles long and the 
U^lland Canal Is 27.6 miles long. 

The Welland Canal Is how many times a^ long as the Saiilt 
'"^Salnte Marie Canal? (Use fraction names to compute.) 

- - ruJi^ z3) 



Plans are made to use jacks to raise the ten5)le 
called Abu Simbel 200 feet^ l!n stages of ..04 
.At 'this rate, hCv; many.stages will be required? (soooj 




8. A club bought 50 yardSi^^i^l* material to make towelts- for 
a bazaar, if each towel requires ^ yard of material, 
-'ho vj. many towels can be made? C^^^) 

' -1 

9- ^ A factory workmah can complete one article in 2^- 

minutes. How many, articles can he complete In 8 hours 
If there Is no loss of time? Q9 2j 



10. If a girl can. knit l|- inches'pf . a scarf- in one hovir, 

how many hours will it take to complete'^a "35 Inch 
.>.. scarf? - 



1. Name eftch numbe5? by a Qeclinal. ''^^ 



2-. Plnd the simplest fraction Ti^e fSfc* " eac*invimber . ' 

a. 0.12(^r c. 1.010 (//^-Je: 3^9 (3,if,) g. 9.9 Cfr^j^ ' 
^ . C£z) d. ,0.10lO^J f. O.Oo'6(j5j) h. 4.02 Cf^) 

3. Write In the simplest fraction o^mlxed form. 

" . *. 

*. Name each of these liunbers by a fraction. Use the simplest * 
fraction naae. 

a-- 5| (f; .c. 0.20 (r) e. l| (^} g. 7| (^p: 
b. 4 d;. 0.750 (f) f. 4.1 (ii; h. 1-2.01 ((^) 

^ ■ 

5- Azrange in order from greatest to least. 

1 ' ' ■ ' ■■ ^ ' ■ r ■ 

- ^ To* . 2-11; - l.oij. p.lOlj 'o.ll 

//, AO/, o.y,, 
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6. Write the rec'ipr.ocal of eacl> -number . ' ' . • 

7. Add each pair of nimbers and express the result In slir?)les.t 



form. 








- 1 




e. - l5 




1 . 




















f. 8| 


f 


' in 


• 

1 















8, Subtract each pair of numbers and express the result In the 

* ' i< ■ . 

siinplest fraction or mixed form. 



12 

To 




e. 








■ -\ 

(1) 




('-> 






a. 23| 


f . 


4 


h. ^ 








3 

¥: 




\ 


' 85 






(17) 
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ELnd a simplest fraction name or mixed for for each product 
expression. 

10. Express each quotient in sin^jlest form. 

b. I + f (/r; . e. 14 + 2| h. 21 + I (3/i:) 

J. Write out your work as shown in 

exercise 1 of Exercise Set 10: ' 

5 ~ « 3« 



11 . Con?5)lete with " " • ' 
^- H ^ T T t I? 




or 



II _ II, 



• ■ » 

8.i^'x:o.7^ < 0.75 X 8.4 



^\»- = 17.8 + 8.9 
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RATIONAL ND^ERS M QaOTIENfTS OF VBDLE 
EXTENDING THE SYS A?OF FRACTIONS 




Objectives: To show that the fraction symbol may be used 
to denote the quotient of two nximbers. 
To name tl^ quotient of two whole, numbers -by 
. / a mlxe^ Horm. V » / . ^ 

. To extend the meaning qf the fraction s;yuibol 
to Inolo^ fraStloUB of which, the 'numerator 

apd denominator are rational niimbers 'which are 

*»•*• • ■ . . - 

•V riot whole numbers. ^ ^ 

To. find- for a rational ra^ber nam'ed.by such a 
• fitectlon^^'^actlo^ name with a whole-riumber 
p nunerator and d^omlnator. 



^Suggepted Teaclj^^ng P^cedure; ' 

Recall that^^the fraction symbol may be defined 
numeral 

^^ yiumeral ' Heretofore we have used only fractions 

In whlcrt^the numel'al above the bar named a whole 
number and the nimieral below the bar' named a 
coxintlng nimiber. We have said , that the meaning of 
the rational number named by the fraction 'can be 
pictured in relation to a unit segment, region, or 
set. Alscf, for any fraction, if we cBbose two 
I>ointa on a line to correspond to the numbers 0 
and -1, we can find e:factly one point on that ^ 
number line which' corresponds to the ^rationsuL . 
number named by the fraction. We^now extend the 
meaning of the fraction symbol In^ two ways. 

.(1) In the section, "Rational Numbers as quotients 
of Whole Numberg", we show that it is con- 
sistent with what we know about rational 
numbers, and about the operation of division, 
to regard the fraction as a symbol for di- 
vision. Thus p where a names a whole 

pimiber and b " n^m^s a counting number, means 
a + b. ' The relation of this idea to . the 
"mixed form" is also discussed. Since the 
set of whole numbers^ ±sr a subset of the .set of 
» rational lumbers, we "are /now able tp state the 



resxatvof the divisioi 

^ such as ■ aStSj ^ 2^0>/as^ 

in the .f/orm used ' ea;rlierj 
• yT* 'Ihis .idea is' impb^ 
cussipn of computing .qac 
decimal ..numerals . 



^two vihole Tiumbers, 
as^ell as 

le dis-" 



J[t also -revels a property -of 
nmbers members do- nS 




have obs 
set of .vj 
divis;L 
i.e., ,the 
not ■ always 
rational h 
except that di; 



We. 



(2) 



In :the sec ti 051 
fractions, "■■•tS 
numerals in 'a 



an study of.divisi-<: 
ibers under .the 
have- the Clojs^^^ 
of -tv;0".;wh^g*^S^ 
number',- TheJ^^ 
'es have this' 
b^'' zero 'is' 



fnding th^' ^s£Sirft"of!^^<^ " 
_ miction that ' ^^he-^'^^o'^^p 
'ifn^must be, i^speG^tij^pl^^I'; 




Bfe an;j;;rational! hum^ 5:er6^;^/ ..Tq*:^'ow":'- 

th9.t..tViis. exteh-si.Qn^'doe^' nbt ' sqel^ to ':i5e'st^j£;- '-'^ 
■ihvfos^ of the ■^^iia^:^i:opfir ties, ^He?"-'ivN 

r^l^h^-propert^^^^ ' b / Ind 

■fi^^*'*C^) .. and'' theV'multlplf^Sl^tix^^ ./i- 

f C^"^?^?^ ^^i^pl^si^^t^sli:^ . 
•liational^t^^ as 'ntoierator -and^^denom^^ ' 
.h;^^V ..That^^ fractions •'name. ''4' 



^he> tis^e of '-ofie 



■Ih2 

•?^|'|^^-.2&i-. 

:frractic;n, -33^^^ indicate'^:^^i.s.ion^ ' and-r. . 

thei.' f ac t^ thay the rational, hungers ■ ha\^e they * -^J 
ClS|(fire Prop^^.rty■under di:<rision- Csxc^l5*.:di^^^^ 
" sibpy-by: - 0),- ^' * ; ; 

Vfhen '.pupil s^^^ learned to^rk with 
fractions. .v;lth nuAi*a^r..^d denomin^r rat^ 
numbers.,-. .'J^ey frequently prefer .t;o*.pe2?f orm .^tM 
operation" of division as -:5oHov;jsi' ^ i*^ 



2 
3 



5. ' ■ - ^ 



lo- 
ir 
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RATIONAL NUMBERS- AS QUoftNTS .OP WHOLE NUMBERS 



Exploration' 



' The. idea o^. a rational- numl^er and the', opera ti6n of division 
of cpunti^ng nmbers are ciosely related. . : — 

: ^ • ■ , ■•• .. ' ■ \ . • ; V ' 

Consider -this^buestion: \ ■ . -v . 

If a segment is. sepJarateid into 5 coftgruenl* 

>• ■ . ■ ■ ^, #,\ ■ . 

segments, how long ^ds eacl\ se^eiit? , > >. 



• V . St-* >SEf ■ - ■«-..-.■ --ilk/' * .- 

.' Slnae. eacrt segnieti^ Is ' i qb '.-M, 'itsViiogth in inches 1^"^ 



The l-anguage-^^'^.th^^ p^rdfel^ suggests we'Vah^'oil^ of r;:- 

it ijn another wgy,T as; ^ |^tice whole. niimbeirS Ire also ' ^ 

rational munbems^ ^" ' . " ^ ^* / • 



Thus, one meaning fot' ^ ^ are whole- numbers 



■I 



(b / O), , is a + b. ■ . ■ 0 ': ^ 

Test this with . J;; . • '. • 

8 _ 8 X .1 8. ^1' 8 '.J'^;„' !a i c a a^ 



=-8t 5. < 



■ift?' . 590 . ' ■ >^ 



1. Express these quotients of counting numbers as rational 
^ numbers. Show yoxir work as In exercise a. 

a. 18 + 6 = X ^ = -r- c. 5 + 2^7- e. 1729 + 1000' 
•..b. 28 + 9 .-Cf - f?; d. 46 *'93. f . a + b 

2. Express these rational numbers as quotients of countlng- 
numbers. Show your work. ' 



3. Complete the following sentences. 



a. xf a 2 hour period is divided into 5 periods of 
equal length, the length of each period is ) hpurs, 

b. A recipe- calls for 3 cups of milk. To make half the . 
recipe, (-^^ cups of milk should be used. 

c. A man divided his garden into 5 parts of 'equsG. area. 
Each piece had area square feet. The area of the . 
garden was (^7g) square feet. 



d. A rectangular field is 34 yards wide and has- area ' 
1700 square yards. The length of the field is 
( V- 5V yards. 



e. The quotient of two counting nvunbers Is always a 
(-^Jt:h'^^h) number. 



By extending . the o:^ratl^|^f .division to raticm^l numbers 
v;e have, also learned a nev; way. to express the division process 
.for v/hole n\imbers. 'in the fourth and fifth grades,- you learned 
that to divide 3I by 3 -meant "to find n and r in]ii|fctev • • 
sentence ' • ■ 

31 = {3 X 'u) r 

so that n and r are whole n\imbers and r < 3. • ■ 

If it turned out th^ik r' = 0 * as in 

33 = (3 X n) + r . 
then v;e vjere actually finding an unknovm factor. 

Nov; we know that there is always a rational n\iml^er missing 

.. * 
factor. In other v/ords there is a rational n\imber p so that 

3 1 ^ 3 = p.. 
How is: p related to n^ and , r? n r 



10)^- y 



r. " 



so p-= lOj 



P372 



V Here Is another example: 1^6 * 2? 

. 27 .-i * • . U6 '= (27 X 5) + 11 



Now we> can} express the division .process using rational, 
numbers. 



146 _ (27'X 5)-^ 11 _. 27 X 5 . 11 c ^ 11 

146 + 27 =,557- » 

We also can express a sln^plest *inixed^onn as;a quotient 
of whole numbers.' 

SO, 6j^=ll5+l8. . 

Another way to ^express thi? relation ief the sentence 

■- ■ • ♦ - 

115 = (18 X 6,) + 7 ' 



Exercise Set 15 " 

Use the relation between division and rational nimbers to 
show why^eacih sentence Is true. ^ ' 

Example: <8 x 39). + 13 = 8 x 3 . ' 

This is true because ^ ^ 

(8 X39) 13 =^-^3^=: Q ^^3^ = 8 x3 \ \ 
a. . (5 k 12) + 3 = 5 X 4 (5>Vxs;-.J^ 



b. 



3 



X 15) + 5 = 7 X 3 r7x^x g)^<- 7 >^^^ 5 ,7 x3 . 

■ • * . ' ' . ■ 

c. ■^(17 X 2) + 6 = 17 * JOt ^f3X2/- iIili = /7^3 

d. ■ (3 X 4) + 20 = 3 + 5C3x.Vk^a^;-^- J-^ 

s x¥. • 

e. • " (7^+ 7^) =7^ (^'7'^7.'<7x7x-7;^r7x7;.7x7x7^7^ 
f- ' (5 X 6^) + 6? = 5x6 C5-xC>cg/€,;-^aixO= 5 x6 

.g- (5 X 6^) + 6^ = 5 + 6^ (irx-6 xc;-=-C^x6x6;; 
h. • V (11 x|> = (11 + 3) X 2 r^-^^^«(>/-^)xz 

• (11 X |) = (11 X 2) + 3 Cii££j)= ^'^3 

i' (n X .7) = (n X 7) + 10 (^^l^). S'x^.^^7U„ 

k. . « (n X .76) = ,(n X 76) + 100 



2." Express the quotient of each pair of jinnnbers below In 
. . simplest mixed form. Also express the relation between 
.;. the xxumbers In the form a = .b x n + r ^ 

Exaii?)le;: kk, 6 . - ^ 

■ W - ( 6 X 7 ) '+ 2 - ' 



7ei^;46.(7r<>f; e. 104, 15 

b; 98, 15 £7^; n.Os^^rMT] ^' 5^5r 7 J«5-(7xW;+ // 

c. 68, 12 ^x; <*r(f2 x^;^«7 g- 150, 16 £py; /3b-<?4 x8;*2) 

d. 55, V8 /*^;^^'(«x<;;+77. . ' ^ 



5.. /Hie perimeter of a square Is 17 Inches. Tiniat' Is the ' 
length of one side? C^f /i-^) 



4. Ann's mother divided a quart (52 oxmces) of lemonade 
among 5 children. How many ounces dl4 each child get? 

5. In. Nevada, Joan's family drove ^120 miles In" 8 ho\irs..>]- 



TSfhat was their rate In miles pei? hour? (52.Z ^ p- ^ ) ^ 



BRAINTWISTER .. Suppose m, ri,^ aji^'y./i^ cd)^ing 
nvunbers. ':'"..(■ 



a. Translate this sentence into the language of 



fractions . 



-(m + n> + p = (m + pi + (n + p). 



b. In grade A, we found that 'the sentence was 
V true IT p .was a common factor of - m' and n 

'as in ^ v.. ■'^ ' ' ' . • 

96 + 8 = 80 + 8 + 16 + 8- . 
.nvh|t"dld we c4ll- this property? 



1 



Q . • .If jffe use; Olyisloqa of rational 'niunbers . is the 
• ; SjMitence in (a7 t^^e . f or any. coun^^^^ 



n, and , p? 



SHow whyy; or- why n6€,.. ^ . V v ' • i p 



EXTENIXDIC THE OP PRAC^ / . • 

. ExjJloratl^n ■-• ' - ' 

, ■ , ■ ' '!| . 

You have seen - tl^l: | " |s the .^quotient - 7 +. 3^ ' Now look ' 
' At; the. quotient'^;?. +'.-4 • • i ® '. '.'^ 

Eveij though A is/ not whole number, ^t Is convenient 
to wrlteithe eacpresslon 3 * A as the fraction Jvl > 

This..;is Just lJ*e Inventing a^^hew word by '. telling what/lt r^--- 
1^'. to mean. : We Simply agree that the new symbol ■ |. name;s .ther 
result, of opli-atlng on^V^ by division.- ■ \^ ^ . 

" The sentence -•• ' ' ' ' 



■ \ tells the meaning of • ^ ' 

. We Mill use this me^ing'^f or all numerals of the form ' 
with rational nvunbers for a and b V(b €)). . ' 

• ■ '. l?T='^-2'+ 2-7 . ^, ' . ,' ■ ~ 

This me^ng- for fractions agrees with what we- already . ■, 
know about fractions using -whole numbers . ■ . ' ' 

If. our "new" f raijtlons did not have the same-Eiropertlea as : 
our V-old" fractions, therb would be no reason W^||e such «^bcd^ 
for quotients . In fact, it^ would- lie Confusing to %i:a6. . We -dam:: 
show that -these properties - are still "true; and we can use; them in.' 
division-problems.: As:* examples we give -two of these' properties 
of all fractions and show why 'they are. true. : 
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Par a fraction with whole number numerator and denominator' 
you know that- 

^ ' ' . . - . 

3 = 3 X 2 _ 3 X3 
4x2 4 X 3 

We might" e:^r^s tills : property as ' - 

Property (l) - , , ' * 

a _ a X m 
. • ^ ^ F h X m* 

when a, and m "are whole numbers (b / 0, m )^ o). 

, ^ Test .it> .f6r rational numbers, in this example: 
IS It true, that ' • - 



^ - J- 4. 1 - 1 V 1 - 3 

T - ? * J - ? ^ 1 = ? 

3. > V 



5 

3> 



f = + X- 3 V 12 _ 3x12 _ 12 _ 5 



So. 




598 
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Look at this e^cample In another way to see whether this 
propertf will always be true. " 



Does 



1 



Suppose 



1 



= n 



Then 
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So 



n - 1 1 * 

n + J 



n X J - J 



(n X ^) X I = I X I 



n = (|x|) 



(Practlon symbol . 
Indicates division) 



(We can rewrite a 
division sentence aa^a 
multiplication sen^^noe) 

(since (n x j) 
name the same 



1^ 



■ ./ • / 
So Property (l) -was tn^'ln 



This same way of thlnk^i^ ca^ 

/■ 

Property I Is' always tn^fe if - a 

nmnbe.i^s and b and m 

/ 



not 



599. 
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Use Property^ I to find other fraction names for tjhese 
^numbers. Multiply the n^erator ,and denominator by the riumber 
suggested for m. 




is.7 X /(? 27/ 



5. To rename 



1 



' 7 

'■ -i- 



4 Z2£ 
• TO 



m = 6 / S'^Ll X /f 




- ) 



C 7oo y7R _ 7 \ 



as a fraction with whole number nvimei'ator 



,* and denominator, what nvrnibet should you use for m? Show 
■"that -your choice for m Is correct./ / ' ^ i 

r > 



f X6 _^ 



To rename. 



."5~ 



1 

so the degfominator of the fra^ctlon name will 

. ■ / . ■ ■ - • 



be 1, what niunber* should you use for m? Show that your 



.choice for m Is corifect. 




7. R^ame the number in exercise 1 by" dividing ^ by 

8. Rename the number l|j^exerclse G by dividing j by 

9. , Dp ypur answers for exercls_es 1 and 7 name the same 



numberf^What a- 



iV^ut^our answers for exercjlpes 2 agid 8? 
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Exercise Set^l6 



•Ir 



Use Property I (|. = to rename each number by a J \ 

fraction with whole nxamber nxamerator and denominator. I 



T 



(I) • 



3. 



■5 -4^(^t£) 



5I ^2z Try 



Use, Property f ('| = |_|^) to show that each of these - 
sentences is true. ^ - 



7. 



4 



11. 



8. =^fMJL^!I.ii) 

l^ix/co 70/ 



12, 



2 



2.47 ^ 24.7 / 2<£. 7 



13. 



.4 
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10.. 



7 ■ 
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14. 



pl^ 



it"! '» / 





Exploration . 

You nHN^een that the propertj^' = | ^ ' is true when 
a,, b, and m , are ratlonaJ. nxambers (not 0. ) 

Here ^ another property of "whole nmber fractions" 



2 X k - . 7 ^ 



7x3 



We 



» - 

shall -call this property ^^ilg^perty II" - ^ ^ 



Property (II) We write this properto as: 



F ^ ^ b X a (If b V 0 . and d / O) 



Is this property still true If a, b, c, and d are 
■rational numbfers but not necessarily whole numbers? 



As ah illustration, is this sentence true? 



.5 



J 5 -J^-F. 13 
To see that the sentence Is correct, we rememberi 



5»- 



1 
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5 

101 ' 



X 5 



602 



.•i VThen 



■f- X = (| X |) X (3 X 5) 
» (? X 3) X (J X 5) 



(Why?) 



(Why?)' 



OSils way of thlhking can show that Property It \- \ ' 

a . c axe 

F^3 = Fx-^ ■ .* 

Is true If a, b, . c and d are rational nxanbers (b ^ 0, 
d/o). ■ ' / 



Use Properties (i) 
sentence^ls tiue: 



and (II) to show that each these 



1. 



2. 



■3. 



1 

4- . . T 



8 



5 





I X 
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Exercise Set 17 ' - • • - • 

;t . Since every fraction with rational, numerator: and denomlnat^ 
^ nanies a rational- number j^. It must have a simpl>est fraction 
name, and a sljqplest mixed foiro ^ 



; Plnd^ each of these for the fractions below . 
Exang)le ; ^ ^ 



< i]^>x 16 ■ f?', (siB5>lest fraction name) * 
17 " -^T7- (ftiB?ple8t nixed form') 



- ^ - ' . > ' ' . 

2. Biscause.the middle "bar" In means (division we can 

write . * f ^ §• ."IJs® tl^is method to find- 

. simplest forins for the following: * • / . 

■ ■ ■ ■ ■ . ' -. ' - . ■ ■• 
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DIVISION OP RATIONAL NUMBERS NAMED BY EECIMALS 
EXTENLING THE D'tVISION PROCESS - ' , ' 
ESa334ATING"RATIONAL NUMBERS USING : DECIMALS 



Objectives: To find a^method for .computing quotientls of 
rational nimbers, using deciml nimerals. 



To use the -division process. -to find decimal 
names for quotients., 

To determine^whether or* not a rational nimb'er' 
named by a fraction has a decimal name; to find 
a decimal estimate for those rational ^numbers - 
for which we do not as yet 'have decimal names-. 



Vocabulary: Decimal, fraction form 



In' the section, ^"DlVision* of Rational Numbers 

'-Named by Decimals", the ideas developed in the two 

previous sections are applied.- A division example, 

v/ritten w^th *dec'imal'n\merals is first rewritten 

• * a a X m 

as a fijaction. 'Then the pi?operty ^ = ^ Q ^ is. 

/ appjieql, with m 'a power" of / 10 such' that (a ^ m) 
anSl (,b X m):.- are v/hole' numbers. The division 
algorism is ' t'hen u^e'd to obtain asi answer which ^ ' , 
names , a vjhole num^r or v/hich is a .mixe4^ form. ' ' 

TtilsLi^ooedure makesf possible the use of the^^^ 
division, algorism whe'n the' dividend and xLi visor •are' 
p^ed by decimal ^imerals',' but may provic^ k 
quotient named by a mixed form rather than, a defei- 
mafhumeraiv .(Repall that "decimal nximeTaLl*^ means. ^ 
a numeral in Jbase%ten..- 5^8 is a decimal^ rwmeral, 
as are 5'^8o,V 5.^8, 5^.8, etc.) In the section • 
"E^ttending th^ Division Process", the idea is V ■ 
developed" thait renaming the dividerid makes it -pos- 
sible to .centinue/the division aisprism used with 
whole numbers and find the decimal' nximfraLL for the ^ 
quotient, if it has , a 'decimal name. In the exan5)les 
in the Exploration,, the decimal Tor the quotient 

' »l87 + 25 i^ found by first renaming . 1 87 as, ^ 
187.00.' -"The decimal for the quotient 87.^ '+ 0. 

^is found' .by firSt f^engiming ^87.^^^ as. 87^^00. 'The 
decimal for 12.68 ^ A is found by. rewi^.tinfe the 

quotient expression as n^ , then renaming the 

quotient by : " " '.' / 



In working thiwjjih the Exploration vrLth the- 
class. It may be necessary to eraphaelze the . 
lipportance of arranging written wirk carefully 
so that the place, value of a digit In a product 
or a remainder can be determined easily'. 

ixi Exercise Set l8, tlie first, four parts ' 
of exercise 1 should be discussed'- so the pupils • ^ • 
note these relations: •• ' . " . ' 

a. 231 + 15 = ^31.0 + 15 = 15.* (By' the division 
• • ' algorism) 

• ' -• B^" V '1 X 100 ■ 

" IT.^ .61 X lp6 - . ; 

; . o ■ • =^^¥ -S^rom. a, 15A 

'■ = 15.^ .X 10 = 15^. ' , ' 

- i-c ji V .001 X 1000 • ^ 
. ■ ' . ' = .15^^ > • 

d. .2.3i + i5 = %|i =^-Hi ' 

231 ^ .61 



= 15. x-i 
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'In the section "Sptiaa'tlng Rational Numbers 
(Using Decimals" we consider 'decimals for rational 
)ers for 'which we do not as ^yet have decimal " 
aes. Such niunbera were considered briefly in 
yi/iiapter 2. In the Exploration in this section^ . 
^ method is developed -for. deciding whether at 
rational* niunber has a d^cim§il name, ©its is 
done' by examining the con?)rete factoriz^tlor^- of \ 
denominator of its* simpXest '^fraction name. .•If 
_the dendmiriator has any prime^ factor other than'.. 
■2 or 5 (or ' 2 and then it has po decimal 
name., . !Biis iS'- a consequence of 'the <}eqimal (base 
ten) system of notation. In this system, the 
fraction form of -any decimal has some power of-' 
10 as denominator, and lpowep's;6f 3,0 (have only 
2- • and/'3^. ^LS prime* factors. j * 

' • • * ' - } ' ^ . 
For" rational numbers for whi'bh wfej ido not 'as* 
yet have dec^inal numerals, as "close aprproxima- 
'tlons as are desired may bfe found, by jeontinuing 
In 'the Exploration- it 1^" 



the division. process, 
shown that- • ^ differs, from 

2 ' 



1.22 by'6nly 



2 



and' from 1 .222 by., only 



The latter fact may be vefifi^ed as follpws^ 
• - ^222 ' 2 ' ; - 

■ 1000 ■^<,5oS5.- 



• _. 10?9 



,. 10998 ^ i \ 



liooo 



11 



Because of the convenience of decimals for 
comparing rational nvimbers and for computing , 
,wlth them, approximations are c'ominonly used.' 

In later grades the concept of ttie infinite 
decimal will ^e Introduced. For leiample, 'the 
number ^ will- be named by the decimal ".3333...", 

the thre.e dots indicating that the^di-glt 3 is re- 
peated Indefinitely. When the cJbncept of the in- 
finite decimal- is developed, evdry rational^ number* 
will have' an infinite, decimal name. 



/ 
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■ •'''There-4s a way to tMhk geometrically about'" 
the division process, and to picture the quotients 
named by .decimals obtained et successive' stages In 
the process. Such a picture can help us see'what^ 
the estimates mean and how to use them. 

Imagine the rational numbers as points of • a 
line. The fraction names ♦give us directions for' 
locating the poi'ht In terms of the points 0 and - 

1. For example, - the point Is located by 

separating the unit segment Into nine congruent'' 
^gments and counting 6ff eleven of these from 0. 
^0 V I - 2 

i 2.5 4,5 6 7 § 9 IQLil ^ ' ^ 

9999 9999 9 9 9 9 \ 

Now let's think about the information the 
division procesfs gives us about - We wish to - 

locate the, point for ^ on a nximber line 
scaled only in tenths, hundredths, thousandths. 



etc. 



KLrst we found ^ =1 + I* 



2 

^ Since -g is less than 1, we can conclude 
that ^ > 1 and »^ < 2. ' We have located ^ 
btetween units.. , 

II ^ 
Q I ^ is on thit segment ^ ^ 



; Second we fobid that ^ ' = 1.2 + = • 

1-2 X ll ); The number | x .1 < .1. ' 

This means 'that' - ^ .> 1.2 and' ^ <i.'3^ 

Imagine the part of the line between the points' 
1 and 2 magnified greatly. What we have .done 

so fai»,by the division process is to locate )^ 

between two scale points' of a scale of tenths, 
the. points 1.2 and. 1.3. it is on 'the segment 
whlch^has 1.2 and I.3 as endpolnts, but l.t 1? 

not either endpolnt/ since . ^ > 1.2 and — < 
I 



it in hire 



LO U L2 L3 1.4" 1.5^1.6 1.7 ,1.8 0 ^0 



107 
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. , Next we fottnd that ^ » 1.22 + - 
1.22 + \% X .01). 



"lid 



Since I X'.bl •<. .01 we know that > i.^2 



We^ have located =^ between two scale points of a 

number line scaled In hundredths. It is on'th^ 
segment wltji: ^ridpoints \l.22 and 1,25, "Wut 
It Is not either endpolnt, / - - ^ , 

' Imaging the part of the. line between the 
.'.points l\Z and ; I.5 magnified again, and 
'divided Into ten.. congruent segments t^ show a 
scale of hundredths. . 

1.2 ^ . , w t , 

120 L2I', ^22 1.23 Ii24 L25 1.26 l.27\,|.28 1.2^ .130 

. \ Suppose we divided the shaded* segment with 
endpoints 1.22 »and 1.25 into ten congruent ' 
segments,, to construct a scale of ^thousandths . 

Tlhe point ^ would fall* on one of these ^ 

segments J Our divlsioij process shows that it 
would fall on the segment with endpolntp ' ^ 

1.222- and 1.223, because 

L = 1.'222 t (| X •001). 

It would not be either enc^oint, because" - 
^ > 1.222- and < 1;225. 

Thus, the successive stages of the dlvlslpn 

process serve to locate, the point for ^ on 

successively smaller segments of the nimber line. 
By contlniiing the process we can locate it on as 
small a segnent as we wish. i . . 

^ . "1: ■ ' • 

One more example is necessary: ^ \ 

0.' ^ ^ .12 \125 

Q yrr 8 ttts . s . rnro 8 ) 1.666 

' • .^8 8 • 8 

^ ^ - . 

• -Jl£.^ 

4o 




5^8 



Bie. Infoiwatlon given by the successive* 
stages of the dlvrslon process may be pictured,' 
with successive magnifications, as, shown below. 



,^ > 0 and ^ < 1 



^.0 / ^ 



g-. > .1 aijfil ^ < .2 



.0 .1 .2 ,3 . J A :5 .6 7 .8 .9 1.0 



V 



^ >. .12 and ^ < .15 



..z 



.10 ,11 ' .12 ,J3 , .14 .15 .16 :V7 .18 J9 JZO 



, : ' .13/ 

J20 J2r J22 J23 .124 J25 .126 J27 J28 J29 J30*^^ 

Since ^ « •ISS^ the declaaLl ntnneral speci- 
fies the exact location of the point' ^1 We see 

that it 15 one of the division points of the 
scale of. thotisandths . 
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Here Is a mxmary of some of the properties 
of decimal ;nume*l8' and their geometric^ Interpret 
•tatlons. 

1) A rational number whose simplest, fraction 
name has a denominator with prime factors 
only 2, 5$ or 2 and 5# has a decimal 
numeral . ' ^ . 



2) The division process ^can be used to trans- 
late fractions into decimals. If the rational 
number name^ by the fraction has no decimal 
name, then the process gives decimal 
approximations in tenths, hundredths, 
thousandths, etc. 



?) If we think of rational nimbers as points on 
a line, then those numbers ^with decimal 
numerals' are the division points obtained by 
dividing the unit segments into tenths, 
hundredths-, thoxipandths, etc. The rational 
numbers which do not have decimal ntmierals 
are the points whlclr always fall between the 
division points, no matter how far the 
division process is continued., 




/ 
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DmSION OP RATIONAL NUMBERS NA}^ 
\__^ y . Exploration 

Suppose that we are xislng only whole numbers and have a 
division problem like this: 

mvlde 1267 by „24o. ' 

What do we find? we have a division process for finding 
a relation between^ I267 and 24o. If - 1267^ Is a multiple of 

the process will give the decimal numeral for the whole 
number 1267 + 2iK). If 1267 Is not a multiple of - 24o, the 
process will find what multiple of l^ss than " 1267 la 

closest to 1267. We show our procyss.ln this way. , 
■ ' ' ■ ■ ■ 5 

* 24o ria^T 

C_ ' 1200 • ^ • 

The relation Is expressed by this sentence: 
* 1267 = (240 X 5)+ 67. , 

•We can not write a division sentence because no whole number. , n 
makes tliese sentei^es true: . ^ 

• y " 1267 = 240 X n • ' 

1267 + 240 - n ' * 

If we use rational ninnbers then we can write such 
sentences. They will be 

1267 = 240 X (5^) or 
1267 + 240 = 5^, 

. Ill 

6is ^ : , * 



OJil's Is tiie usiial yss?^ in which the Instruct'lons 



- - ^IJl|lde ;1267 yfer 2J0. • ^ 

are followed. //We {j/&e th(§^" division process tp^flnd a name for 
the ratfonal ntunbe/ 12^ ♦ 2^0. The division process as you 
have le^rfied l|t gives mixed form for tH[(^ quotient. • 

Use' th^ Idiykslon/process to find a mixed form* for each oJ 
these : { ' * ^ f-- / * ' " * ' 



2. 



187 + 24 
277 + 31- 
207 + 23 

875 + 43 , 



Can we use the 



Lvlslori process to get mixed form names 



for quctlente of any rational nvimbers whose declmaiis are given 



, 1 
Suppose our problem 1 



12.67 + 2.^ = n 



(n Is to be named by aVmiJted form.) ' 

The division- sentence 12. 67 -i- 2A = n* might be written as 



•phen "We coulci write 



12.67 = „ 



12.67 _ l^/^l X 100 , ^7^^^A7 ^ Okr^ A cL^ 

. . "?:Tr - 1,4^ X 160 " " ^267 + 240 ^ 527fe 
Ti(e know. how %o translate any fraction like .3^^ into mixed 
form. ■ .J 

The 'trick Is to rename the xnimber by a " whole number" 



fraction. 



112 



' ■ • /' * ^ 10 



V 



W J 2556 

. ill 
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15^ = 1- 



' • 88 ■ ' , ■ ■ 
Express each of these quotients In slinplest mixed f oim: - 

'-("lie) . , ■ .= 

Many times it is "conyeMent : to e3q>ress th^ quotient of 
two ration^a^ numbers as a decimal. If the numbers a^e nam^ as 
decimias, then it is .natural to compute in- '/iecimaf^^aiig^ 
One difficulty is that as yet we. do not have a /fecimal name for 
every rational number. As yet we have no dectoals for E. 

may no^^-g^e 
an exampj 



p etc. A second difficuity is that our prokess 
the decimal name even when there is one . Here li 

^ - ^ ;.. 2o- j-li, ^ ' 7^ = 7.80 or 7. 



140 
16 



We had to /find a decimal name .after findlng-rar^lxed form. 
The division process alone did not give ub jthe decimal 7.8. 

In the next sections we will find out how to extend thfe - 
division process to find decimal names. 
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; Exercise SetAS 



1. Wilch' are. other names for the^lrst ntunber in each row? 



. / 

2 

c. 16/ + T|j 



d. 




16 i 
26i^ • 



80 
37' 

4^ 



.08 /76.^ JO 
.0264 /Z<^ ) 



2. A rectangular region whose adjacent sides have measxires 
. 3.2 antf ,5»7 Ijs separated j^nto I6 -sinsaier cbngruent 
rectangular regions. What l5-*he measxire of each of the 

• ' * ■ 

smaller regions? Z4\,m!L^. aJ^.J 



3 . a . 



i-ch of these nvunbers Is the ^eater," ^ 

. 117 + >6 *^or '113.^+35? (^/ry 
libt[i much greater?. Q0.61) ' ■ ^ 



^. If a^^a^e travels 2750 miles in 5.5 hoxirs, how far 
will it travel in 3 hours? . ( /^^^ ^w^,^ . 
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EXTENDING THE DIVISION CTOCfeSS . 

• ' ' EScploration ^ 

Consider th? quotient 18.7 V 2.5. We know that 



18.7 + 2.5,- ^ - ^ 

an find by the division process 25 ) I87 

^ ■ - m 

' '12 



that * ' 187 -12 

■55" - % 



We know that' 7||*= 7^ = 7.48 



Now we know that. 18.-7 + 2.5 = 7.48, .but the division 
process did not give us this nsune for the answer. The q^eaition 
is this: Can we extend the division process so that it gives 
us this' decimal naaie.?' 

To get an idea about the answer to this question, study • 
the following quotients.- Show that each answer is correct. 

1. 18,700 + 25 = ' : \ 7'^8 

.2. 1870 + 25 =■ = 74^ ^74^ . 74.8 • 

5. ^"187. + 25 = 7g= 7j^ = . 7.^^8 

4. . I8.7.25=i|l= 187. -^.^v .^^ 
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5« What do you think Is tl)e declmajl for ' 

■ • • 

187,000 +25? 

-. ■■ ■• ' / - ■ ■ 

for 1.87 + 25? , : . 

How can ^is^u explain the. fact that the answere have the - 
same digits and differ^ only In the position of the decimal 
point? Consider exercises 1 and 2, to see how you can 

■ use the answers for exercise, 1" to find the answer for 



exercise 2. 



• 1870 „ 1870 X 10 
"2F~ " .25 .x l6 



l8.7dO X 1 
-fe ^ 



. 18,700 ^ 1 



V7^8x^ 



Now consider the division process for 18.7 + '25 again. 
OSiink of 187 as 187.60 and divide siaausxial'. A • 



6. 18.7+2,5=^ 



2 00 



■ -5 



7. 

a. 25 ; 107.00 . " The 7 Is' 7 ones, so put a 

17^ decimal point after 7. TOe . } 

12 remainder Is 12 =ones. 



7.^ X . Olilnk of 12. ones as X20 tenths, 
b. ' 25 J 187.66 120 + 25 Is about 4*, so 120 

175 tenths + '25 is aboujb -'f tenths. 

12.0 . Write the ^ In tenths-* place. ' 



• 7>, . •. , .. ^ ; 

c. 25 ) ltj7.00 . 25 X ^l-A tenths Is 100 tenths. 

175 The remainder Is 20 tenths.- 

12 0 . . ■ 

10 0 V • 

< .-■ -20 

7.^8 ' v. 
"^d. 25 ) 187.66 Think of 20 tenths as. 200 

175 hxmdredths. •. 

12 0 • 25 X 8 hundredths = 200 hundredths. 
10 0 . Write the ■ 8 in hxmdredths* 

2 00 . place. " 



18.7 + 2.5 '^AS 

117 



\ You see that :irou^can find the digits in the answer Jtist as 
tho^^iB^ y6u were dividing ' I870O .by 25. If you place the- 
decimal point carefully you do not need to think again of 
tenths and. hundiredths . 

Look at anot'her-clxanple: 

7. Find the \ieclinal for, 87.4 + 25. 

a. 25 TW^ - 

■ ■■ -I^/ . ..■ ' .-. 

4 • the remainder is really 12.4 

The division shows that 



\ 



87.4 « (25 X 5) + 12.4 



Piace the next digiVin tenths' pl&cC. 



b, 25 PiTTT 25 x\4 tenths -100 tenths. 

^ ^ ■* The remainder is really 2 A 

10 0 ■ \V 



2 4 



\ 
\ 



Blink of 2.4 - as 2.4.0, or 24o hundreidths, ind cbntinue 

the process. ^> ^ 

c. 25 rffFTTO -If -' -v^t;", , 

12 4 ' , ■ .' H./vV'^ : 

16 0 . ; ''^'^l^vf ■ ■ 

■ ■ 2 40 ■ ■ ' ^--.Z / ' 

2^. ■ ■ ■ ■ ^ . -- ■ ' ■ - 

150 ' - 

150 87.4 + 25 - 5.W 



619 
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8. \ Haw does this ptocess ccanpacre with what you woxild have done 
. to find the deckiaal humeral for* 87/4oO. + 25? 



^9. Exercise./ 7^. shows that you can, use this extended process 

. ■ " . , ■ t ■ i ■» 

without 'rewriting the problem so that both numerator and 

'■•!•■ * • ' — — 

denominator of the fraction are whole nvmibers. Rename the 

• friction so thel denominator Is a whole number. 



Look at this exaiznple : ^ 

\- ■ - ^. 

, Find the declmall for 12.68' 



a.. 12.68 + .4;= 



12.68 126.8 



b. 




12.68 + .4 31.7 



■ V ^ 



LO. Yclu know thdt 12.68 ♦ . 4 = 31*7 Is a true sentence 
A X 31.7 =1 12.68 ^ true sentence. Use the 
multlpllcat|Lon process to show that tl^ sentence Is 



If 



true. 



LI. Use multiplication to check the answers for exercises 6 
and 7» 
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Exearolge Set 19 



1 . ELnd de^aaal nuineraj.s for^^j*ie^e quotients \ « ' 

b.. 25.1 + ^15 05-4^ : I t\ + 7-5 il8o) 

^c, .251 + 1.5 Cc/sV/ g, ^585 + 75 ^^o.ooj^; 



2. Rename these nximbers the denominator of the- fraction 
-is a whole number. '\- - _ 

^-^i^ ■ CM/ 




3. Etnd decimal names for these quotients. Check by 
multiplication. • . " 

a. 1008+ .6- C/6,«o j x'/68P- ^obs; ' 

b. 213.9 + 3,75 (;57.o^^; 3.75 xWi?4^.z/j.5'^ 
- c. 6i;6 + 6.8 Tfs:©; ^ 75 g-^/g^ ■ 

d.- 30.9^ +2.6 Ol.^y 2.6 < = 30, 94') \ 



4. Use the sentence 18. 7 + 2.5 =-7.48 to virlte the decimal 
numeral for pach^of these quotients: ^ . 

a.^ 187 + 25 (7 AS) b. 18700 * 250(^^4} c. .18.7 + .25(^^:8) 

5. - Use ^ = .56 ' to write the decimal niuneral for each of these. 

a. 90 + 25 [^.(,) ;b. 9 + 250; ^oJe) ' c. 900 + 25 C^^^ 

6. Make each sent^ce true by placing the^declmal point and 
writing any needed ^zeros In the numerail for the second 
factor shown. \ 

a. 2.^ X 51 = 8.155 ' (^•O 

' -4 . : - 

"f , ■ 

b; 26.5 X 51 » 815.5 (7UtJU^0t^^H££^^^ cu£<lcJi) 
. c. .265x51-8.155 

Express the answer to each of ttie f ollowliig problems fis . 
a decimal numeral. 



7. If ^1 ,centlmeter were exactly .4 Inches, what .woiad 

the me'asxire of an Inch be In centimeters? Cz.S ,^^jutCtif>»ii^tL^ 

8. A car used 10.5 . gallons of gasoline In traveling '165.8 
miles. How many miles did It travel per gallon of gasoline? 

■9. How long will it take to travel ' iW miles at ~32~~mlles y 
per ho\ir? 
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ESTIMATING RATIONAL NUMBERS USING -jiECIMALS* 

' ^ Exploit ^ ;\ " . 

IflijL'ls. It^sthat some National ; numbers itave no decimal names? ^ 

!• Consider these decimals. .7r 2.85, .037, 18.279. 

. "What Is the denominator of the fraction ^orm of each declmal?>^ 



Since , the decimal sys^tem has'^ten as Its base, only 10.,- 
or 10^, or 10^, or sotae other powejr of 10 can.be the • 
denoiAinator of the fraction foiro of a decimal. 



2. wnte the ccanpaete factorization of -10^, of IQ^, 'of 10^. 
What different niimbers are prime factors of any power of 10? 

y. Write the coriplete factorization for the denominator of 
each fraction. 

4. Suppose each ntumber named by a fraction in exercise 5 is 



to be renamed by another fraction with a whole number 

ust th 



niimerator and denominator. What prime factors must the 



denominator of the new fraction have to rename ^?^to 

Ch. %sj c, 5, 7/ d. ^^5; ju. ^. 2^^ ^ 
renan^ eacrlTof the other numbers?^ Does '10 have these 

factors? >^ Does 10 Does any power of 10? 



5. Which of the numbers in exercise 3 have decimal names? 



P396 



What happens If we try our. extended division process on 
quotients which do not have decimal names? ' 



6. Let«s try 



11 



9 FIT 



2 

1.2 

9 ; 11.0 



2 0. .. 



1.22 
• 9 ) 11. 66 



^ = 11 + 9. 



-5- = ! +5 



11 p ' / p 



4 ■ -V^-Cfx-^) 



IS ' - oo . ,2 ' 1 * 



2 



. Supporse you. divide ii;000'. by 9. . What do you think the-, 
quotient will be? . •. 

IS, theire any point In continuing the. xilylslon process?. -i. ' 

, ; ■.. ' . 624 . 



we have found that 



-1.22 + ^ = 1.22 + 5§5_ 



IXarijig the, process we found thatj 



ii - 1 + S ^ > first remainder 
3 i 5 



xmlts digit In quotient 



11 ar*^ o J. >2 second remainder 

"5" ■ • I ^ • ' — " 



L, 



^ ' tenths* digit. In quotient 

If we continued We would find • 

^ - 1.222 + '^" ^ — fourth remainder 

^thousandths* digit In quotient 

What would- the next step show? C^- 1.2222 + V 

> ^ ; ~ / 

- Several more examples may help to show what can happen. . 



7. 5 + 6 



.85 



,fi(3 + 



.02 



• » a , , - 

20 ' ' ^ step would show: 

— 1= .855 + -002 



2 
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,8. ^»5 + U 



.454 
11 j' 5 ;(W6 

60- 

' • 6 



We can stop now. Do you see why? ^ 7?e<*»<-*-«^**-«:^^>*^: ^ ,^>-e.g.c«;><a /. 




We have found 



, .006 

^ 11 



Can you write what the next step would show If you 
continued the division process? ^i.- . 4545 ^ 'SE2l~) 



125 

' 626 
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* . ■ 

9.- 4=1+8 r 

.. -8. • 
20 

40 

. 40 
0 





r 




1 

o . 


.1 + -tr 

o • 




i 

B = 


.12>^ 




1 

H = 


.125 





We can thiiic of the division process fpr tkls way: 

\' < .2. We i^ighl 



At the first step we f^mnd ^ > .1 and. }^ < .2. We i^ight say 
that we have estimated ^ ^ in tenths . 

At the second step we found an estimate for in hundredths , 
' . • .12 and ^1 < .15 . - 

At the third step we IJound an estimate for ^ in thousandths . 
As soon as we subtracted we found an exact. numeraLL for ^ in 
thousandths. , 

^= .125 ^ ' 



10. Can you find estimates for ^r* 

thousandths? ^ „ ^ ^^'j 7 I * N(" X> 45*5 'ijj 

Will the division prqcess ever give a decimal noaneiSi for . 
any of these numbers? 

11. a. What is the estimate for j in ten-thcnisandths?^ .6464<| ) 
' b. Does have' a decimal numeral? (^t^M>a^) - 

c. Does 7^ have a decimal numeral^ (^-C^jM^J . ^ 

d. Elnd a decimal* for if there is ,one. 

.: .. ' ' • ■ ■ ' ■ .. .. y 
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^ / / Exercise Set 20 - * 

1. Whfbh of the following n\imbers have (J^cimal names and which 
do not? If a niamber has a decimal name, find It by the 
division proce 




2.. Use tl^e division process to estimate each number in .tenths 
as sho;m in the example. 

Example . = 15 + 7^ 2.1 

> ^ , 7 n3T^ 

■ . . • . . " 14 ' 

. - ' . ' 7 

is , between 2.1 and 2.2 . ' 

^ * - ■ ■ . 

• 127 . " 



a 



' '628 



p4oi 



■5. Estimate each of these nimbers to the nearest smaller or* 
the exact thousandth as shown in the example. 



• , Example ; ^ ^ 



.' .166 ■ 
6 ) 1.000 " 

: ^ 

36 



Nimiber 


Nearest . 
Smaller 
or Exa.ct 
Thousandth 


Number 


Nearest 
Small ei*, 
or. Exact 
Thousandth 


* ' — 

Number 


Nearest 
Smaller 
or Exact 
Thousandth 




.500 


^ 5 


(.800)^ 


i 

■ 71 • 


CZ85) 


1 . . 
J 




l^ 
7 


(57/) 


2 


CZ22) 


1 " 


C.2SO) 


9 








1 


(.Zoo) ' 


5 


C83'3) 


3 




1 , 
^ . 


.166 


■ 5:. 

7;_; 








1 

7 ' 




■ 5' 
H 


Ci.25) 




' C37£) 


1 


C./Z5; 


. 5 .■ 


(.SS5) 


6 
7 


. (.8^7) 


1 1 
1 ^ 


■ Cm)' 


. 2- 
3 




7 ■ 
H 


C67S) 


. 1 
T5. 




5 




7 


(777) 










8 





629 l2f 



Use the table you made for exercise 5^ or the; division 
"process to answer these questions. Which is larger. 



a. ^ or ^ ? 



5 



21 



^ or 1^ ? 



d. 



27, 



or 



• - 

e. :625i^ or 5 ? (^.CISH-) 



f. 1667 or^ iO- ^6^7; 



5. - -^Express the following numbers as hundredths plus remainder 
as showij in the exan^jle. 

Example ; 55 + 17 



17 J 55.00 

51 
4 0 

2JL 
60 

■ 51 

/ 9 



a. 2|. 



55 ■!• 17 = 3.23 + 



.09' 
TT 



5280 
"15- 



■ 7 

f 5 Jo. 00 



"IT 



f 238,000 /-^.gy + ) 

^' 18b, odo > - ve^ 
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6. Which of these numbers have decimal names? If a number 

has a decimal name, find' It by the process shown In 

■ ■ ■ «. ■ . ■ ■ 

the example. * 
Example; ^ . ■ 



r _ 

Bo - 



5x2 



_ 7 X 5^ _ 7 



5 X 2^ 



10 



10 



10 



49 



.51 /I r g- £/ xS> r/x5*\ 

B5o f «*x2*' "TS^"/ 



3? 



V 



- . ofsrs 



130 
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Exercise Set 21 



1.* Complete, the table below. The measurements given are for 
rectangular i*eglons. 





Measure of ' 
- One side 


Measure of 
Adjacent 
Side 


Perimeter 


Area of Region 


a. 


8 feet 


3 feet 


22 feet 


24 sq. feet 


1). 




, 10 y^ds 


C^o yds) 


200 sq. yards 


c. 

If 


3^ inches 






28^ sq. Inches . 


d. 


25^ miles 


^ mile 








5 yards 






65^ sq. yards 






25.6 feet 


(58 . ft,) 


87.04 sq. feet 


r. 


3.6 miles 


(54 ^ 




201.6 sq. mi. 




J. 6 Inches 


9.8 inches 







2. Pete made a scale drawing of the floor plan for a houses 
He used a length of |. inch to" represent 5' feet. What 
were the lengths of ^he segments he drew to represent a 
room 18 . feet by 30 feet? ('t " '-^^ ^'-^ / 
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5. Mrs. Brown mailed five boxes of cookies and four boxes of 
candy to 'friends at CJhrlstmas. Each box of cookies" weighed 
2^ pounds and each box of candy weighed ^ pounds. How 
maxjy- povmds of cookies and candy did ahp mall? (^H^ Jit^.)- 



4. Bill is using a ruler he has made to measure lengths. He 
thlnlfs It Is a foot long, aiid he has very, Carefiilly inarl 
If^off In twelve parts, of equal length. If Bill »s rU.er 
Is really -I5.Q8 Inches In length, how long Is one of^ 
Blll'»s Inches? C/'^'7 -<-^) 



5. When the efray family ieft on a .trip, the speedometer read 

717.6 miles. At the end^of the trip, the speedometer ' 

. . ■*< . . - 

read 1202.1 miles.' . -7 

a. How many miles had the CSTays traveled? {^^64^ S ^^yy^i.) 

b. If the majie the trip In 8.5 hoiars, what their 
average speed? / 57 o -f^.p.U ^ 



\ 



;6. Tne circumference of the world at the equator Is 24,902.57 
miles.- The circumference of the world at a meridian Is 
24,86q.44 miles. How many mil es.gr eater Is the . 
clrctamference at the equator than at a meridian? C^l^93 
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A salesman, kept a record "of thai distances he' traveled In 
- . . o- , . • ■ • 

one week. Th.e 'distances recorded were*:* . 76.^; 85.9; 

75.5>- 92.5; and^ 100. V miles. , 

a. What, was the total number or miles the salesman 
traveled diiririg the week? (4 '5o. 5 yyyu^.) ' 

b. ' Whai; was, the. average distance traveled per day? (^./ J 

c. If the car averaged 1,7.5 miles to the gallon, how 

' many gallons^ of gasoline, were' used ^ins the week?^jf6^^.^ 

At $ .50 per gallon, what^was the cost of the 
gasoline? ( 38) • ' 

e. Using the distance traveled during thj4 one week as • 
an average, find the total number of miles the 
salesman traveled in 50 weeks. (z/y S2S) 

f. Using the infoiroation given in. exercises c and. d ^ 
for average mileage and average price of gasoline, 
find theicost of gasoline used during a year. 



The population of Chicago is .4^ ' .times that of Boston. 
The population of New York City is 2^ times that of 
Chicago. The popxilation of New York City is how many 
times as great as the popiilation of Boston? • C^-^^^ 
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9- Kent has a rectangular garden ^ feet wide and 1^ feet 
long. He wants to put a wire fenceLalong Its f oxir sides,. ' . . 
The wire sells for 1^ cents a foot.:--«>w-naK*: will Kent • 
have to. pay for' enough wire for his garden? (^^S- 9/ J 

,10. Bill ran 100 yards in 15. 6 seconds. Ray ran 75 yards 
. . In 11^8 , seconds. Who ran faster? C y^.(_^e^ ^^.^.a^^^ 

11. A very' fast runner can run 100 yardjs In 9.4 seconds. 
Express this rate In miles per hour. C^L7C/ ^.yor.A.y 

^ • •• ■ ^ - , * ■ . • ' ' !' 

12. The moon Is about '258, 000- miles from the earth. The s\in 

./ . ^ * . ■ • 

Is about 95,000,6qo miles from the earth. 

^ . *■■ ^ ' 

a. With the distance to^f^^e moon as a unit^ what ,1s i^he 
measure of the distance to the ^^^(3^0 .75 r,n^^ 

b. If a space ship pould' reach the moon in 18 hoiirs, at 
that rate how many days woizld it take 'for a spaceship, to 

' x*. reach the arun from the e^rth? t -^.A^tu.^^-*^*-*^-^ Z^b^os <x.^^^ 

13. ; The populations of the 5 -largest gities in the Uhited- ' • .^n: 

States are listed below. What part -of th^e l8o,000,000 * * 
people /in the United States live in a;LiCor these cities^ 

V ' "llew ^Yorlc.. ; , . ; '10, 700,069 ' " " ! 
' v - / * i^s ' Ange^^^ 6,.7'00,GCX) 

Chicago - 6,200,000 . 

PhiladelptUa ' ' 4,^bd^:boo ^ 



Detroll{; ■ " 5, Soo/pQO ^ ^ 



^ . ■ 

1*. Suppose that, the average cost of driving a car on a free 
. road Is 7 cents per mile. Bie distance from Philadelphia 
to Plttaburgh Is. 500 mlXeS 'along the Pennsylvania 
turnpike and 560 by a free road. Suppose the toll on 

the turnpikevlsi $5 .50. Which Is the cheaper way to V 

, • travel 'from Philadelphia to Pittsburgh, -and by how much? " ' 
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OJie measinTe. of' 1 Inch in centimeters is about 2.54. • 
• Use this to complet^'^.th^: following table. Estimate 
measures which do hot^have decimal names to the nearest 

thousandth. . \^ 

■* 

a. The measure of ^ i- foot in centimeter., [so 4-8 cno) 

-.^;b. The Aeasure oC ' l - foot in^meters • 

(1 metef = JLOO centimeters) ^ 



^4 



The measure of yard in meters. (•^K^-^^^-^) 

d. The measure of 1: mile in kilometers- (1000 metWs.Y^^"^^^ 

e. The measure of- 1 defit^Saeter In^ inches. (. s<fs i^.) 

f. The measure of 1 meter in inches'. 57^7^ .^i^ 

g. The measure Of 1 kilometer in miles. 6 627 
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Exercise Set 22- 



1. Find a decimal aiame' for each sxun. 

^ ■ b. 45 ,+ 17.17- . f ^.Z'./ . . e • 
■ c. ■C^.B9.+ .0^75'/'C/.^^V;Vv ,■ f J 



59.62 + 3.8^^ C6^3.4i.) , 
573 A + 75".~99"~-f?r4«?. 3*?> 



2. -glnd decimal names for these ;nuJi]ibers 

a. V56*~ 9.3 ■ C^c.v) ■■y^^- 

b. 923.1 - 74.8 C^4P.3): e. 

c. ; 57.48 - 36.92 C20.S-6J f. , 



74 - 22.45 V :.('ir/:V5'-)' • 
37.15 - 29.8 r7. 3^^; 

469.1 - 89.7^ r57j.36) 



If 



MLat'i'ply: 



a: 15.4. by ■0>2- ■ C« o8> - ^ 6846 by 5.3 4'^2«3,8) 



b. 38|| by^ ,2.67 O^^ e^V 

c. .760 by 4.58i;6-«o,&; 



d. 
e. 

f. 




KLrtd a "de^ffial for' each quotient. 

a. .1144 + 2.3 C477-^9:) T^. 

b. 36'r75 +.0_.-49 Cr^.c) '' e. 
C ." 142 .5 '+ 0 . 57 ■C2£r^..e>J . f . . 




3^7.8 by 5>.6T/9V7.tftf^ . 
7 . 9^" by -St: 9v-) Cfo. 468 



222.7 + 6.9 ' (.32. 28) 

3630 + 0.30 ^/f^r.^s) 

29.37 + 8.9. f Tto.VaS^ 



'637 
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5:. .Perform- the folloivlDgvoper^ • • 

a. - 54.7^ 5.7 V^^^^^^^ 

^ b. 56 --9.3 ' 7.6o_x l3.5 r/*>2:6; 

c. 29.9 + 63 C 9^2^^)' J. 578o. ^.s'.S ' (680) 

■ .d. 220.5 + 0.65 0^ffz^:- \: -'J^. 7.65 - 3.S ;.C4.osj ■ 

e. 37.9 x4.2 Os9./^)-.:\ ' - 979 A +' 32.85 Oo/ 2 -zs-J 

f. . 87.4 - 39.56 r^7.4^:^- - (Z87./2) 

g. 68.08 + 0.92^ (T/^c^ ■3^^^ Xj^o; 



6. Perform the following operations. 

a. 87.4- 39.56 C¥.7.e¥j : f/^j388 X 0.74 (^ez/z; • 

b. 68.08 + 0.92 07^. o; S- 227.7 + 6.9 Cjj:o; 
-e.; 543.9 + 74.35 (6/S.25;; " j. 0.3x0.2 C^6j 



•7v•^ Perform the following ope^tioAs. * 



a. 


30.66 + 4.2 v 










b. 


92^ + 73| 










c. 


•59 + 0.78 




h. 


31-- 5:5 




d. 


80 - 7| / 




■ i. 


17I + 21 


(7i) \ 


e. 


25.6 X 0.98 




J. . 


481 .32 + 
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Copy the square abovrf. 



column and record the sum for each column. 



a. Add the numbers named by the decimals In each 

b. Acid thej^rlr^^ named by the decimals* In each 

-"'Ur ' ** ' • ✓ 

row and tecoi^' the sum f or^ach row. (f^- Sj 

♦^f ■ * * * 

c. Be£^n*9^!;^fla€"lower left-hand comer and add . 
diagonally. Record the sum. 

d. Begin in the. upper left-hand comer. ,Add 
diagonally. Record the sum. C^^- '-^-C 

e. Is each sum the same rational ntmiber?>t What'- 
Is the nmber^ ( 



f . Is the s^fuare a magic square? 



'*v ' Practice Exercises 



I. Find the iimnb^f that t represents. . ' 

■ a) 5| t (t^5i^ : ; ;:28^ - t = ^ {k^ll^f^ • 

c) ' 4 X 4 - t '(^t . 7 ^ m) : ^ito + t - +1769 Gl- = -«?7/) 

d) -625 + t. -480(>--'i¥sln) 2-7|x5|=:t (J^-\S^^} 

e) <'7236 + t - 67 f;|--Jo«; o) 6al^.84 - 3.9 x t (i - HS-i) 

4.- a- ''^) ■ P). 7^ + 14 + ll| = t 3U) 

' ' g) ^378 +'-31^87.- 1 r^--H) 4+ * + 4- ' 

- h) t r) 27.'^5+ ^ -. 78 (>--$0.55] ■ 

1) -8483 + t.. -3479(^/54)" § u^iY : ^ 

- Jj' 962.56 + 6.4 « t ^a/^a^t) 4| x § = t = l-^j) 
II. Solve < 

'•"a) l_4'^ k) 428.07 + .57- (rsi) y ' . 

b) 48.90 + 30 (l.£p-i) 1) 931.44 - 26^.9 (64. ?.^'^ . 

°) 5 x| • (;fi;/ m) 3^ x 2| Y7|:^' 

d) 15.789 + 13.763 (irSf^Jn) 9+^ (/ 7? ) 
4" 4 C^?-.) .°) 577.28 +6.4 (9o.;i) 

■ f) Jx36 C^l->,. P) (5f) 

g) 38.400 + 60 CU'^O) • q) -162.4 X 87.5 Q^^ilO) 
• h) 4|+i| (3) r) 468.394 - 288. 5'^ C^*^-^^^ 

i) 38.050 + 125 Q-3 0«f.^^) s) 3|+4|+2j (io^^) 

j) 8|-x 4 : ^3»ft} t) I +2j CijL) . V . 

. ^ • 
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2. 69053 '3. 2| 4.' 843/695 5. 2| 
2928 ■ ■ 1 ■ 24,763 55 
■ 75 f 927,616 ^ 
71089 . ''f 44.464 ^ 

Subtract: . ^ , 

1. 8902 2. 39668 3. 27^ 4. 658.374 5.' 2^ 

4Z23 252^6 4 I6lii^ ' • 3 

Multiply: ^ - 

1. 365 2. 87.91 3. 4 3^"*^ 5- ^"^-^^ 

^427 2.8 . 4| 508 36 



Divide: 



4 



35JT<77535 ^ '24757757 ••721173^ 

4. 4^i| Of) ^ - . 

Bralntwlster 

Egyptian Fractions •* 

The ancient Egyptians expressed all of their fractions as 
unit fractions, such as , ^ , ^ etc. (One exception was^) 

7 11 

Instead- of writing -f^ they had to write + > 
Express e^ach fraction as the sum of two unit fractions. 

H-i)^) § . 
• ^ivi)j) |U-y<-) |(t-i)hl -^ (iH) 

641 . . 
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Review 
SET I 



P»rt A 



1.. Choose an Integer from Set A to complete and make each of 
the following true statements. 
. Set A * {0, -1 , -2 , "3 , ...} . 

a) ""3 +2 e) +5 + (^2?- '12 

b) ltA* '2 - '9 '. f) t22)+ -^15 = -15 
•c) (:;2)t +3.,-6 . g) +9+^^o 
\d) +10 +(23). -3 h) +18 + *9 

2. Choose an integer from Set B to complete and make each 
of the following tnie statements.. 

Sets- (0 , +1 , +2 , +3^, +4 ...) . 

a) -4 +ft^- +2 e) -7 + £22- "7 ^ 

b) *5 +(*//}.- ""le f)ri^+-i8--6 

. c) +9 +(i5)i. +12 . g) (^^)+ "12 , +6 ■ 

d) (;^+-6.+2 h) +51 

1) The intersection of Sets^ A and B is Set C. Name 
• r . the members of Set C . (o) 

3. Would the arrow'" drawn for each of the following unicnown 
addends be named by a positive or negative integer? 

a) +2 + n - +8Y^6a^«-^) f) n + +17 » "6 (.^nz^a^) 

b) n+ -6- 0 (Je^o;^) . .g) -8 + n = +8 (p^i^u^ 

c) +5 + n - +1 h) +4 + n . +3 

d) n^+ +3 » -9 Co^yaA^ i) "IS + n - +9 (/t^ju-^ii^) 

e) +16 + n - +32^0/^,;^) j) n + "1 = +21 (^C^^^-i^^i^J 

.642 .\ 

, Ml * 



^.NjRename each fraction so that it may be written as a decimal, 
r * Complete the chart. 



Fraction 


Multiply By 


New Fraction 


Decimal 


Mi 


2 1x2 
? 5. X 2 


2 


12 




U ^) 


















(JUL) ■ 


(■zs:) ■ 


e) 




\ /oo) 








\ /oo) 


, ^^^) . 


s) f. 


3XJZ£'\ 


/oo , 


(.7S) 


^1- 1 • , 




. A rooo ) r ■ 





5. Find t.h^:*i;^umDer tha?t jri represents. * .Use -decii^l or • 

.frac.td.op;f^ your work, a Write thb ' answer as a decimal. 

■-. , i'^'"' , ■ . ' ■ ■ ^ 

"a') • .84 X 6.8 = n /%f--ir7/2}e) 1.628 4- 4.4 = n (^-.37) 

b) 9 -J- .3 = n (Cj^ ri*^.^) f.) .0256 + 1.6 = n ^.r.^?/^) 

c) 25 X .25 = n/^c^.ZS) g) .25 X .25 = n Cr^ ^ .06^^ 

d) 45,56 + 68 = n ^ -.^7)h) .25 T 4 = n - 0^2S) 

6. Write the set of numbers named by the re^ciprocals of the 
. members of Set R, call if Set S. 

p _ f. 12 4 6 8 " 10 • 12v 



[Q- O- z. X 1 
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7. Complete the following to make them true sentences, 



a) "23 « -41 

'8. Complete the chart below. 



1 



\ 2 ^ 5 

h) fef^) + -8 = "32 

i) +45 + -I7^feg) 



Set of Integers 


Largest 
. Integer 


Smallest 
Jtnteger 


a) -26, +14, +26, "8, +40 

* ■ 






b) +13, ""g, +16, +19, "8 






c) "3, +7, 0,+ 1 






d) -46, -28,++2, -1, +279 






e) +7, +3, +5, 0, +2 


r*7) 








9- Copy these symmetric figures. Draw dotted lines to indicate 
as many axes of symmetry as you can of each figure. 




10. Answer yes or no to these questions. 

a) Is there a smallest negative integer'^ : /y<n^.) 
„: b) Is there a largest negative Integer? 1^ 

c) ^ Is there a snallestf/posltlve Integer? (^^^^) 

d) '^ Is there a largest positive Integer? ( y^ny^) • . 

e) Is it possible for two fractions to name the same 
rational nxomber?. 

*f) Is It possible for a declitel to be named by a ^^^^^^^^ 
. ;g) Is the set of negative Integers closed under ^ddlit^on? ^ 

• ' -h) Is the set of negative lntege,rs closed under subtraction? 

^ V ' <.._ < ..^ ft . (-<^J 

V i'-V is the set of positive Integers closed under addition? 
J'^i. -i;3V*'tiie set of positive Integers 'clos:ed under subtraction? 
k). Is *i't 'possible for two fractions to name the same number 



( ; , Bart B 



when they have different denominators? ('^fe^) 



if' 



Write a mathematical sentence (or two sente^c^s If necessary) for 
i[i.^aaQh problem and solve. Write an answer sentence , > . 

Mrs. Newlund baked two sitrawberry pies fG[S.;Ses9^^ ' /* • 

» wants to serve each person of a ple,«i How mgtoir people V.' 
_ le serve with 2 pies? ^tz/^ ^ ' > ; 

• » <£=-^fe^ yC^^Z'T^ yO^C^i.^^^ 

:: :^2'^* i960 the population of Oak Harbor was 2>902r;"^t^is 

; ^^stimated that the population will be 2,750. In 1970. ^ 

^' ' ■ ' . . ■ * . ■': ' • 

^. '.^ " 'What will be the estimated loss In population during these *. • 



■ ma' . . 

3. The anpire State Bulldir^ is 1,472 ft. high. Without 
its T.V tower it is 1,25^ ft high. How tall is i.ts 
T.y. tower? T'^/^^'' ''/'^-^-^ ^--2:^^ 

4. Joe arrived at the bus station at- a.m. His bus 
is leaving at 10:05 a.m: How long will Joe have to ' 
wait for his ^\xal(^5'- ^Z^-y^ '^-'^33 ' . 

5. During a game of "Ring Toss'' Jane's ring fell 24 inches 
on one side of -the peg. Dick's ring fell 19 Inches on 

.the opposite side of the peg. How far apart were their 

rihgft? (^tZ'i^^r*/^-^ ^T^^3 . 
^3^*>s^ A-t.^!^^ ^'tiuti't^ -^ks ,,.*i,;,<-y.^c»^ /S^iiAa>i>^)^ 

6. The water in a swimming-pool weighs 148, 808 pom^lj^ Water 
weighs 8.36 pounds, each gallon. How many gallons Vf water 
are in the pool' (/^S^?^^ ^ ?.f^r^ r /^i^^ 

7. On his route Ralph delivers 84 papers each day and he gets 
paid 2-^ cents for each delivery. How much does he earn 

• in'^e we^k? (Ti^f^'^^^^iy 7 - /3.:23 

8. Tractor fuel costs :2'7.9 cents a gallon and one farmer 
used 2,430 gallons' of fuel *thls year. How much did he . 
pav^for tractor fuel? /^^^"^ ^^^f C: i^T'^ fy 

9. - In the problem above, the farmer receives a tax rebate of . 

& cents a gallon on the -'fuel. What is the final cost of ^ 
the tractor fuel? ( :i¥3(P / .O^ ^ ^6 = M^.?0 
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Review 
SET II 



Part A 



1. Rewrite these sentences using letters to represent the 
numbers. Examples a and b give you some possible 
answers. - 

a) 2 X 2 = 4 axa = d g) 6 + | = 3 (a.^%=t,] 

b) 3 X 4 = 12 ,a X b = c h) 2x4x9 = 72 -((xt: bxc - dj 

c) 3-0=3 («-^9=«) 1) 12 + ^ » 2 (bTC.=o.y _ 

d) "^4 +-."4 = 0 (|-a + -a = b) j) 4.1 +r8.l = 12.2 (a. + t--c3 

2. Write the symbol. = or y that makes each of the folldwlng 
a true sentence. 

a) .12 . f.) 20;9 X 72 ^ 1540.8 

b) $259.60 + 41 _^ $6.35 "276 "460 

d) ' ir'"38 - +106 _=_-l44 

3.. -Rewrite the following as subtraction- sentences and solve. 
Example a Is done for you. ' . • 

a) "4 + n = "5 ,/n = '5 - "4 , n » "1 
b> +6 + n = -2 y2-%---'i) e) -8 + n = +3 (*3_-Jr^ll) 

c) n + "9 - '12 (;\X--'\'-3) f) n + "'"21 = "^7 (^1 = 

d) "^l^ + n - "^10 flO-*lfc''^')g) n + 0 = "6^ = '0 . " ■ 
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4. Write the next six members of ea6h set. 
h\ fO 12 1 ri 1 i- ^ 

5. Tell whether the following statements are true or false, 

a) n+.-7.-2.-.-i CT) f) f-|<|-^ , 

b) ^3. + +6 . -6 + -3 CO g) -6 + +7 = + -i; (T; 

d) |x|>|xf (f) i)>-|=§ f (T). 

e) . +5 - -2 » -5 - ■'2"^1 * J) -3 + -4 >. 0 (F) 

6. Choose another xiame for the nvunber from the row. 



1 

Example:. j|j 


a) 


1- 




c) (3) 




.01 


26 
155" 


a) 


2.6 


, X .260 


c) 26.0 


d) 


<3 




a). 


0.35 


b) 




df 






a) 


12.5 


122 


c) (gToi) 


» -d) 


122 


13 
TOT 


a) 


.130 < 


b)<^^Toi3) 




'd) 


1.300 



> 
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7. Renaine each- decimal so* that it may*; be written as a fraction. 
Complete the ch^rt. .. 



Decimal j 

r 


Fraction Name 

•: / ' '■ 
- 


Divide' by 

• i ■ ■ 
■v. • . ■ 1 


Fraction 
(Simnleet form) 


a) .5 




51 




b) - .15 








c) .450*; 
















e) .05 


( /to) 






ir) .08 








g) 






• forz. Is/.,;. 


h) ri25 






(.t«5u 7)1-5/ Vs-y 



8. Each of the following Is. true by one of the jpropertieisof 
rational numbers. Use the first letter of each word 'tb 

■ i ' ■ ■ ^ ■ ^'■'^'.r 

Identify the propet'ty. Exapiple:""D P A 'for* distributive" 

/ •. i^. ■ ■ ■ ■ . ' 

property of ^addition. ' . , 

c) *3X/2|= (3 X 2) +'(3 x|)6xP^hr 4x|-.(8x^)+ ^ 

d) ^x (3 x 6) = (i.x 3) X .6^^) xU = ^ aA.^'""^ 
• e) 4 X 4 = (4 X 4) + (f X .15 X 2.5 = A5 X .75 



M8 
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9. Perfpri* the operations; In Colum/.l^and '^^^ • 
correct result M'.ColiU^ . VJf : • \ -r^ ■■' 



.■ ./■•■.■ 



•ColLimn I". ■: ■ Coliomn II- 

a) "3,682 + +1,463 ; 2^ 

b) 6^.. i| ,;■ — i^i^ii'; 



e, - ■ • . 1 . _ . •. . . . • 

10. ■Complete these statements with the word needed to make 

^. ■ ■ ^- ■ ■■ " . k> •■ I ■ ' ■ ■ ■ : 

them:, true^ ( 

a J The product;:;6F tW6* rational Is always a 

r>'a-4f(ruo.f 'J .number-. / : ' - -'t^ 

b) fractlon-vVflth a denominator of 10 y ibo >Pl,000 , 
may be written as a Ccjeciruocf ) , 

c) To write the reciprocal of ^ a fractlon^ We Olive ^f) the 
fraction.' ■ 1 

d) The prod uct of a fraction and its (i-€dpK>teO is 1^ 

e) One divided by a fraction is the, (>r^c{prbcaf] of the 



/ fraction. " 



f. To divide by a fraction by Its reciprocal. 



^ 149 ' 

\ s 650 



v'ii* <lraph the following ordered ^lr.s: 



A 


C5 , 0) 


0 


C5, 


*3) 


;• ■ M 




^•3j) V 


B 


ClO , .+3) • : . 








■ ■ N. 


a 

("TV 


0) 


C 


r9., -^4) ' 


' I 










^3) "• 


D 


^5 , ■*'15) 


J 




^11)' 


Q 


(-5 > 


^)^ 


E. 


(^4 ., .+16) 


K 


ex. 


+16) 








P< 




L 


(-8 , 


.*4).. 









Draw TS, 55, 55, RJ, Eff^ * 

Eq, ISf, ahd 55. ..: T - v'/ 



Qpaph^^^^ x-jiucls aiKl you/to a calm 

da^: scene • 



























































i 














































































































r 


\ 7— 






































































































■7- 










































































r 






















































































— f - 
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is 


sea 


ie 


i 


B 




he 


or 


1? 


m 


al 


) 
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Part B ^ ■ 

■ ■ • " ^-i^-' '■■ ^ . . . - . 

Write a mathi^matl&al Bentence (or^ two. sentences jif necessaxy) 

^fbr;'each problem and solve. Write an answer sentence. ' 



•/Ay :' 



i'l The speed of sound Is ;'g'6ne^lly IO88 feet per second,^ 

Vhat Is the speed of sound!: iJi mijes per hour?[Oo^)c($of.(»o)axfo-A 

2. plane flying at the speed .of: .pound (has a speed of 
[■Mach I*. How far will a plane flying a,t '^Mach I" travel 
in thirty minuses? C;'*''?^^ '/Sr--, a ^ j) , ipt <^5^-^ ' 

3. ' A flshennan cast his bait^ 120 ft. upstream. He reeled 

it in after it _ had floated 75 ft. downstream. Howjfar 
did he=have-rtp^^^^^^^ it; in? (^^12^ +*75 -V\ ^ ^-*^S 

4-, ^n Miss Meek's map 1 inch represented 12 miles. The 
distance from, St. Louis to B^llyille was . 3^ inches. 
^ What is the distance ln:i miles frojn St. Louis to Bellvllle? 

.5. Mary %a^nt into busihess. The first- month she lost $400*00. 
The second month she- made a profit of . $273.0©^. . At the end 
of the second month has Mary niade a loss or a profit? How 

■ rauch^ I ""Hco =n^ n=*ia7 ^navn W aloss 

/ . J „ .V,,. 

.6. Octavius^ in ancient Roman, was^bom'in 75 B.C. He died 
in 37 '3;.C. ^How old was he when he died?(^75'+- '^SI^O^.^^-'S^ 

7. IT you can cut twelye slices from one watermelon, hqw many 
slices can you cut. from 2^ watermelons? (^OLcav*. cust- ?<7 slices j) 

8/' The*, earth weight of a moon probe' is 822 pounds. The moon 
weight Is one-sixth that of the earth. Wha.t. Is the weight of 
. the probe on the moo^? ^ = « ^ "^.7„:;^r'^^^ '^'^^^^i^ 

■ . iff . ~ ■ 



Part A 



♦Review* 
•SET III 

4 



1. Which of these ai^ names for ' "•"3? ,i*g-*5, « 
■^5 + '2, ' "1 + '2, "^81*5, "^1 + ' ' ' . 

Which of these are names for 'l ? (^^£"¥--4^ • * 

"^7 + '"^^5 +"^6,. .1l46' +"+145^ +27> "^"2$ *. 

Which o^ these are names for "82 '> {'/i^**/S20i*?C>9i-'9S'/) 
'1462 +'"^1380, ^749 + "832;* "^869 + "951 * 

Which Of these are names for 0 ? {*^^2i'¥Zi ''f3-h*?3) 

"^8 + 6, "^42 + "42, "16 t «.0, ' "OJ .+ "^83 % ' ~ ' 

2. Using vthe symbol < , » , ^or > raake-^^ach of the following . 
a true aentence. 

■- a) ^27 + "^8 +"8 '„ V 

"^293 + "314 £=}J"319 + '340 ^ = * 

c) "^37 + 0 />) :^216 + "216 

' d) "571 + "^589 / = ) "246 + "^264 _ • 

Y : e) -^724 + '837 r<) "^837 + ' 724' |. 

f ) :^764 + '96X C = ) '103 + '94 ■ 

g) "^.26 + "^85 C>) "^1^3^+ '294'-' . '- 

h) '283 + '^13: T>> '271 + 0 " ' 
1) -47 + ^6^ i^/868 + '115 ' ■ \ 
J) +709 + "698 "69§ + •!"709 ' . . 
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3.- R (The set ^of . rational numbers} ■ - 

In which subset- of Set R *wlll the number that n 
f represent^ be? 

Example' a Is done for you. , . -* 

a): n - I (fractlofla.] e) .342 - 342 = n {.-s^s^X^} 

' bf .02 X 6.1 = n^^^<:*.rutA.}f) 4. 3 _ „ • 

c) 6xn = 0 {-..^^J .^g) 4-6..n^^. 



d) -^5 + n - +2 {.^^..^w^'.h-) 1 + n = 2 ^^M^ 



4. Solve the following both" as dec.ima,ls and as fractions 
♦An example Is shown. 

Example: f , -75 -^^.5 = 1.5 , |4= T^f = f=-4 

•a ).. •} + I .'{.7 ^ .) V f 7 .25 -i- .25 ' ^ ) ^ 

•: c) .15 X 1.4{^.^/^^.^) h) 3.6- ,25 (S.ZS ^ 3^) 

: d) 7.2^^9 ij, 7j^^ Y^^) .; 

e)--. 4+2.5 + r7fi'.^^5#)j).' 5|x l| .(l70 <^ ? 

5» JJse the words closed or not -closed to complete and make 
* these, true s^tences . * 

a) The set of rational numbers^ls(2^g£^^ under .'the 

operation of mul:^lp 11 cation . . 
b; . The set of .catlonal numbers greater than zero Is 

under the operation of subtraction.' 
c) The set of rational numbers Is (pJa-^^X under the • 

operation of addition. - 
dj The set of rational numbers greater than zero Is 
{^77 .^ oZy^u^ untier the ope'ration of division. 
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6. Find n In each of the following. 

• a) 4 X n = "28 (^z'T) f.) +94 + -36 = n + "214 
. . b) n + ly = 3^ (^zZj^) g) 129.92 X n = 44.8 x 2:9(^r/) 

c) +168 + n = -312r^--^^).h) l|+n = 4 " ^-^^) ' 

d) ' §+3j-n (^-jc^' i) 27.38 + 12.62 » 40 + n(C^ro) 
"e) 17.4 x|;i - 4od.2 ^^^5) J) 5| x 2^ - n + 6^ 7 

7. Qraph this set of points S = [Al'^, "^4)-,- B(-"*"6, ■*"4> 
C(+2, .■*'4>, D("2, "^4) ...} Draw aP. Extend IS. 

The points of line AD seem equidisjtant to all points on 
which axis? (/X-a^CccJ) 

.T= (pr3^ "*'6), ora, -6)r^r3, '*"2), jr3/ ^i)...} . 

Graph Set T. Draw PG. Extend PG. The points of 



line PG seem equidistant to all points of which axis? 2. ^ 
R = (the set of 'points with y-CQordinate 8) 
W = {The set of points with x-coordinate 6) 
yTWhicJi se^ of points is equidistant to ±he y-axis? x^axis? 

8. Whiclf of the followirlg have fraction names with the same 
numerator? /7<^. ^ >^>>; T ^./y^^ 

. a) 6.23 . ^ f) .17 ^ . • 

b) ^5. g) .0^5 

c) 1.7 h) 62.3 

d) 623 - J 1) 4.5 . 

e) 0.45 . J) 17 

9. Which* of the ntanbers above have fraction names with the 
same denominator? [(a,J2.,^)^ (^d^ ^^-^); 

ICL. Are any two of the numerals above, names for the same number? 
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11. Use the correct sign of opera 



sentences. Example a Is worked. 



make true nun^r 



5^ * 6' + 8 = 17 

-22 r^) "-lec-y-e f^y 0 ; 

i infill mi 



12. What would be the declinal name of the last place to the 
right-needed—in-: — '■ — — r ' 



. Example 


a) The product of tens and tenths? ones 


'b) 


The 


product 


of tenths and tenths? Yy^^^rvt^z^-^d^^^^^^ 




The 


product 


of hundreds and tenths? Q^^^'j^^ 


> d) 


The 


product 


of hundreds and hundredths? /^?7z.»<z^) 


' e) 


The 


product 


of hiondredths and tenths? ^Z^^^^^fs^^-^^^^^^ 


f) 

c 


The 


product 


of thousands and thousandths? {/f7^2jc<iy) 


Part B 









Urite a mathematical sentejace (or two sentences if necessary) 
for each problem and solve. Write an answer sentence. 

1. Mr*. Hank's car went 244.8 miles on^ 17 gallons of 

gasoline. At this rate; how far wouj^d he go on 12.5 
. gallons? /o2^^f ^ /V.^. x /J.S'' d 



1S5 



E429 



2. While baby-sltj;lng for' a neighbor. Marge receives ^5 cents 
an hour. Last year she was paid $32.40. How many hours 
did she spend baby-sit W^g? C/'^^^'Sf'^ "^"'^ 

3. The area of the Estate of Oregon Is 96,98i square miles. 
West Virginia" fs*' about ^ the size of Oregon. What Is the 
approximate apek df West Virginia? (^'^^.'^i^/ ^ ^ ^ ^ 

^. The area of I'WeSt Virginia was found to be .24,l8l square 
miles. How much too large was the approximate area found 
. in Problem /'s above? ^2^^^^^^ -^^^Z/-/ -"^ 5' 5"^^ V 

5. A farmer usea 66.5* bushels of bean seed. It takes 1.75 
bushels of seed to plant an acre. How many acres of beans 

"Tld he plant? (^'^'^•^'-/•^^--^ ? 

6. The Taylor Oil Co. drilled an oil well. They struck oil 
at a depth of 5728 feet . . The oil gushed from the well to 
a height .of . I69 feet. How far did the oil "gush"- 

7. The scale of miles on one map uses one inch to represent » . ■ 
160 miles. The air miles between two cities is 3,000 miles. 

* What is the scale measurement in inches? - . 

8. John can walk 2 miles^ in .25 minutes." One morning he 
walked ^ of 'this distance in ^ the time. How far did 
he walk and how long did it take him? 

/Z 2, Z'^'*^ 
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Individual Projects 

1. Obtain a micrometer and learn to use it, r A micrometer is an 
instrument that can make a measurement to the nearest 
thousandth of an inch. Demonstrate its use to' your class. 

2. Sclentl^*lc notation is a namp given to a quick and easy way 
, to represent either very large, or very small numbers. Find 

- aji explanation of this notation. Write some very large or 
very small numbers in scientific notation f or Vour class. 

3. ;^Many^^ men have made ^important contributions to 
^^JnattheflJatlc5^■V M a report about one of these famous 

mathematicians and his contribution. 

4. There are some mathematical problems that are still T: : 
mysteries to mathematicians. There are some about priiiie' " ' 
numbers, odd numbers and constiTucti^on using only compass 
and straightedge. Look up one of these problems and try 

to solve it, V 

Group Activity 

"Travel" ' ' . / 

J The object of the game is to "travel" as far as possible by 
n being 'faster with the correct response." The first player 
stands beside the desk of the next player. A problem iS' 
given orally or a card flashed. The child giving* the 
correct response first mpves on to stand beside the next 
player *s desk. For each' tlirn the loser^ remarlns at the 
seat where he lost* • . , ■ . * 



* -VOLUME . 

PDRibSB^ OP TO 

■;.:;r>^ !i^^ the fourth of a aeries of unit© which comprise ' 
; 4^ to the study of oeastxrementi In the elementary 

/£rtdeev^ ■ Measurement In the fourth grade. Measurement 

' ,tiSVS?Jt^ and Area In the fifth grade, and Volxnne In the 
- raixth provide th^ child with a first experience In a 

, lirtoc^ 9 geometry which Is a powerful tool In the physical 
r Jiorld. v a^ four units present a continuous an^> coordinated 
:deveiopment of^measTimient. ' '' ■ 

bn .Voliune jftssumes*a backgroiuid xtf iarticcessfu^ 
:cdi^l'c^tton of^ t^^^ Consequently^^^^ 
;j^^c*ai?.^ familiar, with l^tii:^ 

tg^ lari^age of the TJx^ta' jf^^ ^ 

to above 1 In tho6e« 
the sequence of iKjp^ics foll^^ 

(1) Intult^v^K aWai^fes bf^^c^ of size, 

y ; (2): selectlon^i£::a;:|>ar^^ reglbn as a 

unit of volxiffleV';v f^.-v 

* ■ , . ■ • ' • ■ -^^^ --^ 

(3 ) measurement of ;^voiumes/,lC ^"V^nlt, and 

i^) selection of :$tandard,imlte^^;,^^^ 

6f effective conmanicat^^ ^ 
also builds \y)on tiie:£^ta 
the more common space- fl^i^^ 



Every effort has been made to be conslstjent In the 
language throughout the four xmlts/. A plane figure Is any set 
of points In a plane. Correspondingiy, we call a solid figure 
any set of points In. space, not all li^ the same plane... A 
simple closed , curve like ' y' : v-^ 




does not cross Itself, and divides the plane In which It lies 
•;.lnto; .2 sets of points .(a) ; the set of points. A, Interior to 
;^the";cji^^ (b)^"i5lie*set polirts, B, . exterior^ to the 

cxii^e;if / of the^lmple closed curve and Its Interior 



Is called a plane region , 
like 




a simple closed stirface 



does not cross Itself and divides space Into 3 sets of points, 
(a) the set of points In the Interior of the surface,^ (b) the 
•set of points of the sxirface, and (c) the set of i>oln'^ 
exterior to the surface. JUst as It Is not possible to pass 
from the Interior of a simple closed curve to the exterior 
without crossing the curve. It Is also not possible to pass from 
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the Interior of a simple closed surface to the exterior without 
crossing the surface • The luilon of a slnqple closed surface 
and Its Interior Is called a space region^ 

li^;used a line segmcntvto which we assigned a 'measure:^ of 
1 as a unit for deteilhiialiig the length of a given line segment. 
We used a plane region 'to which wet/^asslgned a ineasure of 1 as 
a imlt for dete^is|ttLiilng the area.-^oi^ 'a given plane region. ^ Now 
we use a solid' region to which we assign a measure of .1 as a 
\mlt for determining the volume of a given solid region. 

Object, to be Measured ^/c = Uiilt to be ixsed -^o find the 

■'^'-^■'■^^ .r'y. measxxre 

•'^^Vy l* ^ :1.- line segment whose length . . ; 

. v2. ; plane i^glbn 2. plane i^^^ bounded*by a ' 

; - • ;square whose length and width* 

S .-• are: each l/lnch, maklng^Jihe 

; V . are a oY the plane reglo;!^-^, 

^^^v::*' • : • ^ ^ 

3. ' solid region . ^. .^^ ^ 3', solid region bounded by a 

: " * cube whose len^h, width, and 

• ' ** ' . . -['^P^'sC'S-'' 'height are* each 1 inch, 
^/ i. . ^.-^ ^ making the volipne of the ;* 

. ■•VA V solid region "i* cubic inch . 

: . i^^^ only the length of a line ae^fent concerns 

us. For av^t^lane region we are Interested In Its area and also 
In the length of Its boimdlng curve, (perimeter), "gov a solid 
region we may want to know. In addition^ tD Its -volvime, the area 
of the simple closed surface bounding, the solid region and also 
If parts of the bounding surface are plane region^, the perl- 
meters of the slmpte closed curves boxzndlng these reglonis. 
However, when we speak of' the meastire of a, line segment, we 
mean the niomber associated with Its length; when we speak of 
the measure 'Of a solid rreglon we mean tlie number associated 
with the voliame. .¥e continue to stress* that the calculations ' 
are performed with the measures. I.e., .the numbers. We do not 
have the edgebralc apparatus to multiply 'inches by inches by 
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Inches. The student must not be left with the Impression that 
4 Inches x 2 ^Inches x 5 Inches equals (4 x 2 x 5) x (Inches ^ 
X inchcjs X inches) equals 4o cubic Inches J if the length, 
width, and height of a box are. 4 Inches, 2 Inches, and 5 
inches respectively, then the measure of the box, is 4 x 2 x 5 
or 4o. This meaba that 4o tmit solid rj5glons,^each with a ^ 
volume of 1 cubic inch, would fill the interior of the box 
wl«>out ove ripping Hence, we say the volume of the boi is 
4o "cubic^inches. " ■ ' ^ 

: Fundamentally, the pedagogical: approach;^tp this .v^i^ 
V61ufflij>.'llke the approach of the^ t&ee other tmits 'pii>rfeii\jire->^ 
menti;;^li,: intuitive . The f ollpWii^ assumptionsi- tacltt.3r^ 

as8ua»d..^hdugh notVerbaliz^^ iii thi^/s^ text, parkUei 
sliailar\a8sumptlon8 for lihe^ meastirement, angle meastirement, 
and'-area: . 

. a.' Two solid regions whose bounding surfaces are ' 
congruent have the same volume. 



b." If we fill the interior of a ^solld region with other • 
solid regions that' do not overlap, then the sum of 
the measures of all, the solid regions in the 
'interior*of the given solid region is the same a^s 
the- measure of the given 'solid region. 

. In addition to assuming familiarity with the sldlls 4nd 
understandinoB*-' of the geometry units studied in the 4th and 
5th grades, the unit? on Volume also builds on those fundttoental 
concepts 6f the -structure of arithmetic which were previously • 
presented to the pupils. -The properties of conmutativity and 
associativity for multiplication (re-ordertrig and re-grouping 
the factors of a product) are oised In considering the chan^ 
in the volume of a rectangular prism if the number of units in 
the width and height are doubled or halved'. The'^ parallel 
geometric development of this study , in. variation in the text 
offers a prime opportunity t?o stress the basic philosoplQr of 
teaching an integrated course in mathematics at all levels, 
rather than departmentalized and tmrelated bodies of knowledge 
entitled "arithmetic," "algebra," "geometry, etc. . 

" # ■ . 

' 662. ^ V . ■ 



I ] This unit provides "w^^^f^ in arriving at a. 



reasonable guesp^as a teaufpf^]^ (taking 
several. exgBiplfe^^ and' studyli^^^e results for some general . 
piattern) . it alSQ i^iirci^c pupil to a technique for *re-.^:^ 

^or_dlng a deductive. ai^guAerit |jB'^theinatics.. Heretofore, any * 
/deductive arguments- expected ?)f j^arpupll were of a most informal 
nature. .Now the pupil has presented to him a set of related 
.Statements .Reading to a conclusidhy. and teside'.-ea^ch statement 
Is the reason for which he thinks his :s>^tiraent. isftrue^ The 
€eaahe.r.,w±ll need to use his' good Judjj^nt in determining the 
amount'^ of stress to be placed on this 'formal presentation of a 
proof wit-h his particular class^ 

'. V. ,In , the interests of efficiency various teaching techniques 
. are" suggested for this unit. Where"" the gathering of materials 

• is mote challenging, ajs in the immersion experiments, it. might ^ 

• be wisest' for the lesson to be a teacher demonstration with the 
pupirs participating in formulating the cpnclu^sions; Where the 

—iiarrdart ng of i he mate r l argT^mre-^ ou r , rice, s ugar, water, etc., 
by more than one pupil at a time. might be meissy, the lesson 
could well consist oif a series of experiments presented by" 
individual pupils. ^In general, the format 9f the xmit* follows ■ " 
that of the three previous units on measurement: exploration 
as a teacher-directed group activity> and then ^bpportunity for* 
independent study. * The exercises do not serve merely ^s drill. 
Frequently, important conciusioris are meant to be reached by 
the pupils as.a resiat of their independent efforts with the 
exercises. Often questions posed* to the pupils in the explo- 
ration section are not answered In ;the stutfent text, in order 
not to stifle any mental activity. Answers in the teacher's 
commentary may be helpful %o the teacher in* guiding the students 
towards -discovery. 
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.^.^^ x^-^ (Note: "Alight triangle" if ^«d: 

"The number of square xmlta In the area of the pian^ region 

... X 

bounded by a right triangle " and "v ^ ' , ' ' " la 

\ rectangular prism 

read "ihe ntunber of cubic units In the volume of . the solid 
^ region bounded by a rectangular prism.") 




^Ight 



triangle 



one-half the product 
of the measures of the 
two sides on the rl^t 
angle 



2" X (a X b) 




triangle 



one-half the product of the 
measure of th e base and thei. 



measure of the altitude to 
'that base 

i X (b X h> 



Rectangle = product of the number of 

.units In the length and In 
the width 



X w 




rectangular prism 



product of the niunber 
of .units In the 
length, the width, and 
the height 

a X b X c 



183^ 




^triangular prt«B - ^ 

*^ •^••'^ of the base v 

nuiifl)er of \ 

In the height 




- *trlangle ^ 




prism 



the product of the measiire of 
the base and the number of 
units In the^ height \ # 



^lygon' 



X c 




, ■ - ■ ■■V, , 

rectangular pyramid 



one- third ihei . 
product of the 
numl^fer^ of units In 
the length. In the 
width, and In the 

height , 

. , • ■■ ■ • ■ . •. ' 

« J X (a X b X e ) ^ 



^trliinkiaar ps^imld 




^ one-thiixl >the^ .- S^ 
products of ' the . j. . 
xwksure iDf the .bpi^' 
^d the, ,numKe3?'of^\*' 
ttoits In" the^^^ 

. - ■>■ , . <r.' ■ • - ■ / : • f '^ifc- ■ 
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TtodftTStandlng and akllls to-be obtained* 

!• . Some things occupy more apace thanj others;. Frequently we . 
can tell': Just by looking at two objects which^ls larger 
(i.e. occupies more space)/ / . * 

2* » The shape, of- two objects may be entirely different ^d they 
wlll.s^lll occupy the same amount 'or space* 

3* Weight is not an Indication of space occupied. A three-pound 
bag of chicken feathers occupies more space than a three- 
pound block of lead. . ^ 

K» We may compare the slzee^ of objects by pouring 'su^lt or • 
sand ^or rice or water* etc.. Into the Interiors and ob- 
•serving which holds more. This procedure at best gives only 
a gross con5)eu7lson, and can be used only for relatively 
imall objects. 

5. We need some mathematical procedure for measuring the space 
occupied by an object.' Comparison of sizes of objects would; 
then be much simpler. 

6. Any set of points In space Is c€aied a space figure. 

7. . . A simple closed surf aci Is a space figure which divides 

space into two parts, an Interior and an exterior set.- 

8. A space region. Is the union of a simple closed surface and 
Its Interior.. ' ^ . 

\. , 

9. The measui^e of a line segment Is the -number of units 4ji Its 
length. 

10* The measure, of a simple closed surface Is the number of 
•rsqxiare xinlts In Its area. 

11. The measure of • a space region Is the number or cubic units 
In Its volaame. 

12. The volume of a space region tell*s the meaisure 'of ttie region 
and the n£ime of the \inlt used to determine the amount* of 
space. 
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A space region boimded by a cube Is a more eftldlent /unlt, 
of meaffure than a space regloA botmded, by a sphere or a ^ 
cylinder. - ■ ^- ^ - ^ 

A space region bounded by a ^be whose edge Is 1 Inch - 
loh^ Is the standarcfrtmlt for finding ttie^ voltune of a given 
space region, ^e call this uiilt .the cubic Inch. 

The space region bounded by a cube who cfe edge Is 1 foot 
or' 1 yard Is also used as a unit of measure of a space 
region. We <fall these units the cubic foot and 'the cubic 
yard.. ' - • , . ' 

It would, take 1728 c^bl^ Inches to fill the Interior of. 

■ ♦ • • • 

a cubic foot. . - - ' 

. ■ ■ ■ ^ 

It would take 27 c,ublc feet to fill the Interior of a 
cubic ^ard. - • . * 



Materials 



Teacher; . it wotild be helpful, to have any easily available 

models of rectangular prisms; ^chalk^box, milk carton 
wood block, rectangular baking tin, shoe box, large 
•grocery -CM»toa. A milk carton could be cut and re- 
built to have a model of a t^rlangular. prlstoj Large > 
vcyilndrical cah, paper, scotch tape, scissors, " 
'pattern to make a cubic ''inch. ^ - " ' 



J. ■ 
t * 

1". ' 




• 

• 

1" * 


- 

1" ' ' 




« 

1" 

1" ■ . 


' r 
■ r 


* 9 


< 


1" • ■ 



& 



^P^llSft^ Depends upon how mucl^ constructing you want the 
pupils to do. 



f ^ Vocabulary! Volume, s^ce figure, single closed surfade 
Jitt soace reflElon. *re*tanimlar nrlam. euh^. ti?iA: 



space re|lon, 'rectangular ^Ism, cube,, triangular 
. prtsm, coiagxtient, .cubic Inchj cubic foot, cubld 
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' * GJiapter 7 
- • " , - VOLUME . • 

SPACE FIGURES AND SPACE REGIONS 

.V • ■ ' * 

• Any set of points In a plkne Is called a plane figure. 
'Thinking In the same way, we shall call any set of points In 
space, a space figure . The set of all points on a sphere is an 
examplj^ of a space figure. The surface of* a box is a model of 
another space figure. ^ i 

Which of the following are pictures of plaiie figures? 



Vftiich ones are pictures of -space figures? 






(plane figure) 




Jspace figure) 



(plane figure) 



(pltae figure) 



%9 



c. 

(spaeev figure) 




P. 

(plane figure, disk) 



0.* : H. . 

(spaee figure, sphere) (plane figure) 



I. 



(plane figure, 3" 
non-colilnear joints ) 





(space f Igipei cone) . (space Jfgure, blinder) 

Every [/z^^] figure Is also a C^^>.>,) figire. 

The -set of all . points on ai circle Is a space figure, jso 
Is the set of all points In a circular region. These space 
figures are also plane figures. The peel' covering an orange 
Is a iriodel of a space figure. Aiilce' cream cone Is another 
model. These last two space figures are not plane figures. 



7ou will remeniber that BlBple closed curves are- special 

^plane figures. Iliey are those, parts which do not cross 

I, . ' ■ ' ■ ^ 

themselves and- which divide the plane 4ji which they 

lie Into three parts: the curve Itself, the part 

called the Inteilor of the 0TU*ve, and the peirt called 

the exterior of the curve. 

Which figures shown on tte previous pa^e are pictures* 
of simple closed curves^ Ck)lor the Interior of each 
of these* ^ 

* , !. ■ • 

A simple closed surface Is a space figure which does 
hot Intersect Itself and which divides the space In 
which It lles^to three parts: the sliq>le closed 
stirface, the part called the Interior of the surface, 
and the part called the exterior of the surface./ The 
peel covering an orange Is a model of a sliq>le closed * 
sxirface^ The part of the ozwige that you eat Is a 
model of the Interior of tills stirface. All the points 
of space not covered by the orange jnake up the 

exterior. . . 

■ ■ (? ' ■ < ■ 

* 

^'Whlch of the figures on the previous page are pictures 
of single closed surfaces? Describe the Interior of 
^ach of these. • 

The imlon^of a simple closed surface ^d Its.lnt^^or 
^8 called a space region . The whble orange Is a model 
of 'a space region. . ^ 

/ Vhlch of ^tlite figures are pictures of space reglbna? ^ 



'Ex«reiafe set l' 



Declde'^ilhich oif the 



regions,' which 



repres^ the-^rior Of a space re^n, .and which ^pxresent 



alnple closed surf sees.. 
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1.' A 'wsaxmt, the: walnut- shel^^^^ 



2. A can of peai 



>eai, -the can, tsfee con taints of the can''*'^ ■ 



5. 



A bottle of sodaij'the 



'The wiais, floot, aiv 
A biook of ice. C^^fi^ 




f w|kh^cap(^ 



a room, /.iui^.a^r^ 



A -J^ fuil omwate'^7the%^*r fix the jSTthe Ji 
74 A hollow rubber balJL^ the nibber b^l and 



the ball. 




fe. An;<««Pty inoe; box plus, the s'fet of points 1« Its' Interior: 



/ ■■■■ 
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^ Robert bought hi|^fether a set of hair brushes for Father's 
Day. T^e lady in cKi^^ of gif t wrapi^Lng : had to try' several 

boxes before she fo&id^e iato which the brushes fit properly. 

^J^f' ' ' ' ■ ■ 

How could she decide ^th^/bp^ sinall? too large? 



Can your mo 
yoiir kltchenf 




id turicey Into the oven. In 



Into your brief case? 
enou^ to carry all the^ clothing 




vacation? 

loads of children co\ild\flt Into one 



■ ail .yQj« 

IS- an overnight- l)a®^ 
; you will need foi^a^mc^ 

\ > ■ ^ 

Do you t 
school butf?r 

m ever^«estlon ralised abov«/ the space* occupied by some 
ofcject waa ^of ■ ^West to u4. ^^' e^c^ *^ 

ye alao nee<ied to know when one object was larger than 



another 



■> 



you have airea<ly had soine^ practice coinpeudng the sizes of 



$lne' segmentated plan* ; regions.. When you have two models of 
jyLl'ne ^gments^r plane- regions) you bave a way of telling 
/ wheJbher^3|hey* are equal. If they are -ft»t equal, you^5an usually 



decide Silch one Is larger. /Can you make this kind of a decision 
ahowt two space regions? Try the. problems in Bc^lse Set 2. 
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. • Exercise Set 2 



.. m each of the fqZlowlng exerclaea, decide which the 
two aodela represents the larger space region. For each model 
you Should be able to tell which part of the model represents 
the Interior and sxirface.. - v 



1 . Your classroom or the school auditorium. C^^-^ r M--- . ) 

2. A quart Jar of milk or a gallon Jar of water, f^;^ 

3. An orange or a grapefruit. ( -f, . 

. • ■ K 

■4^ . ■ ■ 

^. A family car or a bus. (. M^) \' ' 

5. A covered two-quart saucepan or a covered two- quart . 
frying pan. ^'^^-'^i^ .^^^Ju^ JLM 



6. A 



tennis ball or a golf ball. 



Did you know the answer to each of tj* above exercises at 
once? were there son^ questions for which you were not sure of 
the answer? How did you decide? 
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: Suppoae that we have a pair of shoe boxes. One way in 
which we could coiq)are two such boxes would be to JcooQ>are 
the amo^mts of contact paper neede^d to cover the outside of 
tljese boxes. • • 

If we makd this sort of conqparison, what property of the 
/■■'.< ' ' ' * 

boxes are we interested in? ^ ^^p ^ ^^ 

We mighty however > want to conpare the amoxints that the 
boxes could hold.. 'Would we need to know the areas of the 
surfaces of these boxes before we cooold make this con^arison? 

Would it help to know the' size of ^ the space region 
enclosed by this box?« . . ' 
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Bcerclse ' Set 2, 



, : J» ^*<5l^ case tell whethep you arelaRAerested Sn the area 
of the alapl^^ closed surface or Jthe size of the space region It 

encloses. ' '^-^ • ' 



1. H3W much paint will you need"" to cover the Inside of a^ 

• "ft • ' ' * ' * 

toy chest, if ^s**- -^''^(^ c^^ 



2. Which of two toy cheats will provide inore stora^ space. 

•. . •■ • ■ ■ ■ . ( ^ ^ -r^'^^^^j^.-u^:) 

3. Which of two toys will fit In a gift box. 

-'^w ffluoh material you will need to recover a doll 
' pillow. 6=5^. ^i;d>**-7-4 4^-W .4*.^^ . 

5. How many marbles, you can put In a box. (^^^^f^* /^ -y^'^-^**- 

6. Hake two other examples. Make one of them an example in 
which you would be 'interested in the area of a simple . 
closed axirface and one in which you would be interested 



\ 



In the size of a space region. { 0..,^^^ y^^^^ 
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COMPARING SPACE REGIONS 



Exploration 



X - 



Two space regions may be ;con?)ared by seeing 
inhetpXr one jnay be Included- In -the other. If one 
space region can be placed entirely In the Interior 
of the other,, the first space region*ls said to be 
smaller than the second* This Hould help us decide 
'that a classiroom Is smaller than- the school 
auditorium and that a marble is smaller than a 
beach ball. ' . 

- .'^We; could also decide in this way that an orapge^ 
is smadler than a grapefruit. Comparing tJie size pf 
;these two pieces of fruit by actually seeing wheth^ 

one may be included in the other isva little harder. 

. ' . • . * • ■' ' ~ ' ^ ■ ■ ' 

But the orange and. the grapefrniit &e only models ^ 

of space regions and not the regions themselves. 

Ify. without doing too much damage to the peei> we 

were to remove tiie parts of \the' grapefruit that we . '^i^ 

eat,, it is clear that the . orange would flt'lnslde . . 

the grapefruit. ' - , . 



^ ■ 
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For each of the following exercliijils decide idilch of the 



two" models represents the.sniaier space region. 



1. A baseball br a basketball ^. Z *^^ // ) 

2. A shoe box or a hat box. ( ^ ; ,' ' . ' ; . 

3. A Bilk bottle or a pop bottle. -J'^^ ) . . 
A pear .or a banana, (f-— ^-^^3 ■ "f' 

5« A candy bar or an^apple. 

6. ; A jTilce glass fiQl with orange Juice or an enpty cup . ["^^ 

7. An enqpty pencil box or a full waste' paper basket. 

'' ' ■ . ■* , ■ " ■ ^ J, ■- 

8/ A pitcher fxil'l Til^h wate;*' or/fi '^ass full "with* milk. '{^IL.y'MQ 



A glass filled witii watef or tl^e shme glaiss full wltn-mllk. 



10. An Ice cream cup (dlxl8 6up) or a i> to^^ of ice 

11. An ea^ty coffee can or a soup can full wlth^s^md. Tr^^^^j^ 

12. A baseball or a tennis ball . ^^tl^i^J .: \ * 



Were there some exercises for which were -not Sure of %he 

'-. . ■ ' . ' ■ - ■■' ■■' '■ « ' ■'■ 

answef•8? ijihy was It hard to decide? It would Been that It Is 

■ ■ ■ ' ■ ■ T -.»'•. ■ • ■ . 

usually easier to conqjare space regions whlcht^have the'' 5aa* "shape. 



COMPARINO SPACE RECffONS (B? IMMERSION) 

: • fixploimtion- . . \ . ' : ; . i" 

In soma of the exercises we have done It was hard' 
^ to decide which one of 6 the two ^ven mdels represented 
; the larger spaqe'r^iglpn. ;Thls happened when thef^wo-^ 
models were 61^>i^ same sise' and shape 'to 

eyes^ wereri»t .Exaiaple: An apple and 

an orange of about the same slsei a . baseball and a 
tenhls ball; two mjurtles; etc. . v 

We also had trouble making up <mr minds when the 



two models were of such different shapes that ^ ^ 
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^ ' 'These exerolaea way be answered after havinfe watched your 
teacher perform- thlB experiment. 

1. . Take a container partly filled with water. It .flhould be a 
glass or plastic one so that you can see how high the water 
Is. . Make a black mark on the container to show how hl^ 
water Is. ^ ^ 





The edges of the -container and the water represent a space 
region. In the picture this region has been shaded. What 
part of the model represents the sln5>le closed svirface? The 
Interi^? Could you color the model of the boundary surface 
blue without colSrlng any part of the model of the^lnteriqr? 
Why not? . • > 

Could you color the part of the model representing the 
Interior of the space region red without coloring any part 
of the, model of the boundary? Why not? 



2. Take a small rock and a! rubber ball. If you drop the rock 
yrAo tlte container, will It sink ;or float? If you drop the 
. bail Into the water, j*lll It sink or f l5at? ^ <2 

' ■ . ... 
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5. If you " were ito drop the rock into the water, wp]uld you ei^eet 
the height of the* water level to ibhange? If you' anawered' 
jea, how woulS you expect thelielght to change? Why? 

Now, gently ^iower. the rock lnto_ the water and see what 
happene. _ 



i7 




Plgui^ 2 



1\ 



Bfake a red mark on the container to ahow how high the wa^y. 
la. Look at the red mark and^ the black mark.- - Is the water 
l*velf:aa high aa it was before? higher? not so -high? Wafl\\ 
this .what you thought would happen? Remove the rock fro^^ 
the water^ ^ _ 



^. nSie rock Is a model of a ^aoe region. What part of this 
model represents the boundary of this region?. What part of 
.the model represent* the Interior of this 35eglon? Could you 
color the part of the model which rep^jesents the boundary 
-blue? . ' . 

■* I 

■ ' ' » . ■ , r ■ 

5k How does the space region, r^resented by the rock compare 

with the space region repj^esented by the shaded part^ cf 

' ■ / ■ ' " * 

figure 1? How do you know? 
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6. Chopse a larger rock than the one you xiaed biefore. If jou 

■ . , . • • [ 

were to put this rock into the watei?, how would you expek^t 

the height of the water level to change? 

If you have lost any water because'^f aplaahlng, fill your 
container up to tlie black mark. 4low, gently lower the larger 
rock Into the water. Make » blue mark on the container to 
show how high the water level Is. ^ 

. Look at the blue mark and the black mark. Is the water as 
high as It; was before? higher? not as high? Can you explain. 

. why? ^ . 

. *' J* * J * * 

Look at the blue mark and the red mark. When the sefeond rock 
is In the water. Is the water leyel as high as It was when 

the first rock was In? Is It higher? Is It lower? Can you 

• ^ . ^ ^ * 
explain why? 

7. Suppose you were to put both rocks Into the water and show 

• the new height of the water level by a green mark. Without 

actually putting the rocks Into the water, imagine what would 

happen and complete each of the following sentences by 

filling in the word ."above" or "below." 'fov example, 

• ^ The* black mark is- below the* red mark. 
* * ■ ■■ ' • 

a. The green mark is the black mark. 

• b. The red mark is the green mark. 

p. The blue mark is C^^^A^) the green mark. ^ 

• ■ . ' •■■ ■ • t 

Now, lower both rocks into* the water, make the green mark and 
check your answers. Remove both rocks from the water. 



.7 

Suppose /that you hkve a third rock and that when you put It 
into tjite container, the height of the waj^r level up to 




red mark. 



Complete the following Benteneeo by filling in the phraeeB 
"larger than," "smaller than," or "Just about as large as." 

For example ; .The first rock is a model of a space region . 

is smaller than the space region represented by 
the second rock. 

t 

a. The third rock is a model of a space region which is 
f^j^d^^^M,^< ^J- the space region 

-Ttpraisi^ed by the, first rock. 

« ■ 

^, The fte^igr^.rock is a model of a space region which is 
-.i — ^tT'^**^^^^^ the space Aglon 

• - ■ 

■. represented, by the third rock. 
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9. If we. were to put the th::rd rock and the first rock into » 
the container and indicate the height of the water level by 
a yellow mark, draw a picture to show where the black, ' 
yellow, and red marks would be located. / y.^-^ V 

■ » * ■ 

10. Describe this experiment In your own worda. Why do you 
think thlB la what would happen? ' 

Try the experiment and check yoiir "drawing, were you righ^? 

. -fV 
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Bcerclse Set 3 

•;» In each of , the followlng^sentencea,' cross . Out the extra 

* . . ' 

words so that the sentence that you have Is true. For example. 



If rock A Is larger tShapi rock . the space regfon 
r^]j»sented by , A * Is (j^ger^- j S Ma^ley ) than the space 
/region i^epresente^' by B." 

. " ■ ... ■ * ^ 

1. Id a green roc^ Is thet model of ^ larger space region- than 

. * that rejKresented by a gs^MT rock, putting the green rock into 
the c^nl^ner makes the height of the tfatdl level 
^ (loweri thft nnmn, higher) than putting in the grey rock. 

2. ^ Wherf we put a red rock into the container, the water level 

is^gher than when we put in a black rock.^" This. helps us 
decide that the space region represented by the black rock 
is (smaller th£ui, th e B aa e aie e ap> lapg e r than ) the space 
re^n represented by the red rock/ •'Usually we Just say 
thfit the black rock is (siaaller, the sane slge ao, larger ) 
than tiie red rock. V 



^3. Thfe higher the water level when we put a rock into the 

container, the (larger, omalleig y the space region the rock 
represents. ^ 
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You may iiave wondered why we wrol 
rather than "Jiist large as" In the exe; 
"completed. Perhaps thinklxig about the f oUp^ 
show you why. 



ut as latge as 



>u have Jxist 
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■ You have pTrobai^ly seen cft^^ 

these plastic pbbl's are shai>edt^^lce'*^^ one jpictiilir^ct^ 
are large 



■several childreQ to play In^ . suppose that -^v 
such pool ls?''hai£ fui^.orf wat?r.,i^;^u •coliid^nj&k<^-a mark on the 
pool to show h©ve?5hi^*'th wa.ter-145. If-yoix piit:your*^fir^t 
Into the pool >7''.\(r5£L]|f't?f^'?^ rise? /Wl^'?; vYojU 

a markgBP^h^ How^sJ^ld the qew; m 

reii^ 





one? * .130. you think, you 6ould tej^ the ] 
WKv?" §Bjuld It. help to put the .second rogk Iritd the po^oj'?. (Probal 
you wbuld^not be able to j^j^^ tj^e d^f erence the l«vel. 
if The rise Is so smatfl that you cpip!l./not tel^fc'y IooiJtoV)*^ 
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In thinking .^bbttt^ the popl, we' -saw\that at time's-;, Although 
there was a chaAg^ in water level, our eye was not sharp enough 
to- detect , it. ^ Jte a result. If .two differentr. rocks rad.se the 
water level to tjie r^^ niai^k, the. best we can say is that they « 

• ' , — .- . 

ore "about the -aaiafe sljp." . There crpuld be a slight difference 

' ' ' - - . ■ - *• \ \ 

which, we could. not^see. ^ ' \ J't 

• .• " ■ ' , V V. • ..... ^ ■■ 

In all of thescJ e3cperi*ient;s,' we hacftJbo be "Careful abou^ 
the kinds of obJecUfe we conpfe'ed?. . - Can you jiamesKs^ome kinds of\ 
Objects it would nofe be. iftse to: compare by %1^ -wat^i: method"? - 



■ c 
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MEASURE OP A SPACE REGION 

To find the meacruze of a' line aeffnxlnt, we use 
xinlt line segment and see how many such units. It 
takes to cover the given segment* 

When we measure a plane region^ we iise a unit 
plane region and see how many suoh units It takes 
to cover the given region. 

■ r ^ <• 

Can you gues? how we Mght measure a space region 

What^ would be^ a suitable unit?^ 

ShOTild we use a line segment^ a unit plane 
region, a unit space region, or some other "new kind 
of unit? 




.^ ^EScerolje . Set 6 




Tell whether yooi would, use a unit line segment, a unit, 
"plane region, or a \mlt space region to get each of the-', .^/.i. 
following measures: ' - . > 



1 • The size of the schoolroom floor. ( ^f^^ -^.-^r^ ) 

2. • The length of a curtain rod. — ^ ^ ^ 

3. The amount of ice that can fit in a picnic ^ice^hest* 
.4. The size of. the gas tank In the school "bus. 

5. Tlie size of a mirror. 

6. The size of a desk dristwer. — ^■^t*"'"'"^^^ 

7. The size of a packing- carton. ^ \ ' 

8. The ;height of a door. '^^^y^^) 

9. . The size of a tomato ^ce ijan. ^-^ — f ^y^^ ""^^^r^) 
10. The size of chalk ' 

We see -that the measure of g space region is the number of 
xmlt space regions it contains . . , / 

- ■ ' % * ■ 

-^f:; How could you compare the sizes of- the regions bounded by 
chalk box^^and a milk container by using cube blocks? 

,IS7 . . ^ . 
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In order to estlinate. the Intellor of a 



potato chip can, we 'can Vuse small eans^ such as those used in . 
packing tomato paste or tonato sauTp.e/"^' If jeacfi child contributes 
a canj^_ there wlllf-be-enough to get some measure 6f thei||||||^to - 
chip can. ■ • ' 



Why Is It wise to select "unit cans which have the same 
size and shape? How coxild we use' these small cans to cet a 
measure of the Interior of a potato chip can? of the Inter!] 
Of a shoe box? 

Gould we iise cube blocks to get a measure of the^reglon 
bounded by the potato^ chip can? of the space region 
determined by the shoe lx>x? 

In each 'cade decide which gives a ; better measure— the ^ 
tomato Juice can or the cube block. Why? 
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VOLUME AND ITS STANDARD UNIT ' ■ ' ^ 

Exploration . 

t ■ «... • ' 

These experiments shoui-d be demonstrated to the group by 
the teacher. ^ . 

1. Select any two smair objects of different shapes (Exan^le: 
, a paper cup, a fruit dish, a cereal bowl, a vase, . .i.) 

which can be used to determine models of space regions. 
Con?)are the sizes of the two regions by filling the 

Interiors of these objects with marbles. Were all the 

■ . ^ ■ ' ' •** 

marbles the same size? If ^not, explain why this Is a 

•*> . . 

disadvantage. In- comparing the measures ♦ 

2. Pill a glass with marbles. See whether the marbles actually 
fill the Interior of the glass. -Is the space region ' ^- 
determlned by a sphere a satisfactory unit for measuring 
the space region r^resented by the filled glass? Explain? 

3. Coxild you use marbles to conqpare 1?he sizes of the space 
. . regions represented by a baseball and a grapefinilt? ' 

Explain your answer. 

r. None of these ways seenua to be ^a good way of melasurlng a 
space -region. * Now we are^ going to* -see. If we can find a be'ttter ' 
wjay to get the measure 6f a space region using a standard unit. 

Recall that when we, measured line segments and plane regions 
we might have used any one of a variety of xailt^s. However, for 

purposes of effective, communication, a* st^dard unit was selected 

• • ' • ■ .. . . ■ 

in each case. We use the inch as a standard unit of linear 
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measxire and the square Inch as a standard iinlt of measure for 

a plane region* v ^' 

To measTire a space region, ve will use as a standard, unl^ 
that space region determined by a cube whose edge Is 1 Inch 
long. We call this neife.\mlt the cubic Inch. 

. The voltune of a space region In terms of this standard unit 
consists of (I)" the measure of this region In terms of thlVj* 
-unit and (2) the \init used. - , ' " ^. • 

■ . . ■ ^ ■ ■ . ' ■': ■ ■ ■ ■ - ■ \' ■ ' '.V ■ ■; 



4. Consider the box' pictured below. Since l8 cubes, each of 






1 

1 
1 

1 






1 

' . r 
1 






1 


















edge 1 Inch long, fill the box ABCDEP(III,i^ we say the 
^ voiime of this box Is l8 . ;cublL'c Inches. A • 



5. . Use cubic Inch ^models to estimate the volume oIt each of , 

the following: ^ ^ ^ 

■ . ■ • ; . . . ¥ 

a. A chalk box ' ' , . 

b; *A shoe bpx. 
I • ■ i .... 

c. A rectangulaf baking tin. 
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6. It is. not always reasonable to use this staiwjta^ 

cubic Inch, to find the volume. If we wlc/hed to find the 
volume" of a refrtgeratoi^frelght car, lt?^woul4^ 
ln5)ractlcal' to use a cubljs Inch as the unit of measure. 
For suclj purposes, we use a cubic foot or a cubic yard. 
A cubic foot 'Is a space region bounded by a cube,- each of 
whose edges is 'l foot long. A cubic yard is a space 
region determined by a cube, each of whose e^ges is -1 . 
yard long. . 
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:.The sketch here should help you see the number of times 
that a cubic inch is contained in a cubic foot. • one layer 
of cubic inches is sketched. . *. 

a. .How many cubic feet are there 'in this layer?' 

b. How many layers will it take to "fill? the big cube? 

c. . There are //.73?) cubic Inches In one cubic f$>ot. 



4 




. I toot 

; or,, . 
12 inches \ 




^1 inch 



I inch 



Becliuse there, are 12 . inches .in the height of the cubic 

• * . ■ ■ "1*. ' ■■>'•"'■. 3 

■ ■ s ..- . * ' ■ . * . ■ ■ ," ■ ' , ^ * 

foot, we^ could fill the interior of the cublq fpe.^ with. . 12* 
layers ojT the cubic inches > 'each^fayer of^whichris mad6~ up of 
W cubic Inches. >^paus, Ikk X 12. = I728 /and -we. would need 
1726 cubic inch(|3. to build a mddel of a cubic foot. *^ 
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Now use>the model shown below to help see the number of 
cubic feet In a cubic yard. Each edge ^of the big cube is ; 
1 yard,' or.!:5. feetj, In length. One layer' of cubic feet* . 
ls*sketche*. How ^many layers will ^It take to fill the big 
cufee^^ There are^ 27-~ — cubic feet In one cubld yard. V 

H^^^ma^or cubic feet, are there In this layer?(^J ; , 
"b. ^B^w many layers will It take to "fill" the^blg cubeT^^ 
c^^ ' There [ Zt) c^blc feet 'in one cubic yard. 




l yd. or 3 ft. 



Can you use yoiir answers to exerclseis 7 and . &i??it^^ 
determine what the measure -of a cubic yard woiild Bfey^in 
cubic Inphes? 



,P456 

* • . ^ 

There are ( n2^t27 a^ ^^^^ '^^dblc Inches In a cubic yard. 

Here Is one place where computing with measiires Is a lot 
easier than counting up the nuinber of cubic Inch blocks needed 
to build up a model of a cubic yard. Often we can save 
ourselves a. lot of work by using special measures to help 
coinpute a volume. 



10. In measuring length we sometimes used a stand^d vnlt 
different from the inch, the centimeter. Using. the 
centimeter we can obtain a \anit of volume 'Called the 
cubic centimeter. 



a'. What sort of a space region is the clzbic 

, centimeter? cuS^ caJZ^ ^ a^^^A^ ^^^-^ ^ 

b. Do you remember'' how many centimeters were needed 
to cover a length of one meter? 

There are - centimeters in one meter. 



c . . Describe the space region we would call a cubic* meter . 

d. How many cubic centimeter blbc'ks would we need to build 
cubic meter? How did you get your answer? 
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COMPUTATION OP OHE MEASDRE'OP SPACE REGIONS BOUNDED BY SPJSMS 



Objective: 



1. 



2. 




To give the pupils understanding of the ftfilowlng 
and skills lif coniputlng measures of volxime 

Rectangular prlims of different shapes may have 
the same volumes. 

To calculate th^meastire of a space region bounded 
by a rectangular prism, multiply the measures of the\ 
edges which describe^ the length,- width, ^d height 
of the rectangular prism. The measures of" the edgee 
must be made with the sam6 unit. * . - * ' 

If .the length, width, and height of a rectangular * 
prism are In Inches,] H;he volume cJf Vo^ space' region 
Is In cubrc inches; if /the leng.th> width, and height 
^re in Teet, the voltune lar ln\cubic feetj if t^e 
length, width, jand height are^ In centimeters, the 
volume is In .cubic centimeters^ 

If a, b, c are the number.'pf xanlts In the length, 
width,' and iielght of a. rectangular prism, and y le 
.the number of cubic units lh th§ volume of Its 
space region^' then we may. write 

^ V « a >rb x 'c ' • 

We may also use the statement 

V = (measure of -the base) x c"^ 

Where V Is the number, of cubic units In? the / 
volume of a'solid region ^bounded by a rectangular 
prism and c is, the nuHfoer of unl.ts In* the height 
of the prism. 



V 



The upper and 'lower, bases of any recjtangular p^lam 
are. bounded by congruent rectangles.; The upper and 
lower bases of 'any, triangular prlSm^are bounded by 
congruent triangles. The~tipper and lower bases of any 
prism are bounded by confipnient pop:ygons . - 

. : ' 695 ^ 
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For any of the prlj 
the statement 



considered In thia itnlt^ 



(measure the hisise) x (timber of units in the 

height) 



Is true. 



8. The measwrt of a plifiuie region bounded by a triangle* 
Is calculated by iriultlplylng the rmSbfd ot tmlts 
In thevbase of th^ triangle by \St^ xiiMer of imlts 
In thfif altitude- to that base, andjdlvldlng the 
prodjitet by i2v 



9* :Tw^ simple closed surfaces are 
be made* to fit Into the 
liiq;>le' closed s\xrfaces botmd 
equal vol^ime. 



lent If either 
Two congruent 
kce regions of 



Materlj 

Teaqher: Cubej^^^bloclcs, cardboard models of rectangular prisms 
(shoe box, milk carton^ r/lll box, etc.)* Scissors, 
paper for making model oif triangular prism, scotch 
tape. • / 

/pupils: Same as teachers. 



Vocabulary: V • ' / ;/ 

Obtuse trfanftle^ a(cute trlan|5fe,^4)oly^n 



Exerelae 7 



1« Suppose now l^hat we have a cubical chalk box, each, 
edge of nftilch Is 5^ Inches long. 



a* Draw a picture of this box. 





1 

1 




✓ 










V 






b. .Vlhat Is the volume of this chalk bo3f In cubic Inches? 
How do you know?.-! -^b^*--**^ i^JL^^^s^cU^ -Jli. . JJU. 

— 4 

c* Can you describe two ways o'f solving this probieii^ 



Suppose that we have a second fthalk box which Is one Inch 

^ ' ■ ■ . ' *■ ■■ ■ ' ^ • 

higher than the first. 



a* Draw a picture of .this box. In your own words, te^l 
which edges of the v^^ki-ypx are longer than thode of ' 



the first box. 



✓ 



b. What la the volume of this new box In^ cubic Inches? 



ways jgf^lnd^ig^^ l s vo l^e t^^!^t^^ 



c. Describe two 

Which one did you use? ^ ~- ^^-'^^ 7 




Silt ■ -■ ■ B : ■■ ~ ' 

Its aurface Is a sjLaqpIe.cloTsed'surface which together with 
Lts Interloi* deic'rtLbes a i3pace region. Edge AB is 6 Inchea 
Long and Is iistially c^led,tfie len^.h of the box . Edge BP is 
Inohes long ahd is calle^ the width of' ^e_ box . line segment 
3C, 5. Inches long, 'Is ciLled the height ^of the boac . - 



a. 



b. 



The chalk box is a modet""bf a figure with Y^/ faces 
and- ^Qi) edges. Each^.-face is region bounded 

The surf ace represented lay the 
chalk' iox Is called . a: C^^Jt^^ .fa^^J) , 

- Ihree segments congruent to^ J5: arie 
" the edges iffi (pc) ;, and: .Ug } Each of these Is 
Inches long.' ^ > » 



o. The edges 



(jij^;^ ( p^j , and (cg) 



represent 



segments each pf - which 16 congruent to BP. \;;^The 
neisisurc} 'In Inches of each of these edges Is. {4- ) 



15? 
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The segment ^BC If^congru^t to the three 
segments represented by the edges ( g /^>^ b 
fe^^ ^ and (fip) - ; m - 4 of these 
segments.. hfitve a common length of Cv^^^» 



^;BBice ABCD h^s area \3^) * , square 
' Inches* - ■ ■ . * ' 

Another: face congruent to ABCD is 



Pace BPGC has area (j^^^ square' 
Iriches. ' (flBHp) is another face 
^congruent to BPQC. 



Two other congruent faces are 
and [pteiH) ; Each of the'se has area 
square inches. 



Is the bpx a cube?. ( nJ) How can you 
tell? C^-tJ^ M 
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Think of putting cubic inch Uocks on the floor fface ABEE) 
of the (dialk box of exercise 3. Bach block is placed so 
that It haa a face torching the flaor. r ' 




\ • 



a. V The face of the block- whlch^ touches the floor Is 
a plane region bounded by a ^ Each of. 

,^ Ita edges.has a leigth of - JL Inch. 



bv . V The area of this face Is i tn^J. square 



Inch. 



c. The ^a of the floor is square inches. 



d. It you fit the blocks as tightly as you can, you ^ould 
need [2 ^) blocks to cover the whol* floor; 
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Ve would need ' is) layers of bloclcs llke 
the one on ABFE to fill the whole box. 

/Each such layer built out of blocks. 

.. • ^ ■ :■ : . r ■ 

we wbul-f need {l2o) blocks to fill; the boxf 



> /the inea9ure In^ cubic inches of ^e space region 
bound^^d, by the chalk box is 1 



Suppose «e now s'tand.'^be ehalk box on another' face, say 



faoe DAEH. 




a-. ,The artusure of DA* the length of the hbx. In ' 
, Inches, la . (S') \ ' 

b. Tjhe meateuw. of the ^fldth, AE, in- Inches Is Y^j \ > 



o« . The height, AB, 4-n Inches -Is^ 



Uj ■ ■■ 



I 



d. Yo« see that the edge^ we call the length, width, 
and height of the box are determined by the f^e 
the box Is resting on. " 



Do you-thlnk^the voluie of thtf region described ' . 
by the box Is the same as It was when the b9x 
was resting on face ABSsi^^*^lhj^ tLt* yJt tl*.-^ 



702: 
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Wien the box of exercise 5 is In this position. Its 
floor Is face {DAEH) . 



Once again let xis Im agi n e that we are covering the floor 
of the box with blooks which are laodels of the cubic 
Inch. It will take ( 2o) blocks^ to cover the floor. 

I8 this the same number of blocks we used before? . 

Do ;you now think the voliune of the Sox Is the same as 
It was when It rested on face ABPE? You can change 
your mind If you would like to. iMt^^ , \ Why?. 

We will need [^) layers of blocks Just like the one 
used to cover the floor to fl^ the entire box. 

There are C>^^^ bloclcs In eachHayer. Therefore,- we 
need \l2o) blocks to fill the. whole box. 



This tells us that the meastire In cubic Inches of the 
region bounded by the box Is _/£;£__. 

The" volume of this region Is kj lb Cm~^ aI. .\ , ^; 



How does this volmne compare with. the. volume we^ got 
when the box was gating on face ABPE? 
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7» a. ' Do ^ thlnk that If we let the box* rest on face jffiCD 



the voliune woiad be, changed? [7i>) . «hy?^^^^w^ 

Tell how you could use layers <rf cubic liich blocks to 
show tjMit your answer is correct. (^^-^^^/^/^ * 



8. • 11^. Do you see a quick way to find' the Volume of the chalk . 

box using the measures in inches of the length, width, 

and height? , r . 

» ' •* 

b. ■ Does yoiir way depend upon which jPace Is the floor of 

the box? 

c. Can you explain why your way works? . * 

d. "Say in wo37ds wjiat measures you would like to know to 
/ find the volume. of a space region bounded by a 

rectangular prism. 



9« a.. Is a pube a^rectangular prism? (ty^y \^ . 
.b'. Is every rectangular prisi^i a cube?^^lfhy?Y'^-*^^^ 

Hw? !c<£i yoifw^ the volume of a cube?tiu^ .^^aJL^ 



d. Teil in words which jneasuis&s you would like to 
know to find the voliune. of a cubical space 

region/ r^>*^^ -^^ ^ 

• ■ ■ 

e. IS this an easles or a harder probldn th^ finding 
the voltuse determined by a bo:t whloli is not a cube? 

;/. ■ - • .. ' , . * ■ ■ ' 

• ^ • • . . . ^ ■■ 



< /Exploration 

^ The volune of the 8t)ace ' region bouhded a prism l8""if ten 
JuBt called the^ volume of. tfae ^ prism .' in the aame/w^ we often 
epeak of the volvnne of a cube when we 'really mean the vol\ime of 
the apace region bounded l)y the cube, we can use the shorter 
expression when^er we .are fitiny surl^ ta»t -We will not be " 
misunderstood. " r ' 

1. 



If we place 6 cubes as in jihc, diagram below, we have built 
a model of a rectangular prism. 



A- 



a. What; Is its volxnne? Observe that this, model Is. 6 
* units long, 1 unit wide, and l unit lilgh. U 

b. Are the units we refer to linear xinlts, area units, or 
voliaine units? 

^ ^J^. :i6^^^M. 



705 



AnothiBT model of a iwetangular prism which could be made 
f!rom the same six cub^s would look like this: 



J 




a. What Is the yolume of the above model? 



9 ^ C4>^ 



Vhat are the Zength, widths and 



height?r 



c. Can you build still another %)dei of a rectangular 



prism ualng these six cubes? 



d. Vhat are the length, ^ width, and height of your 
new rectangj^ prism? f ^^^^^ ^ 

e. The length, widths and height are expressed in 
what kind of units? f>^t-lw>^—*) 



f. Ihe volume, however, is expressed ih 
I CaJL^ units. 



205 



706 



3. Choose 24 vaalt cubes and build at least 6 different 
* models of space regions bounded by rectangular prism. 
■ Keep a record of the following measures. Remember that the 
length, widths and height are measured in one kind of imit 
and the volume in another. L^JLk f^^^ J^ ^'^^ 

Meas\u?e Measure Measxire Measure 
of Length of Width of Height of Volume 



a. 



b. 



J2 3 . J/. 



c. 



d. 3 



4 ^ -^"^ 

r 

f .r- ;i ^ 

g. Do you .see any relationship between the measures of 
the length, width, and height of the prism and the 
measure of^its voltone? 

h. Was thl8 what jou e^qpeeted? ( z^^) 

1. Can you explain nhat you observed? {jJL.t •/^^ 
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* Exercise Set 8 • 



1. List 5 sets of possible lengths, widths, and heights 
of rectangular prisms' whose volxmie Is 56 cubic Inches. 
Do not actually build models of these prisms*. 

■ ' / ' . ' 

2. List 5 sets of possible lengths, widths, and heights 

of rectangular prisms whose volume Is . cubjft feet. 

3; Think of a^cube whose edge Is 1 centimeter long. What 
■ do you think wculd be a soil table name for this unit of 
measure of a space region? CcJL^ c^Iii-X ^ 

LlBt 5 «eta of possible lengths, widths, and heights 
of rectangular •prisms whose volume Is lOCl cubic 
centimeters. ^Au--^-^--^*^ . yLn^ /^^ /c^^ i. 



If .the length, width, julid height are In Inches, the volume 
Is In fe**^ ^'••"^ ) . If the Ifength,, width, and height 
ar< given In feet, the voliune Is In f 1^^^-^ 1 , jf 

the length, width, and height are given, In centimeters, 
tt» volxme Is in (g*«X.-i- ia^Jumi, ) . 
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5* Complete the following 'Ifabt^e.^ All measxires refer to space 
regions bounded by rectanguljBH? pilsms* . 



Measxire of 
Xength ' 
of Prism 



Measure of 
Width 
of Prism 



Measure of 

Height 
• of Ptism 



a. 


5. 


8 r 


I '3r' 

#8 


b. ; 


2 




c. 


12 


i 


■ 1 


d. 




6 


7 



Measure of * 

Vol\ame 
of '5pace Reglpr 



•158 



6. To calculate the measure of a solid region boxinded by .a 
rectangular prism^ multiply the measurers of the len^th^ 
Width, and he^ghit of the rectangular prism. If a, b, c, , 
. are the number of luilts in the length, width, and height of r^;* 
a rectangular prism, the volume of the prism is ^ i- » , * 



Show how you coiild use an exponent to write the product for 



oouct 



calculating the ^volume of a cube of edge 5 inches, of 
edge 2 feei/ of edge a centimeters/^^ 



8. Calculate the volume in each case,- if enough information 
is given.' ^ " • 

fb) . - (c) 



8 cm. 



15 cm. 




This figure is a 
Cube 

(3^3 ^.>^o 



709 



I 
I 
I 

Area of " 
^^Bose is 29sqJnL 
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COMPDTINQ THE M)LOME/OP A;SPACE EEGION BODNDED B? A RIGHT 

/ '.EJcploratlon . . 

W^re ydb aWLe to calcxilate the meastu'e of the space ^^^on 

In exerclsV ^/(c) of the last set of exercises? Here Is one 

Way you nfl.tfh^'' have thought jabOut this prbbleir. 
■ J ■/■■.,' ■ • ■ • . 
If the/measure of the length, width, und height of a 

rectangular prism are . a, b, amd c, then the measure of the 

volume. Ijl -a x b x q. iSie measure of the length, width, and 

height ;lis, of course, the number of linear units needed to cover 

each .of /these line segments. The measure of the volume, however, 

tells u0 how many cubic tmlts there are in the space regloh 

bounded by the pidsm. All four of these measures are numbers. 

If we let V stand for the measure of the volume^ we can write 



what we have (U.scovered as 




[ 



V - (a X b) X c. 



i \ ■ 

. 1 * ■ / 




1 ' ■ 


























a unKt 

The product {t^y. b^^ves the measure of the rectangular 

region which is the base of the prism. Another way of saying this 

is that a X b tells tis how many units we need to coveivthe base 

of the prism. Therefore, in -problem 8 (c) we may write: 

y ■ (measure of the base) x c 
. 7-29x5 

• V - 145 ^. 

•, The volume is 1*5 cubic inches. 
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-Bcea^lse set 9 




1. Calculate th^ voliime of a space regfori bounded -by a 
rectangular prism, using the follonrlng information: 

Area of Base Height" ' Volume 

a/ 42^a. cm/ 15 cm, ^ { iS^ cm.^ 55»*0 

- ' , . in.. 10 in. [ 3 90 e^.A Z..) 

_ \ c. ' 100 ^^q. in./ ^ }h'tt.' (¥ffcj^^:J 




2.- ' If the volxane of a solid rfegton* bounded by a rectangular 

prism is >1^^;> cubic units and the height lo linear ^unlts, 
' what is the area of the, base? Li^A ^^*^'^) 



5. How many packages of paper napldns can be packed in a cartoif^ 
whose base Is a 2 ft. square, if the carton is* 3. ft. 
iilgh? Each package of paper napkins is 6 in. by 6 in.: 

4.^ -spacers needed In a classroom to hold a set of textbooks. 
E&oh textbook Is one inch thick aand. has: a cover 6 in. by ' 
8 in.' Can a space 1680 cu. in. hold 35 texts? 



Exploration- 



Let us look at a box where the length of one edge Is not 
a whole nuinber of units, . . 



1. Look at the box pictured below. 




Its length Is 

Its width Is (.^^0 



^ Its height 'is Clr^i) 



a. 

d. 
e. 

.f . 

h. 



1. 



6 in. 



If you use blocks jwhlch are models of\ the cubic Inch, 
how many such blocks would you need to cover the floor? 

The area of n;he floor of the box Is^ js^^.x::.) , 

If you tised two such layers of blocks, would you 
exactly fill the b'ox?(>^3 

Would two layers contain too many blocks. Just enough 
blocks, or too few flocks to fill the box? 

This tells us that the volume of . the box isLy^^^^f^^ 
48 cubic inches*. ' 

would 3 such Ifiorers- exactly fill the box? 
Would 4 such layers exactly- fill tlie box? 

We see that the voliame of the box is ^^^^X^^ 72 
cubic Indies and {Jm^^^^ 96' cubic inches. This is 
the best we can do using cubic inch blocks. 
What sort of blocks could we .use to get a better estimate 
of the volume of this box? f ) 
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2. suppose we have a cubical *lock of edge » Inch, 




b. 



« volume of the space region foi* which this block is 



a model is \, y 



It would take (fj Jof these blocks to build 
model of the cubic inch* 



3. a. Let xis use these smaller blocks to cover the, floor of 

the box of exercise 1. We will pack these' blocks in 
tightly Just as we did before and In such a way that 
each block has a -face on the floor. The face of the 
' , block is a model of a (^^i^l^J^^) bounded by a *r^») 
of ar^a (:{r ^^^^ }. , 

b. We would have to^pack in (4.) such blocks to cover 
one square inch of the floor. 

4. a. ^ If we line the blocks up as shown below. 



it ^ould take 



of these 



inch blocks to.buiad 



a. model as long as the box. 
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If Iwe baild coltDsns of blocks like thlff^ 




It woulc^ take (^J " »uch blocks to build a prism 
as wide acr the box. 



using these facts we see that It would take 



OMT new blocks to cover the ^tlre floor of the box. 



Every. 4 s«ch blocks would cover {^^3 sq. In. 
the floor. 



of 



This shows that our 96 blocks will cover 
sq. In. 



The area of the floor of the box Is 



^ If we. pile up bloete like this. 




It ittii take 



ill 



Buch hlocka to build a prlsn aa 



high as .the box. 



Thlfl helps us conclude that we will need f?) layers 
of b|Locks Just like the one on the floor to f lir the 
wholls box. ^ 



Eachj such layer coitalns ('H) iiocks and therefore 
we will need (7 x 9^ j or-. _£Z3J blocks to mi the 
box/ 



TSm measure of our box In terms of this new unit Is (c^Ji 



If we now remember that It took 8 of these blocks, to 
build a model of (^) . cu. In., we see that the volume 
of the box is ££2i±£2- <«. in.' or (££/ «u. in. 



, ^ ' * . . — * ■ 

• ••.»■.•* 

He alBo jsee that this volume of the box of exercise 5 • Is 
less than 9^ cubic Inches and bigger than ,72 cubic 
Inches'. This was' pointed up by the" discovery that 3 
layers of 2^ ^blc Inch blocks each were not quite 
enough to fill our box, while If we built 4 such layers - 
we had too many blocks. ^ 



a. J using these smaller blocks we cajfi get I 'U^- 

estimate of the volume?. , — . . 



b. In general, using a smaller \inlt will lead to a more 

{^<:^<^g^MunJ^) Estimate. 

c. Ptor the box In question, the ineasxire (In Inches) of 
the length, a. Is { L)' - — 



d. The measTire (In Inches) of the width, b. Is _ 

e. - The measure (In Inches) of the height, c. Is 

.f. a x b X c Is ' { 9^) . . Is this the measure, V, 
(In cubic Inches) of the volume? (j'^^^ 



g. ¥111 our formula V ■ a x b x c work for this 



bpx? 



(^3 
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Exercise Set 10 



■ - ■ . ■ 

vli qonslder a box of length 6^ Inches, width 4 Inches, ■ 
.and height 3 Inches. . 

a. Draw a picture of this box. 

bv Vlhat are a, b, and c for the prism represented by 
this box? 

• ' a - (Ci) .b'« (¥) c « (.3) f 

c. Our formula leads us to believe that- V ■ ' and 
that the volume of the» space region bounded by this 
prism Is ( SI c^ML ^ ^ ^L.) , . 

8. Could you check your answer by building up layers of cubical 
blogks of edge 1 Inch? Explali^J^^ ^ 

3 y Could you check your answer by building up layers of cubical 
. blocks of edge ^ Inch? Why? .^.r^M^ 

If we stuj^ed more rectangular prisms, we wo\ild find, that ^ 
we coiqfd always use the formula, V - a x b x c ' to help us find 
the measure of the volume. ^ 

Another way of thinking of this formula Is' 
^ V«(axb)xc or 

Meamire of volume (In cubic Inches) - Measure* o^ base (in 
square xinits ) x height (In linear^units ) * 
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VOLTMS OP SOME SPACE REGIONS. VJHOSE BASES ARE NOT RECTANGLES 



In this section you will find some 
reference made ; to the volme' of a cylinder 
in the pupil text. Finding the measure for 
the volume* of a cylinder Is dependent upon ' 
/ finding" the measure for the area of the base. 
The base of the cyllndei: considered here is 
a circular plane region. We. do not now have 
a way of finding the area, of a circular 
region.; But it is useful to help the .pupils 
.see that if they could-^lnd 'the area of the 
circular region that is the base of the"* 
cylinder,- then they could find the volume of 
the cylinder, . • 



The method" of approximating the area 
of the circular region by us Ing^ the grid is* 
suggested as a method for finding two nvimbers 
between which the measure of the area is ' 
lUcely to be. ^ The result found' gave us an 
estimate • of tHe measure of -the voivmfe' between 
50 and 65. Prom your own knowledge or 
geometaT^ yxru know that the- area of the' 
circular region IsTT r2 where 7T represents 
an irrational number (about- 3.l4l6V and r' 
is the radius jof the cli:cle. iThis would give 
• the measure of the volume as 

' : 3-l^i6 X if X 5 = 62.8520/ 

but this is not to. be presented $lb a part 
of this chapter. '.You may .wish to Indicate 
that they will qgme to this -result later In 




their formal- study of ge<»netry. 
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..VOLUME OP SOME SPACE REGIONS WBDSE BA^ ARE NOT RECTA^JGLES. 

, • , ^ ' ' / Scploratloa — . ^ ^ . 

l.^.St.;.: Cpngider the space figure 'picked below. ^ (a model of ' 

■ " * - ■ ' i 
. . such a figure" klght ^^^ a*.storage chest Especially deslgrffed 

V "v. - . ■ ■■ - , .. ' . . .■ ■ . 

- to: fi^ lnto :a corner of a room.-) Can we find 'the voliime 
: . -of the region bounded by this figure? 




A 2 ft. B ^ ^ 

b/ Since the^eas"ures of the edges are expressed in. terms of 

feet, what unit wo\ild we expeqt to use to express the 
volume? / 



c. One model of this \mlt would be a qublcal block. ^ VJhat 



woui^ be the length of the edge of such a cube? 



d. If v;e pack these cubes as ^ usual/ how many such cubes 
would it take to cover the floor of such a chest? 

e. .If you have trouble ansivering this question, you m3g*ht 
N^lraagine making a trace of the outline of the floor of- v : 

the cheat'. Your ^trace-would look^^lke the figure at the V 
top of the next page, ■ /: 
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A Z\ B 

Look at the outline shown above of the floor of the chest. 

a. How long is aF? 

b. * How long is FE? 'C^,/^^ 

c. Does this lielp you ansi^er your question? 

d. ^ .The area of the floor of . the chest is (, 24^^ 

e. How many such layers of blocks woTiJd you need to fill" 
the box? 

f. The measure of the volume of the chest is /aV x 3) /(in 
• cubic feet) or. (73] (in cuUIc feet), ' " : 




'n^^^- 

V, the measure of the volume. Is the "^^re of the base * . • 
(In sqiiare feet) niulti:i)lled b^ the measure the helgit (in f eet ) . 

: . . , ;^ 'V = b:-x h ■ - ■ . ' \ - - 

*^.\Same the_-j3haQ.k box. .iKie 

base of the -chalky box was a plane region bounded by a rectangle " 
Whose sides had' measures a and b ^' where a and b represent 
numbers. -The measure^ of the base (in .square units), therefore^ / /• 
was I X bi If the height of the box .is ; c, V = B x h becomes . 
y = (a x .b) X c. The letters a, b, c represent numbers. ' ' 
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3* A storage oontalner Is pictured below. It Is a model of a 
Space region^' 

The base of the space region Is a jfil^^r^^f^] bounded by 



a. 



b. 



If again we use blocks which are models of the cubic foot, 
we will need (^) layers of such bloclcs to fill the 
container. 




5 ft 6 ' - 

c. lc?tn we exactly cover the floor using these blocks?(?^y 

*d. Wha't is the area of the plane region which has the floor 
of the chests as its aod^l?' //'^ ^'^'^ ' 

e. Coxild you cover this floor of the chest using your cubic- 



foot blocks? 



IT- 



f . 'Can you Inaginef such a covering? 

g. How i^any blocks would you need? 



h. To fill the^n tire container we wotild need how many blocks 



LOC» 

■4- 



i. Does our fonmila, . V » B x h, 
figure? 



work< f or this space 



J. What Is the voliaihe of the region described by the picture? 



pace AHEP' of the container Is a model of a plane 
region boimded by a 

. ■ ■ • . .. ■ ' . " . " . • 

Suppose we let the model rest on this face. Do you 

think the region now bounded by this figure will have 

a different volinne^?^}' Why? ( JI^/JL^ ^^•^^ 




5 ft 



If the container Is In this position. Its floor Is the 
•model of a plane rejglon of area ( ^*^. \ 

Could we use " ~. 

V » Bh « 20h' 

where h Is the measure (In feet) of the height from 
the base up to edge DC to find the measure of the 



722 



Exerolse Set 11 • 



Uhleh oha of the followixig pictures 2*epre8ent space re^ons 
.the neeisiire of whose voIxdms could be f ound hy Bh? 




Cqpsidep the space region; ||c^^ below. 



2 in. 



/ ^ 




A model c5f such a space region might be a tin can. Do 
you think you cqald find the measure of the volume of 
^thls region by means of the formula,. V « Bh? C^^^^jJ^^ 

Hqw did you make your dejslslon? (zjJjl t^J^jL^^^ 

What imit would you expect to express this volume^d*-..^ 



WhiBit is the name of the surface boimding this space 
region?^ ( C^kJ^ ^ ^ 



e^ Whdt is meastire of h, In^inches, fbr this region?r<5'J' 
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f . One way of estimating ^ Is to use a rectangular grid ' 



as we did in the unit on area^. We could use our .rao^l 
of tli region and 'make a trace of the boundary of Its 
base. This bpxmdary curve Is a circle of radius 2 
inches . Your trace.^woiad lopk like this : 













Tin. 


















lin. 
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A grid Vlth> 1 Inch sqpitaives ha:S been put on your trace.. 
Whatsis the measure (In square inches) of the plape region" 
bounded' by a circle of radius two inches? (use your 
grid to estimate this measure"] ^ > ' 

g. Using this grid, our smallest estimated valuer of B is 
[foy and th^ value of V that goes with it is £££j_; 

hV (Xir largest '^s'tima^^ value ^bf is //3J aiid ^^^xe — 



1. 



value of V that goes with it is 



The voliome of the space region Is smaller . than \ 6>^,(u^.i :^.\ 
and greater than {soCm.^,^ - 



J. How could we get'a better^ estimate of the volxime? 



Ve have seen that aoBie apaoe regions 

' " ■ ' ■ ' ^ ' • * ■ .* . ^ 

those whose models can be built up out of equal 

■ ■ I " ' ■ 
layers — are such that the measure of their 

volume* is given by . 

V « B X h - 

or 

Measure of Volume (in cubic units) « 

Measure of Base (in square units) x 
Measure of height (in linear units) 

There are other space regions the measure 
of whose voluine cannot be found thii way. 



— ■ V - ' ' 
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Exercise Set 12 



1. A hat. box Is a model of a space region. Wiat Is the volume 
Of this region? ( ^ /^' J \ . 





2.. A plastic dish Which can hold a piece of pie. is pictured 
^ below. What Is'-the wltime of the space region represented 
by this dish? _ ^ ' 




3 in. 
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COMPASTSON GP TOLDMBS OF'SPACE BEGZQNS BCfDlOSD B? 
RECTANODLAB FRISKS AND PYRAMIIXS 

.... ■ ^ ■ . ^ . • • , J 

- • ■ ■ ^ . ■ . ■ ■ ■■ ' \ ' • ■ • 

! Objective: To reach the conclusion that if a pyramid has 
its base congruent to the base of a cube and 
\ its height equal to the height of the cube^ 
then the measure of the volume of the space 
region bounded by the pyrainld is one- third of 
the aeasure of the vblune of the s'pace region 
' bounded by the cube ^ 



Teaching Procedive: 



Use the models on the following pages for 
cut-outs to make cubes and pyramids... For 
. convenience, you my wish « to., make th^mi larger 
than the models suggested • To do this > ' multi- 
ply each,;iength by 2 (or 3» or whatever 
factor is convenient).' The segments of length 
3 inches,^ 3*67 inches would thus become 6 
and 7 '^^jr respectively, and if meastirenmfits 
are made as carefully as pbisible, useable 
models should result. Fasten the appropriate 
edges together^^vfith stx^ong tape. The sug- 
gestions made in the pupil exploration 
section should be followed as explanation is 
inade. Better results wii;i* likely result from 
teacher demonstration- than from pupils- using 
the modelsi. , 
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NOTE: AsBemble the xsodel- 
arid then cut aloxig 
the three 

Indicated segments; 
to form the lid. 




Each side' of square Is > Inches long. The height of ' each 
Isosceles A Is 3.35 inches,^ and^ach of -icongruent sides- 
^3.67^^ 1^ This w^^ L;^.! 

^^I^TXI^i .'•'5/ flnphes/ ' *v ' 



TJ»se jsodelS'^Will^n^ possible for 3 pyramids of sand 
tp fiii the cube* " i ' ■ ^ 
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COMPARliSON OP VOiXJKES OP SPAC^ REGIONS BOIJNDED 9X: 
-RECTANODLAR PRISMS AND PYRAMIDS 



1. 



Escploratlon 

Ntow lodk ,ati- the pyramid^ which your teacher has, Plnd the 
linear meamires (in Inches) of the sldiss o the bwe oX 
this model. Record your ^feasures uncier the first two 
headings In the table below. 



Meaf^re 

(In Inches}^ 
pf the length 
of the baSe '^ 



Wfeasiire 
(In Inches) 
of. the width 
of the base 



^^:-» Measxire**'-' 
(in inches) 
of the height 
, ' of the ; 
pyramid 



Measure 
(in cubic 
inches) of 
the volume 
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2. 



•What Is the height of the pyramid? Your -teacher will now 
Bho^f you how to iej|tlniate It. (Let the' base pieces hang free 
■■^^aB In the picture MJow so that you can use a lollypop stick, • 
i a pencil,- or any dthcSt t;hin, pointed object to help estimate 
-.the height of the pyramid*) - * 



Height of 
Pyramid 




23i 
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3f a* 



B0W d6 ^the .1iie&su^ of the cube eosopare with those of 

the pyx^unid^^^^^ . 

b. Which apkce region do you think is v larger, that bchinded 
by the prl8m:br that bounded by the pyramid? ^^f^^TT^^h> 



c . 



Your teaoher will - fill- the pyramid with rice. How m^::^" 
* : Pirramida .^;of take to, fill the interior, of ft 

;-^the cufeetir^v; \ ■ 

d. , '\ C5an you est Jma.te; the ' yoliame . of the pyramid? Record this 
: ] estimiate uhdiir Jbhe^^^ your tabl^i : • 



•X7 



4. If a rectangular prism and' a rectangiilar pyramid'have 
cbrigruent basea and heights ; of equal measure, how do you 
> t]|iink the vol\2mes bounded by surfaces will compare? 



If. 




5* a> ^fiave jal^oiBId an experiment which showed JEhat if "a .v 
/ p^M^nd a ^pyramid^ h^ the same measur^ and 

~ ' if their bases 'are bounded by congruent rectangles;, the^ 

jg^^),,is tl^'e. times the voliime of the 



volume , of the 



b. . Another way of saying this "is that the volume, of the,^ 
' '^.^Eii^^^Z ^® one- third' the volume of the f/*^"*^) • ■ 
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6. Consider, the prlsm «i^ithe r^^ 




6 ft 



6 ft 



a. Since the length, wldthy^imd h^ght are -expressed 1^ 

we will expect to express the,;ydivine' In ' (cuJ^ JL^) " 

ll. The heights of the two f igures are ('j j^')- . 

c. The bases of the two figures are X^V -y-M) • . 

d. The volume of the pyramid' Is Ce^.zU<jj) the volume of 

• . .-.1 • • 

the prism. 

< ■ . 

e. Another way of sayjjig thlg Is that the volume of the ■ 
prism" 3^" (3 .^^^^) the volume of the pyramid. • 

^ '/iij^^ J^:Olm^ of the prism .l8v ;f.7j? C^.pf-^ . 

• 'g. Prom this we can conclude, that the volume of the' pyramld^^ 

18 C^. 4^.) . . ^ 'v;- 

7v . a . We know that ^f a, b, and ^c- .are ;.tlie Vasures' oV the 

length, wl€th, and hel^Vpf !a v/ of " 

the-yolxune Is g£y«n by the roi^la y » dL % jL ) 



b. If we have a pyramid with length of measxir^ a, width of 
jneasure b, and height^ of measxire c; the measure oir Its 
volume will be given- by. the formula y - s^y j.* c' 

c. Tell what this formula says In worda. 

233 734 " \ 



ERIC 



A 



8. Now consider this prism. 



A. 




a. How does the volume of thls^ prism eooqpare with' the one 

we had before? - 

■ ■ . • *f . - 

b. Does this seem reasonable? ( axu^^**^ ^^^^^ym^-) 



0. How does the voluBp of our pyramid oo^j^r'e with the 

v<^ume of this ^ri^mni ^'^^ ^^'^^^ S 
What are a, .b, and c for the new prism? i*CJ 



For the prl9m of, exercise 
por tl^e ^yraa^ exercise ^ 6? 

g. Doefl^'*^ -! a]bc give you the measure of the volume of 'each 

prism. (P^^J 

.r - ■ *; ' ' 

h. Does V»«-axbxc give you the meastire of the volume 

of the pyramid? ['^y^) 



,-.9;. ■ 



10. What Is the volume^bf a pyramid of length i0..V;lAChes, width 
4 Inches, and height 1 fbot? Express your answer In terms 
of cubic Inches « 



-> 
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Bcegdse Set l^^^ 



2. 




What I9 the measiire 
in. cubic feet 
of this monument?^ 



25 ft 



The volume of a rectangular prism Is 2l6\ cubic Inches. 
The height Is 9 Inches. 

a. What l^-fel^e area of the base? {2 4 

■ ■ ■ 

b-. Name some pairs of numbers which coiad"^ its length, 
and width, in inches. <^<4-»*-«-^ 



The volume of a rectangular pyramid is 2l6 cubic Inches. 
The area of the base is the same as that of the prism of . 
exercise 2. what Is the height of this pyramid? (^'^^.UiJ) 



Chapter. 8 

OROANIZZNa AKD neSCRIBZNa StAfA 

* .■ . " • . • ■ 

• ■. . • ^ • } 

r 

1 . . V 

PURPOSE OP UNIT 

Pupllff (and adults) are bOBibarded dally with a myriad of 
"faeta and flgurea." It la essential that people be aware of 
soo» of the ^rays of organizing and desezlblng these many facts 
so that the Information presented can be more clearly tinders tood. 

This tmlt Introduces the use of tables for presenting data 
In an organized manner and shows how this data can be pictured 
by graphs. It discusses how data can be described by numbers 
Which represent the mean, median, or mode\ 




It is hoped that by the end of this unit the pupil will: 



1. Recognize the need for organizing data and have 
some skill in making and reading tables. 

■ . " .... * 

2. Develop an understanding and some skill in "rounding 

' of f^ numbers. 



3. ; ^ve a clearer concept of what "graphing data" means. 

Devi^lbp skill in reading, interpreting, and 
. constructiiig simple line segment and bar graphs. 

5. Be able to read and interpret circle graphs and to 
construct some of the more simple types of circle 
graphs. 

6. BKve been Introduced to the idea of pictographs and > 
their use and limitations • ^ 

7. Be aware of the concept of median, mean, and mode 
and be able to compute and identify these meanres 
of central tendency. 
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MATHEMATICAL BACKGRODND 

J'« live in a world of a bewildering a^d ever-lncreaelng 
^ Of facta. An ^creasing proportion of this lnfom«tlon is 

this «88 Of data easily understood (the word "data« is the 
Plural Of the Latin word -datum" which means "fact"), a single 
number may be chosen which In some sense Is an "average" of f 
large set of m^bers. a number may be chosen which describes 

"^"^ Wage. " venous types of graphs 
be drawn to illustrate the data." This chapter is an l^L 
ductlon to uo^e of the Ideas of organizing and describing data. 
Of fa!^! fl"!" attempting to understand a large number 

tL fLt. °^ ^^^'^ ^ the table 

. the facts are arranged in some order, and thus a table helps ys 

^d.»t«,d the infox^tlo^. sometimes Placing the data m 
^t .et i . " -derstandlng. e«^ie, the teacher, 

tTT. " ""'""^^ °' '''' Perfo^ance of a class on a 

test If She ^ped all of the scores from 91 through loo m 

data in this fashion -is not discussed In the pupil text. 

^ (iMlte Often we will represent the data by drawing a 
Picture Of It. Associated pairs Of numbers are What we really 

Z^^Z °^ that year. Hence, the ordered pair 

^ght be -1910, 92 million.- ai.e data could be plctLed 
Ir.^ two perpendicular lines and labeling one line -years- 
•ni the other "population.- a proper scale would^ve to be"" 
chosen to keep the graph on the sheet of paper. tL we could 
Plot the pairs of points as m the earlier work on graphing m 
<^^ 5 «.en "time" (measured m hours, years, decades' for 
«aa5>le) l. one of the two sets of numbers. It la usually, 
plotted on the horizontal axis. 

A graph might look like this If the dati were the^ 
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popaXmtloii of th« Itaited states: 

• <awwra OP imnsD STATES POPT^ 

190 

Population ' 180 
of U. S. 170 
in 160 
mllllohB a30 
l4o 
130 
120 
110 
100 
90 



1910 1920 1930 19^0 1950 i960 

apparent;; ^ b^^ With line 

0egmeQtfliwJf^ A graph fBhOuld W drawn only when points* 

between the endpoints of each line segment represent an estiioate 
of some ordered pair of numbers that could be eondldered part , of 
the data. The population graph shown here does not give ub a 
record of the population in the year 1938^ for example. But if 
we select a point on the line segment graph between the years 
1930 and 19^0 that would correspond to the year 1938 then the 
table would 'lead us to estiaaite the population at about 130 
million. This is indicated in the graphit Thus we have made a 
tacit asstamption that the population between 1930 and 19^0 
increased as shown the graph. * Of course, the population 
al^t have decreased between 1930 and 1933^: then risen rapidly 
between 1933 luid 19^0. We do not know, in th^ absence of 
such inf onnatlc^ the line segments are drawn betwiMn points which 
nrpresent known parts of the data. It a^y be* said the line 
graph "oicrries the in helping to iread from the graph easily 

■ . ' ' 739' . 
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tih« lnfoniatlon pictured. The grapli obtained toy connecting, the 
pbinta with Oine aegments is called a line segment graph . The 
line se^wnt 'graph of the population- ^ta plotted above would look 
like this: 

(IROWTH OP UNITED STATES POPOLATIQH 

190 
180 
170 
160 
150 
Iko 
130 
120 
110 
100 
9.0 



/ 



Population 
of u. s. 
: In 
Billions 



year 































• • 










































































1- 












1 

1 1 












^ 1 







1910 1920 19?o/l94o 1950 i960 
1^ 



Another way to. make thtf\trend easier to see is to draw bars 
from one of the axes to the points . as a bar g^ph, the popular 
tlon picture might look like this; \ 

(IROWTH OP UNITED STATES POPULATION 

.190 
180 
170 
160 
.150 
ll^O 
130 
120 
110 
100 
90 



Population 
of u! S. 

in 
Billions 



Year 



1910 1920 1950 1946 1950 i960 
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In a bar graph, the bars should be the same width and the 
space between the bars shoilld be the same width , but It Is not 
necessary for the bars to be the same width as; the spaces between 
them. 

It; is easier to con5>are the population of one year with ihat 
of another on a bar graph, but It Is probably easier to ylsuallze 
the change m population from the line segment graph, some tables 
Which can be Illustrated by bar graphs cannot be Illustrated by 
line graphs. 

. Many newspapers and magazines replace bar graphs by 
pictorial charts, or pictographs. where the ^rs are. replaced by 
.pictures .of the objects. Por example> Using a plcturf oV a man 
.;ih ;the pop^^ 191a and 1 

popiilation; look like this: ^ 

' .^l -' ;•: ?A fJROWTH OP UNITED STATES POPULATION 



Fopulatlon ^ 
"of U. ^. 

In . 
millions 



- 1 




1910 



year 



i960 



This 'Picture is very misleading slncei^'due to. tlSe/ three 
msitfhal suggestion of the pictures, theV- 1960 popixlatlon 
appears to be much more than double the" 1910 population. A 




... -v- 



.f^^^^i^r re be made by drawing a picture of a man'^ - 

V'.::-^^'.^^ Jmilion people. One purpose of this -la^^ ^ 

P"P^^° graphs correctly and be wai^ of mis- 



^^fdl^g liif or^ such as might Jbe 'given In the populatrbn 
vA The ability to read graphs Is more lnqportant f or the 

V )^ ability to make graptm/^but the .making of graphs 

t'^' !^^ pupils to learn to read them. 

■ y VvyW data are concerned with the parts of a whole of 

ispi^j^ng^^ a circle graj;>h rtl^ be used. By using the degree 



is. the unit^ 360 non-overlapping anglee may be drawn with their 
vertices at the center of a circle. We can think, then, of a 
clrcxxlar region separated Into 360 regions, each shaped like a- 
"slice of pie," Suppose we wished to make a circle graph to 
represent the distances the pupils In a particular class live 
ftom school. Of the 30 pupils In the class, l4 live less 
than one mile, 10 live mor^ than one mile and less than two 
miles, and 6 llve'^more th|tn two mllc?s from the school. Since 
1^ is 30, tlie part of the Interior of the clfcle that 

should be used to represent the / l4 children Is formed by an 
angle of 168 degrees (^-x 366 - 168). The angle will have Its 
vert^ at the center and radii will be parts of the rays. Hence 
the "slice of pie" In the Interior of an angle will represent the 
portion of the class living less than one mile from school. We * 
can perform a similar computation for the other two parts and 
then draw a circle graph: 

NDMBES OP PUPILS AND D ISTANCE THET LIVE PROM SdSf 

Pupils 
living less 
than one mile 
from school. 



168^ 

Pupils " I2d?\ 72« 
living, more- \pupils 
Vtfian one nille' uiving; more) 
.and less- thanXthan .two 



vtwp miles ^ 
from 

school ; 



Lies 
\f rom 

..scb;<5bl. 



Many ^tines it is desirable to have Jxist pne number to 
If the ntimber describes 



le tendency 'of the 



represent the data, 
data to group about some "center," it is called a measure of 
central tendency , or an average . The three types of averages 
studied in this unit are the arithmetic mean , the median, :vimd the 
ttode. In thlfl usage the word "arithmetic" is an adjective' £^ 
its pt^onuneiatlon should be that given by your classroom ). ^ 
dictionary. When the teacher says the average grade on a^Vitest is 
^«.i^» «<>J^«y» little information ui^il the teacher -stat'iis what 
type |>f average she is using. 



The arithmetic- mean of a set of numerical grades Is 
obtained ^a^g the grades and dividing the sum by the number 
of grades r^ff there, are some extreme graces in the set, then 
the arithmetic mean may not be a very good average to use. For 
example. If there are five boys In a class and if four boys made 
grades of . 100 on a test and one boy made zero, then the 
arithmetic mean Is 80. Commonly, the word "average" is used 
when "jUTlthmetlc mean" Is Intended. 

The median of a set -of numbers Is a number such that half ' 
of the numbers In the set are greater than it and half are less . 
When the numbers are arranged In order of slze,^ the median is 
the middle number, if there Is an even number of numbers, then 
the median Is the number half-way between the two "middle" 
nuybers. For example, if the grades of -six girls are 72, 78, 
83, 85, 92, and 97; then the medla^i is 8k. Note that the 
median w^d still be &k if the lowest ;grade were zero Instead 
of 72. Many times the median is a better average to use than 
the arithmetic mean since extreme scores do nbt affect the 
median. 

'I 

The third type of average, is the mode , and it I'is defined 
as the number th^t occurs most frequently in the distribution. 
If the grades on" a test are 72, , 75, 76, 76, 76-,' 85, 92, 
97, then the mode is 76. If the scores are 72, 75, 76, 
76, 76, 78, ■ 82, 82, ' 82, 85, 92, then there are two 
modes, 76 and." 82. The distribution in this casfe is said to 
be bimodal . 

If mbre men wear arsize 8 shoe than any other size, the • 
mode of these data is 8. The arithmetic mean might be 8jl- 
and a shoe mahufacturer would be wise to use the mode rather 
than the arithmetic mean as a basis for a. decision on the size 
of shoes to make. 
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TBACEINO THE tniT ' 

■, , « 

Ihft general plan of the unit is to Introduce 
^e naln ideas throoiE^ & section of aq>loration. 
After the, ideas of the Bcploration have been 
developed under the teacher^s guidance, these 
ideas are again reinforced through the use of 
apprc^riate Bcereise Sets, jathoui^ the Bsplora- 
tion is teaeher*diredted, the pupils should he 
encouraged to participate actively. 

Due to the nany tables and a great amount 
of data used in the Eaq)loration of each section, 
it is recQBnended that the jpupils keep their 
books open during discussion. There ar? some 
parts of the Bxploration that the pupils can 
study indiyldually. The Exercise Sets-should 
be done independently Ivy each pupil. After in- 
dividual study and coiQ)letion of each set of 
Exercises is accomplished, class discrzssion 
should further develop the concepts. The 
exercises seirve two main purposes: to develop 
an idea, and to e^cpand and fix an idea in mtnd; 
Encourage pupils to answer questions which 
other pupils raise about a particular<>exerci8e. 
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Objectives: TO dsTelop the concept of data / 

TO Show. h6w?pP table Irtlps t^ j^^ 
• ; organised, data.. ..;^r.' ' " / ' > 

iihow that orgsnlMitlon of data helps \jb i 
to Tmderstand the data / 

mi«rij£^tk:^ pgp^r, pencil, 8tpal^tedge,^chalk,;/ chalk- / 
board, yardatlcka, ballots: '"^ ^ J 



''Tecabalery': data. 



, reptile, vary, tiedlous • 



Ita ord^r to glya this Motion «ore meanlnR 
It would be helpful to have 27 bellots 
prepared with the nanes of hamster^ gutter 
snake, turtle, llrard, and' guinea pig wltten 
on then. Ibe nunber of ballots should be In 
aoeordance with the nuaber given in Iflible 1. 
Place the ballots on a table. Ask the. children i- 
to aninrer question 1 of the Bcploratlon. Do 
i^^t arrange -the ballots in rows or coluasis but 
Just allow thtts to be m **hap-hasard" oass of 
infoxaation. Ibis w0i "bring hoae" to the 
pi9ll» the realisation ttAt data sust be or- 
ganized to be interpreted quickly. 

She piqpils need tQ keep their bo^ open 
during the B^loration because of the large 
number of facts presented. 

Sam pupils aay need help In arranging / 
material in a table, especially If asny. facta 
are being presented, scsse individual help nay 
have to be given by the teacher in asking a 
table to organise the infonsation given, as in - 
exercise 4. After the information la arrant 
in a table, the questions are easily answered.^ 

f ' fbe attention of the pupil should be 
directed to the Summary at th^ end of this 
first ficpldration. 
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mTRonjcnoHr •/ 

- It would-be a very tedious Jofc ^to etu^ the score 
card of every baseball gsae In which Mickey nmtle has 
played In order" to determine how aany tlaes^i^^has 
been at bat aiid^^w aany tla»s: he has obtai^aedj^ta^V.v^ 
9it; we kxiow at a gian<^e hm s^^ he iii as a 

batter >ihen we say his bitting average jtM year Is 
•526, 1£ we know what "avertgi^* ib^^ whether 
•326 Is "good." ' - 

nmre are auny, asny facts about today«s world. 
Ifuvy of . these fact|^Iare expre^ In terms of numbers. 
There are fiurtiau aj^^ people •s hel^ wele^ts, 
facts ^pyn^1^^^$as about heighti^^<>f^ 

facts A satellites In outer si^ceyi/iicts 

about /population, and many others. 

In this chapter you are going to study'. 'slme* Ideas 
"about organizing sand descj^blng data. Tou are going 
to learn that the word .^average" has sev€^ meanings 
and that soBetimes an ^jtverage" is very misleading. 
' You are also, g^iirig to learn various wi^ of presenting 
facta with graphs. 



' OIKIiaiZIHO DAIl , ■ .. • ' 

..~ Expiorttlon.',-:.' i-. ■■'v ■/ 
■ * The te«cW ftnd^ t^^^ boys ud gifl8^1n *-«lxth grade c^^^^ 
wanted to-buy a pet for their room, itfter some dkecusslon, they 
decided to have each jperson iirlte hla choice ftn a| slip pf pi^r. 
they 'could, choose, from one of these: guinea plg^j turtle,, lllw^d; 
^hSBster, .or ; -garter ; snake. •■• ' / , ..-■ry' ' ; 

When the slips were collected, they looked like this: 



'■x>a 



SNAK£ 



Ll'UKP 




'/is 



iNM£. 



I 



f/AMST£K HMSTtR HhMSTlk 



mm 



tARUfL 
if/AK£. 



mm 

Ft 6 











$ttfH(i 



Hpii: cdtt^4^^^^ decide whlcTa anlial, to huy?'f Could, 

they ieir by Just glancing at the votei^ or did they need to 
organise the Inforiait^lo^ 

class need to yote/agaln? fi-**^!.^^ * • , ' - 



W»?n. we think oir arranging Infonaatlon In sooe way 'so\: 
that It can b» sore sasUy jiiiiierstpbd/ we say We are i v 
organising data. >tta is another m» for InfttraiatlQai g^ 
itroupt of fleets. ^ ; , , -"" •> _/ ■ I ' • 
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.2^ A coJBBlttcc counted the votw for the claasroom pet. Then * 
they nade a table shewing '1;he facts given by the vote 



It looked like this^ 
• 




TABLE -1 



^ , Votes for Class Pfet 

Quliiea Pl| ^ '4' . ^ * 

Turtle ' .' V ' 

Lizard ^ ?; . - 

Hamster 9 - 

, ...^ Qarte5.^5nake 9 ^ r 
A table always hjus a titjL?eVto show what the facts are about, 
a) Is It easier 4;o tell by looking at this table or by 



/ 



St 



1o5Kingr a:C' .tne sups or paper > how nany votes each 



aninajl: receflved? 

K'- ■■■■ ■ ■ ■': " " ■ ':. 

nie sixth graders decided to vote ag^iin to choose between a 

hamst^ and'a garter snake. . Afti^r^^^)i[e^ votes were counted^ 

a^ table was nade: ;*! y 

- \ . TABLE 2 

Pinal Vote for Class Pet : 

' Hamster ^ X5 
' - . Garter Snake 12 

■, ^ ■ . ■ 

b)- Teli'^pw a table helps you iinderstand "a" set of 
. facts;^ {(JZ^ fuiMe^ to OyiiclcJt^rjcL 'Mjl /acia j/t/z£y a.^c^ 



3. George, Httpry* Jin* and John each have a newspaper, stand. The* 

• number of papers they sold one week was: Monday^^Vr- George 5, 

Harry ,28, Jim 15, johnr^/ Tuesday - george 3*0, Hafry 2$, : 

Jim 21, John-38; Wednesday - George l8. Hairy 29, J4m•l^7,'^ . 

John ?8; Thursday - Qeorge 30, Harry 5p, jlm l^7/'John ko; • 
■ ' • , ■"•*..,',. > . ■ 

Erlvday - George^ 52, Harry 32, jlm kj, johri '^2; Saturday - 

George^ 70, Harry 60, Jim 50, John Sunday - George' 98> • 
. Harry 75,. jim 5^, John ^^5. • ^ • - ^ ■ 

Without organizing, the data; answer *these questions: . ^ 
a) On what day did Jlta sell'as many papers' as'- George and . • 
• ^rry together? ^'^■*^ULjL^^ ' • 

'.^ ^) Wlilch^boy sold the^ sam^ numbel* of papeH. t hree days In ^ 
a row? (ji^ }■ - ' • .. . ^ o-'- ■ 

c ) Which boy sold more papers each day than he sold the 

day before? f^^c^^y,^) [ ■ ' • - 

d) Which boys sold more-^^papersjj or at least as many as 
the day before, each day through the week? (^) 

. e ) . VBilch *oy sold more "than tliree times as many papers one 

day as he did the day 'before?, l-^^^-^'^yi^il' - ■ - " 

f) Which boyis sales for each 'day of the entire week did 

not vary over. 10 : papers? [,^^^J 

Now look at the data organized in this tdble. Does the 

, table make it ecTsier to, answer thfe questions? 
i' * : ' ' TABLE 3 ' f 

Newspaper SaJLes for One Week' • 
Monday Tuesday Wednfeiaday Thursday Friday Satxirday - Sunday 



"George 


-3 


10 ■ . 


18 ' 


• 30 


52 


70 


98.. 


Harry 


28 


29- 


29 ♦ 


,^30 ■ 


32 


,6o 


75 


Jlm 


15 


21 




• • >7 


^7* 


50 . 


.5^ 


John ■ 


'36 


58 \ 


38 




k2 


kk . 


• ^5 



. . 248 



Eight Olrl scout troopa in Centervllle sold boxes 'of cookies. 

There were three kinds of cookies, on^ kind to a box. There 
♦ were boxes of mint, chocolate.^ and vanilla cookies. The • 

salens, in, boxes, of each troop were: Troop 1 - mint 48, 

chocolate 63,_vanllla 35; . Troop 2 - mint 3.4, cho\50late 27, 
^vanilla 30; Troop 3 - mint 72, chocolate 51, yanllla ko; 

Troop k - mint 25, chocolate l4, vanilla 12; Troop 5 - 

^ ' • . „ . ' ^ ■•, ' 

mint 75, chocolate 39, vanllA 51; Troop" 6 - mint 51, 

, if 

chocolate 62, vanilla 37; Trdop J - mint 132, chocolate 98, 
vanilla 99; Troop 8 - mint 82> chocolate 98, vanilla 76. 
Make a table to show the cookie sales. Use the table to 
help you answer these (ingestions .(J^T^C^^ ^iM^.) ^ 

a) Which troop sold the most cookies? /\ (Would it hflp if 
you showed the total- sales In the table?) 

b) How hany more boxes of chocolate cookies were sold than 
f vanillal'^][Wouid it help to show the totals of each kind 

T Of cookie sold?) 

Exereises a) and 'b) show that it sometimes helps to^ 
' total ^some of the data given in a table and to show this 
total in the table. ^ 

c) Which troop sold the most bonces of chocolate pookies? 



the least? 



d) « Look at the part, of «the table which shows the number of 

boxes of mint cookies sold by each troop.. Troop 7 sold 
pne less box of mint cookies than the sales of two other 
troops coBiblned. ^Name these tw9 troops. 

e) Make up soine questions of your own that cani^ answered 
by studying the table* 

^ . ' ^ 750 • 



,Anmer to exerelse 4, Pupil »• Twct. 



* ' ■ 

" . TABLE 3 

' • - Olrl' scout CooklW Sales 

• * ■ . 



r 



troop . 


Hint 


Chocolate 


* Vanilla 


Tota^l 


i 


48 


63 


. 35 


' 146 


2 




■ 27/ ; 


30 


91 


3 


72. 


: '5i 


4o • 


163 ■ 


4 


25 


14 


- 12 


~ 51 




75 


39 


51. 


- 165 . 


6 


51\ 


62 


•37 ' 


150. 


7 : 


132 • 


• 98 


99 


329 


8 


82 , 


98 


76 


256 " 


?AL 


■ 519 


452 


.'-380 . 


. 1351 - 



4 



S!7 



751 
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SUMNABY 



We have leaxned: , ' 

1 • Data Is another niime for Information 
or groins of facts. 

2. Ve organize data to make It aore easily 
\mderstood. 



' 3* We can organize data by using tables/ 

4. Tables have titles to help us \mderstand 
the data: 

3. . It Is sometlaes helpful to add the 

msnbers given In tables and shc^w the sums 
In the table. 



P499 - 

Bcwolae Set 1 

1. Linda and Perry arithmetic scoree for two weeks are given 
below. The scores tell the naaber of correct answers. 

Linda: Monday .r- lS, Tuesday - 5^, Wednesday - 12, 
1 . Thursday - if4, Erlday - 96; Monday - 7, Ttiesday - 75, 
Wednesday^ - 20, Thursday - 35, Friday - 72. 

Perry: Monday • 20i;Wsday - 5^, .Wednesday 2^ 12, 

Biursday- k3, Friday - 57; Monday - 6^ Tuesday - 77, 
Wednesday - 19, Thursday - 36, FrtLday - 70. 

Make a table to show these facts. CJjut 77C. ) 
Which of these sixth-graders had the higher total sftoye , 

2. ^ Six bojrs are going on a hike. They are going to take the 

following things with them: 

Bill - canteen, ax, cookies ^ . 

Chuck - sandwiches, canteen, cookies 

Lee - knife, cosipass, wieners . • 

Dick - beans, canteen, first aid kit / 

Jack - matches, sandwiches, .wieners 

Sam - - buns, beans, canteen ^ • 

Make a table to show the number of boys who are taking 
canteens, cookies, etc. 

a) How many different items- are the boys taking? (//) 

^ . b) How many boys are taking wjener^*^^ buns? beans ?^^) 
^ • canteens?^^-^ 
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3. 5hf "h05» itat*!* of tl* Prtsldents of tb» Ttalted statas 
are: Washlngttm - Virginia; J. Adams, Husabhusetts; 
Jeffaraon - Virginia; Madison -j» Virginia; Monroe - Virginia; 
J. Q. Adaos - Nusaohasetts; Jackson - south Carolina; 
.Vto Biran - New York; W. H. Buwlson - Virginia; I^ler - ' 
"Virginia; Polk - North Carolina; Taylor - Virginia; Plllmore- 
, I'** York; Plfcroe - New Hampshire; Buchanan - Pennsylvania; 
IJMolQ - Kentucky; Jolmson - North Carolina; Qpmnt - Ohio; 
/"^yes - Cblo; Garfield - Cflilo;. Arthur - Vennont; Cleveland - 
^Wif^ersey; Hsrrlson - .Oljloj^ McKlnley - Ohio; T. Roosevelt - 
'"'Jf^ Wilson - Virginia; Harding - Ohio; 

Coolidge - Vernont; Hoovei- - lowa; P. p. Roosevelt - New 
York; trupan - Hlssourl; Eisenhower - Texas; KcnnB^^$h '"'-y ■' 
Massachusetts . . , • ^::>r [ ^-^''^^K 

Mike a table to show the number of presidents from each 
- stated 

\ . * ■ ' ' - (i) 

a J How many presidents were from the six New England states? 

, b) How many presidents did Ohio and Virginia together 
furnish? 

I c) How many presidents were from west of the Mississippi 
*- River? (Jj 

d). What 3 states furnished over half 6f the presidents? 
• ) jHame the states In which more than two presidents were 
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:JilMwr.\^- <Ui^^ 1, set 1 
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, TABLB 1 . ■ ' . 

; / ' , Arlthaetle Scojres of Two sizth-Qnidtrs 







Monday 


Tttftsday 


Wednesday 


Ihursday 


Friday 


1i$tal 


v.* . • • 

.V; .*i 
















,•> 

%]'.■. 




18 




12 


44 


96 




7 ; 




25 -'. 


MS- 

129 


20 
32 


79 • 


72 
;168 


*33 


'.'.'^ 






■ * r 














■■'20.,^ 




1 
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-434 ' 










■ • ■-->.,»-'. 









■ I^BMniT to cocarolae 2V sirt 1 



lMBi[2;;2 





t^en 


Ax 


cix>k- 
les 


sand- 
wiches 


Knire 




■wte-; 

sMfrs/ 






i^tMWsikjS 


Aid Kit 


Bill 


>v 


n/ 


V 


















CiiuoJc 


































V 




;. ' « 1 


« \ * * . ■* 




' 'r.V^ ■■*- •'^ ?^ 






V 










■ . . ■ V 






















— ^ 
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8aa 


V 






















fOSIL 


4 


1 


2 


, ■2' - 


-1 
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111: 





ERIC 



Answer to «xerol8# 3, Set 1 

■ • • ^ . ■ 

Bone States of Fresldente 





T • 
X- 


„ ' ^ ^ "" ^ . . 1 
Hoover ^^^z*^ — \ / 


Kentucky 


1 


Lincoln ' ' \f \ ' 


V ■**/ *• ■'• ■ ' V ■ 
: w . ■ T ' . * * •'' 


5 


J. Adams J, j. Q. Adams ^ Eenna^^^ 


Missouri 




Scuman ' •■ '■'•» 


New BBoapshlre 


.1 


; ' ■ • ■ ^ / 

Pierce/ . ., • 


'^lieW".:jei:sey-. 


1 . 


■ .* * ' ■ 


" New"^T<«*--^^^ 

*• 


4 


■: /■.- ■ . ■ ■ .■ "■• ■ 

Van Buren, FUlaore, T. Roosevelt, 
"TFT'^IW Rbpeesrelt , . > / , 


North Carolina 


2 


■*T-' \ . 

Polk, Johnson 


Ohio 




flrant, Hayes,. .Garfield, Harrison, 
' McKinley, Taft;, Barding 


Pennsylvania ^ 


1 


: JBachaxiah'/ ' * - ' ^ . ■ ■ ■ ^- /■ ^ 


South Carolina 


1 


"... , •.. \j 
Jackson i ^ 

■ ■ ■ . ■ 


Texas 


.1 


Elsenhower ; ^ 


Vermont, 


2 


Airthur, Coplidge 


Virginia 


8 


Washington, Madison, Jefferson, Mo^^u?oe, 
Bsrnson, IJ^ler, Taylor, Wilswi 

3 
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Objeetlves: To show how numbers are approximated by 

' ♦ "j^oiiixdljnfe of f " 



To;jaflj.i^^^^^ 

nunibers to the ;oi}earest conveiilent unit for 
^ ;;V ' the purpose ^ - \ 

Materials: Chalk, chalkboaz-d, straightedge, pencil, 
* paper . v_ 

_ ' . ■ i./'^^ ■ • ; ^ . ■ 

yocab^iliiyi ajreraiclinatlons, ro\mded;riumber, 

. ■\pdom^eter ' ■ 

:-Teaehija^-i%^ 



The phrase ''Roimdihg Off i^ 
some explanation. It is; used to convey the 
.meanliig Indicated In the' fojl owing examples. 

"Roimdi^ Off nearest multiple 

of 10 meaiMt^^^tx^' repla by that multiple 

• of 10 whl^^;diad label , a point - on the'^ number 

line that 1*^^^ distance from -the 

: VXint that labels . 7^. Of all the multiples of 
. t^ the two nearest to 7^ are 70 and 8o. 
riSliice 86 - 7^ and 7^ - 70 the 
^multiple of ten nearest to 7^ Is 70. Gonse- 
qpently ^rounding off 7^" to the nearest 
nniltiple of 10 simply means to replace 74 
"by ■70. ^Ro\inding off 76 to the nearest 
multiple of 10 would 'require replacing 76 
by 80; 21 by 20; 39 by kO; 999 by 
^ 1000; 100\ by 1000. By agreement; If a 
number Is halfway -between , two multiples of ten 
It is "rounded of f!L to the larger of the two - 
multiples of ten. Thas, 75 Is "rounded off" 
to 80; 1095. to 1100; 705, to 710; etc. 
In a similar manner numbers arfr-" rounded off* 
to the nearest multiple of 5, or of 100, or 
of 1000, etc., as described In the pupil «s 
bocic. ...... 
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¥lth this accepted meaning of "iwindlng ~ 
off numbers'* the phrase will be used hereanfter- 
wlthout the quotation marks. A sxd table ex- 
planation of the meaji^ng of the phrase shoxad 
be presented to the pupils. 

The opening paragraphs /are . Intended to 
alert the pupil to the nee d for be ing precise 
In using some numbers, and the need ^f or estimating 
in using other numhjE?rs. Many other examples 
be given and it woiad be well tQ pemit the 
, pupils to Indulge in some imaginative discussion 
^ at this point on when to bte exact and when to^^ 
'■■''roundoff." . ■ vv^^-- ^-^V 

The nusaber line is^^a very h^ful .devide In 
giving the child a mentia picture of the^ocess, < 
. of rounding off a ntwiberv^ .5 illuBtrationaV 
.are given at ftj:Bji^ ffihte;v members of tjie 
class may not hav^ tkd any instruction in tlifs 
area. :;^ v;," • ^ * 

The use of a ;ccnnpai^ble nxmber line by the • 

teacher at Ihe chalkboard wil4 grea t l y speed 

mastery of the process. During this Explora- 
tlon, the class and, teacher, r working together 
wlt)i books open, will provide the most 
profitable use of time. 

. • 

As each new step is presented, exercises ' 
are giyen for the class to work. 

As the lesson is developed, the teacher 
should encourage pupils to recognize patterns/ 
Ab soon as some pupils see thiei;whole picture, ^ 
they should be encouraged to explain their 
findings ^ to others. ' ^ ; ^ 

* • ■.**' 
% Ask the pupils to give numbers which they ~ 
w*0x4d like to have rounded off. Ask them what 
multiples^ they want to use for the roimdlng c 
. off. Encourage examples which are not already- 
in the text. 

This Exploration arfd Set of Exercises has 
been Included here to prepare the pupil with 
the needed skill in making graphs, targe 
numbers need to be rounded off for conveninece^ 
in graphing. 

% The set of exercises on rounding off 
numbers following' this Exploration should be 
done Independently by the pupils. 
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RODNPINQ NDMBERS : . 

/ There,.ltre time? whariuiie,,^Mfed ^ the exact number of 

bbjecttf in a set. i>tHer need only to know^ •'about 

how many."/ ISxe awlnming InstiC^ to taow ' i 

^.thtf^'teact^nvanber of children that govinto the pool* ^The same 
xjumbe'r 6^: cliildren should come out, ' at the >nd of ; tfee period, 
as iren^ in: It at the beginning of the il^od* it is -not enough 
for hii.to know only "about how maiiy" Children there are* * 

There are other numbers that need to be knoim exactly, gome 

nmnbeinl such as yotxr telephone number, your locker number, 'and 

. ' ■ . ■ ' • _/ , ' •■ ^- 

•yoxir nouse number need -to be stated exactly. 

* . • • • "I • • ' 

There are many times wben we can use a number which tells 

"•about how many." fiost measurements can be made orily with a 

certain degree of acptiracy.. These "about how many** numbers are 

sometimes called estimates, appi^'oxlmations, or rounded numbers. ^ 

•> * — . — , 

We use rounded . numbers at times when we need only an 
estimate. The police estimate a crowd of people at a pjilrade at 
200,000. The traffic officer may estimate the speed of the 
passing auto at 6o miles per hour. These isstimates are given 
in .rouxjd numbers . What other exan5>l'es can you give of numbers 
which tell "about how many?" Y ^ ...^^^.) 

Sometimes we replace a coxint or measurement of something by 
a less accurate one. It .might not be Important to use the number 
of peo^e in the .united states."^ as 179/525,175. aiiis number was 
given by the census of -1960. Do you think this number is 
exactly correct? - Would we be correct if we said there were ne2trly 
180,000,060 • peopSLe in t'he united States in i960? 



Sup^ae, we -liftotetf^ W know what part of the pedpie of the 
ttalted states lived In the state of New York In i960, the census 
Imported .^hat l4,759, ^29 people lived In He* York;- Do you ttflnk 
this numbet Is -^exactly correct? Would 15,000,000 be nearly 
co^ect? If we- used one of these fraStlpns to teLl us what part 
of the U. S. people lived in New York, which one would be 'easier 
to write in a simpler form: 

TWr^SS^^ or 14,759,429 
xoo,ooo,ooo - 179,523,175 

There are many other times when we should use roundedroff 
numbers in place of exact measures. Think of this example. 



Suppose you are miking a trip in your car. On the first part 
?^ ' *^^P 3r°^ f^Jo the odometer that you. travel 121.7 
miles. On the second part of the trip you forget to read the 
odometer. Bit the' map gives the ^leage be tireeh 95 and 105. 

Now what manbers can you add to find how far you traveled on 

. • . , ••. ' ■ ^ ^ • ■ 

the trip? Should you use 121.7 miles for the first part of ' 
the' trip? What mileage wotdd you use for the last part of the 
trip? If you round off 121.7 .to the nearest multiple of ten 
the number would be 120. The multiple of ten between 95 and 
105 1^ 100. If you, said that you tratveled 120 + 100 or 220 
miles on the entire trip, woulci 220 be about right? 

There are several ways of "rounding off " numbers. For our 
work here, we will xxse a very slnqple way, as Is shown on the 
following page. ' 



2^ .''° ^ 



' ■ ■ 4 1 • ■ > ■ t ' ' ' 



. 6 l;, 2 3 4 5 % 7 8 9 10 

• Let us w only tSh* s*9B«nt froa 0 to' 10. WAt is th«V 
-i&.fWl« point of this se0Mnt of "tos nuabsr line? i^^ , V / ■ . ° 

•cm»tlaM ratoiA off naabers to the nespest multiple of 
10. v lf w| round of f the ncniber 7 to .the nearest araltlple of ' 
io, we say It -is rounded to . 1 ten. The number 4 Is rounded 

to (y rtntt.' ' > / ■ ■ ' y^- ;■■ . ■ ^ . . ■ ■ 

V . Round off 6 to :the- nearest, multiple of lo. [/^ ' ^— 

What happens If we rotind off 2 and 5 to the nearest , 

multiple of 10? (2 ^ 3 ' ■jj'^ y<v'^^ i^ />.y . 

m rounding of f to the nearest multiple of ten, what, a© you 
suppose happiuis to any nuiiber which lb to the left of po& 5 
on tiie number line? ^ p^X^.} - ■ 

What would a nuaber to the rijfht of five become? i j 
How do. we i«?jpd off the five to the nearest mull|ple 

of tflixT.:^^!^ shall round of f 5 * to l t«i^ a iwrnded nuna>er , ) 

B^ld«^^|jj imothw of a inaabtr iint r 

* .'^-^tr^ : • • ' 

■ ' ■■ «.gt|?e^.^' .., ■ / V A ■. .;:{.:;-V-;d 

' ■. ■. ■■ ,> .-,,^- ............. 



the nearett nultlpie, . of ■tw»?/'^t3# "^^/'c^.-^v'^ -^^^^'-^ >i:'^':.Vi^^>--'^'t 



Bpw: would we round off niatoe^ 
the', nearest mul.tifcle of tin? / jt ' 



Round these mabers to the nearest multiple of ten. 

«)' 147 U^^) ■ d) Yr^-; 



; • b) 132 j/3a) e) . 2,168 6,W) 

m roun^ng off to the nearest nrultlple of ten, what do we 
do when the number 5 Is In . the onet.s place? (We replace the 
number by the next' multiple of lo which Is greater than the 
given number; e.g., 5 would be rounded to 10, 15 rounded 
to 20; 135 rounded to l4o, etc.) 

If we round off a number to the nearest multiple of ten, we 
replace the number by the nearest multiple of lo. 

We round off 16 to 2o, 37 to 4o, 89 to 90, 81 to 

'80, 176 to 180; ^. 

If the number to be rounded off to, the nearest mul^iiple of 
10 . is halfway between two multiples of lo, we replace the 
numb«r by the next larger multiple of lo. 

We round off i5 to 20, 25 to' -30, II5 to 12o, 
905 to 910, etc. , V , 

If we round off a number to the nearest multiple of one 
hundred, we replace It by the nearest multiple of ipo. 

We round off 46 to 0, . 89 to lOO, I76 to 200, 
3*1 to 306, etc., if we are rounding, off to the "nearest 
multiple of 100. 
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r ■ . . . ■» . 

/If the noBb^r to roninded off to the nearest nulllple of 

-. ■ ■ * 
...... ■ 

XjOO Is hal^ay between two oultlples of 100*^ we -replace the 

■ IT 
nuaber by-the next larger nultlple loo. 

•? ■ ■ ■ ■ • * 

we roupd off 50 to l?00, 150 . to 200,^ 250 to 300, 

(tte., if they are to % roimded off to the nearest multiple of 

100. 

Now do you 8ee%ov to round ^off a nuaber to the nearest 
■ultlple of 1000? of 10,000, etc.? " ' 

In the section of a 'mofber line below we have the numbers 
Iqr tens fro© 100 to 200. v . ^ ' 



^ 100 no 120 , 130 140 TOO 160 ' ITO 180 190 aSt) " 

\Pig«irej.3 . . 

• '. • :■• ■ » 

What la the middle nuadber between the numbers 100 and ' 200? 

Round off 1^10 to the nearest multiple of one hundred. (/*oj - 

Round off l8o to the nearest multiple of one hundred, f^^) 

If the number In the tens' place' Is less than five as In '^V 
no, 120, 130, 1*0,. irhat Is the nearest hundred? (/pc) 

If the tens' place , digit is 5 -or greater, what is the ^ 
nearest^ multiple of one hundred on the above nutaber llne?^''''0 ' 

Do you suppose this holds true for rounding off all noabers 
to tt^ nearest multiple of hundred? i''^) 
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Bound off these ntonbers to the nearest soltlple^ of che 

hundred. ^ < * 

§) 92 {/<">•> .d) '3,8l^9 (3,9oo) 

. ''b) -^^^ Uoo) ^ \ * e) 1,841,731 7^tfJ) 

. • • ' c) 6oe Ofa^'^ . 

10*00 ilSo 1200 13*00 14*00 1^00 lloOO ffco 18*00 19*00: 2(5oO^ 

Figure 4 ' 
mck had ^ the above diagram to look at. He was asked to 

id off the f dllowlng numbers to the nearest multiples of one 

* * 

thousand: 1400, 1700, 15P0. He answered 'that I^OO rounds 
off to ^1000, 1700 and 1500 round off to 2000.. Was he right? 

If the number l£ the hundreds place ,1s 5 or more. In 
.roundftg t^ the nearest multiple of one thousand, what do you do" 
•with the number in the- thousands' place? (^^^^ ^Z^.:*'!!^^ X 

C4 If the number In the hundreds' place Is less than 5, What 
happens?^ <(The number in the thousands' place remalnl the same. ) 

Q Romnd of f these numbers to ti§'~ nearest multiple of one 

" • ' ■ \ ' * , . ■ • 

thousand: ^i. * * 

^ra) 455 . • d) 110,905 Oiho^l^ 

\ «b) 1,100 [J,o^o\^ e)« 9/998 (/a^aoi^ j, 

*%^) 8,54^.(V) f t)* 67,496,1 Uzocoy 

Do you^ee a patten^intthis?. , r 
^ . If the. nuinbflij In the .thousand^; pla^ Is ♦Jg or ihore would you 
increase the digit lnl|he 10,000 • place'.hy^ne'^S^at would • 
you do If the. niimb^r^n the thouibids^lac^ls ifiSB than 5? • 
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• * 

Round these numbers to the nearest oultlple of 10^ 000: 

a) 15,000 (2o,i>i>o) d) 184,000 (/f^^oo^) 

b) 11,111 (/i:,,ooo) . ^ ' e). 7,775^600 iJ.^f^i^ooo) 

c) ' 9,200^ (/^J,^"*) . « • . 

If you use place value of the-dligltB In a numewd. It may 
help' you In rounding off a nuadjer. Look ajt these examples. 

a) Round of f 3,^95,000 io the nearest multiple of 
l^^OOOvOOO. Think of the Jiun^r as 3 million + 
495,000. We want to know if it should.be roimded off 
to 3 'million 'or 4 inlllion. We Ibok^at 495*000 
and see, that it is less than one-half of 1,000>000. 
This tells ua to rovmd^off the number to 3 million,, . 

3,000,000. ' ■ 

^ * Id) Round off 7,775>600 to the nearest multiple of 

100,000. Think the rrumber as '77 hundred thousands 
+ 75,600. We want to know if it should be rounded off 
to. 78 hundred thousafids or to 77 hundred thousands. 
We look at 75,600 and see that it is more than one- 
half -of 100,000.' This tells xis to round off the 
number to 78 hundred thousands, 780O,00O or 
7,800,000. . ' 
Thesa exampies*^help us see that Just one digit is Important 
In rounding off a number. 

In roundlnjg off to the nearest multiple of one million, ^he 
^hundred thousands', digit is ln5>ortant. If it is 5 or greater 
than 5, then the millions' idlgit is increased by 1; But if the 
hundred thousands' digit is less than 5$ th«n the millions' digit 
.Is not flanged. ' . 



m rounding off to the nearest multiple of one hundred 
thousand, the ten thousands* digit Is In^wrtant. " if it is " 5 
or greater than 5, then the hundred thousands* digit Is 
increased by i: Bdt If the ten thousands* digit Is less- than 
5, then the hundred thousands* digit Is not changed. 

* 

Does this help to see that In pounding off to the nearest, 
10,000 that the thousands* digit Is laportant? wuch digit : is 

the., nearest ,1000^?V^';i^8t 
100?'T the nearest 10? (2!^ -'--I^.''^^^^) 



Copy each of? these numbers. Draw a circle around the 
important digit. Then round off to the nearest multiple of 
one- hundred thousand: 

a) 76)9,000 ' (yoa.ooo) 

■ i . ■ . • 

Round off to the nearest multiple of one million after 
circling the inqportaht digit. 



,112 (i^,oaOjaot>) 
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Now suppose you wished to round off to the nearest multiple 

of^ 5 or 50 or 5O0, how would you go about doing It? 

J, ■ * • • 

We will use a number line again to help us In our thinking. 

. ^ t t • • • • • • • — ft • •i:^ ► . 

0 I 2 1 3 4 5 6 7 i 8 9 10 

Figure 5 

Waal Is the* mld-polnt between 0 and 5?(^/12b:.^ 2 a^^j 

fu^JLi ^ ^ 
What Is the ,mld-polnt between 5 and 10? ^7^ ^ 

If we are rounding of I to the nearest multiple of five, 
which numbers on the number line would "^e^^^n^gd ^ ^-Xg^^ jl^ 
Would 2^ be roxinded to S^'Hrfoxild 7j be' ro\mded to 5?(:«0 
What would Tg- be rounded to In groups of flve?/^r«-7*-7S^ 
What would X and 2 be rounded to In groups of flve^jf 

Round off to the nearest multiple of 5: 

a) k ;{^) . " c) 7 (^J ^ e) 12 (/^J ' 

b) 9 d) 16 C^^O - f ) 5if2' (5'^) 



10 20 T 30 40 bO" 60 ToTjBO 90 100 
25 ' 75 
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Figure 6 



05 the number line above what point Is mid-way between 0 

•bd 50? (*^)\..- \ • 

What point is mid-way between 50 and 100? 

Whaf numbers could be roxmded off to one multiple of 50? 
^. Would 25 be roxinded off 'to 1 multiple of oO'>(r^^ 

If 75 r wp2?e rounded off Ifo the nearest multiple of _ 50, 
what would be the rounded number? (y^>o) 
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7. p IPO ; 20^1^0 .-400: .500 609^ 7^<^^p00 900 100C)> 
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■ V on this ilfflber l?jie Shai point 1» jAdway Iwtwen^ "d 

rounded off to - 500? A Would, 250^ rounded off to^5po?(y^> 
Bound off r 750 t» .tke nearest ^Imiitlple of * 5d^^^ 

Wiat la: $he patten^.. going t<5 bfe if we round off to the ' 
•nearest Btultiple of.fiveV / ~^^0* 500,' ^jr 500,00<)? m ;riindinf: 
bf r to the nearest, fflult^pie .of 500, ' tl^; imnortant digits in the; 



f olloiflng Inmbers EM clrc 




91, 



500; 126,500 



nearest inuqjtiple<of 

250, 000 (s-^^^P^^J X 
750,000 /^/.d^j^^i 




rdun^led numbers forVtl&ese 

* *■«♦■«. '. .. * 

> ^ ';Round, off these m 
500,-000. r 

a) . •£ 140,000 /"^J 

V ^) .300, cpo r^^)'*?; 
•; c).. 1,600,000 Y''. 

In locating Pj^ts on a" ^ph it would not-be rJ 
SW>hvorderj»d pairs ex^resseti^, ^ct numbers whi^ rihe 
^e^large; it i^^d be.yery difficult to choo»*|^^e in which 
we could Show. 40,000, 50,W and- W^9, 876' on a fSpBer line and 
|hoi«^a*4lffer*nce between the last two nuabers tha^^i could usfe. 
perefore,. in graphing dat^ large numberi we"iatiinate 

^^Bj^ to fit 'the most cori^nient scale. 





Round each of the: 

a) 14 C/o) 

b) 15 M 




go.lie set 2 

» to .the nearest multiple of 10. 
'^^''l 20 ("i ■ e) 199 ' 
d)' 555, isio): : f) 3999 f4s^i,£>3 

fcri.to the nearest multiple of one 




Round each ot t^i 
hundred, 

Round each of ^^^^se^Txnbi^^o the : nearest multiple of one 



e) 



990 ^, 



:;j4j^bauaandl 

a) / 8,p^ ^^^§;?>99 e) 10,050 T/^-'^e) 

b) , 3,716. C'^^^f^ ' 0^-"^"^ 




beret rounded to the nearest multiple 
the nearest multiple of one hvindred 
e nearest multiple of one million. 

c) ],/p98,-76o e) 9, 615,847,100 



h). 585,500 



. d) J50,500,001 f) ' 105,105,105 



, Rotmd 

'3 



ollowlng numbers to the nearest multiple of 



^ve hund^^f^ the nearest iiJKiltlple of five thousand, the 




!ple of five hundred thoiisand.^ 



b) . 864,2^92 



c) 7,048,501 

7^ d^o ^ a 00 J 
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Angwer to tx«rols« h, set 2 





t«n thoa8«nd 


hundred thouMuad 


Billion 




. 55,60Q * 


60,000 


100,000 


' 0 




.585,500 


590, iXX) 


600,000 


1,000,000 


0) 


1*098,760 


1,100/000 


1,100,000 


1,000,000 




30,500,001 


30,500,000" 


30,500,000 


31,000,000 


•) 


9,615,847,100 


9,615,850,000 


9*615,800,000 


9,616,000,000 


t) 


105,105,105 


105,110,.000 


105,100,000 


105,000,600 



2B9 
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6. 



the population. In i960 of aome of the states is given 
below* Their rank, aeeozHiing to population, * Is given for 
1950 and for I960. MBtke a table to show this information^ 
use four coluanst State, i960 Population, i960 Rank, ^ 
1950 Raxdc. List the state with the largest population 
^Irst aiid list the others In order of decreasing population. 







1950 


rank iVj 


i960 


rank 19 




1,302, 161 J 


1950 


rank 38; 


i960 


rank 35 - 


California 


15,717, 204 J 


1950 


rank 2; 


i960 


rank 2 


Connecticut 


2,555,-23'^J 


1950 


ra^ 28; 


i960 


rank 25 


FLwKSa 


^^,951,560] 


;i950 


rank 20; 


i960 


rank 10 


aiwall 


632V772J 


1950 


rank' 46; 


i960 


rank 44 


niixMis 


10,081,158] 


1950 


rank 4; 


-i960 


rank 4 


Ibwa 


2,757,537] 


; 1950 


rank 22; 


i960 


rank 24 


Kentucky 


'3, 038,156] 


; iWo 


rank 19; 


• 1960 


rark 22 


Maine 


969,265] 


1950- 


ru]k 35 


;• i960 


rank 36 


Massaefauaetta 


.5,i'^8,578. 


; 1950 


raiik 9j 


i960 


rank 9 


NLnneaota " 


3,'H3,86l^, 


; 1950 


r|Bk 18; 


i960 


rank 18 


Nlaaourl 


l^,3l9,8l3. 


; 1950 


rizflc li] 


1966 


rank 13 


Kelsraaka 


l,iHl,336. 


; 1S*50 


rank 33; 


* i960 


rank'34 


New Bu^ahlre 


606,921. 


; 1950 


i«nk 453 


i960 


rank%6 


Hew Mexico 


951,023 


; 1950 


rank 40] 


i960 


rank. 37 


New York . 


16,782,30^ 


; 1950 


rark 1] 


; . i960 


raik 1 


North Carolina 


^^,556,155 


\- 1950 


raidc lOj 


; i960 


rank 12 


Ohio 


9> 706,397 


; . ; 1950 


rank' 5j 


; i960 


ramk 5 


Pennaylvanla 


11,319,366 


; 1950 


rank 3j 


; i960 


rank 3 


Tezaa 


9,579,677 


1950 


rank 


; i960' 


rank 6 


-Virginia 


3,966,949 


; 1950 


rank 15. 


; i960 


rank 14 


¥aahlngton 


2,853,214 


; 1950 


rank 23. 


; - i960 


rank 23 




330,066 


r 1950 


rank. 49. 


; i960 


r«nk 49 



0 



Answers to exerolses 6 and 7, Set 2 



State 


i960 . 
^ Pdmilatlon 


*95P 

P»r>1r 


i960 
jcanic 


Population to, the 
nearest multiple 

X. of 500^000 


Hew Ybrk ^ 




• '--i " 




17*000.000 

» # ^ ^ ^^^^^^ 


. California 


15,717>204 ' 


' - 2- 




15*500,000 


^ Pemiaylyabla 


11,519,366 


•■■ ■. 3 ': 




11 J 500, 000 


Illinois c 


5^0,081,158- 


1 




10,000,000 


• Ohio 


. 9,706,397 




5 • 


9,500,000 


Texas - 


9,579i677 ' 


6, 


6 


9,500,000^ 


.Massaclmsetts 


.5,l'^8,578 


9 


9 


5,000,000 


Florida 


' 3,951,560 


■ 20 


10/ 


5,000,000 


Rbrth Carolina 


. 556, 155 


19 


12 . 


500, 000 . 


lUssoitrl 


4,319,813 


11 


13 


500, 600 


Virginia 


3,966,9^^9 


15 


Ik • 


000, 000 . 


Minnesota 


3,^15, 86l^ 


18 


18 


3,500; 000 


Alabtt^a 


3,266,7l^0 


17 


19 


3,500,000 


Kentucky 


3^038,156 


19. ■ 


22 


3,000,000 


Washington 


,2-,853,21^ 


23 


23 


3,000,000 


Iowa 


2,757,537 . 


22 


2k 


— '3,000,000 


Conneotlout 


2,535,23'^• 


28 


25 


2,500,000 


Nebraska 


l,iHl,330. 


33 


' 


1,500,000 


Arizona^ 


1,302,1^1 


38 


35 


1,500,000' 


mm. 


969,265 


35. 


36 


1,000, 00a 


Hew Mexico 


951;()23 


Ho 


37-, 


1,000,000 


Hawaii 


'632.>'772 


■ ^^6 V. 




500, 000 


H^w Bftspshlre 


606,921 


45' 




- 500,000 


Wyoming 


330, 066 


■k9 


k9 


-500,000 
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7. Round to the nearest multiple of 500,000 the population 
given in exercise 6. i . ^ . U ^^ ^cj^ju. > c/ 0 

a) ; WhatTv three states have rounded populations of oner 

. . :half million? ^^L-^^i,^ TL^ 7^. ^4^^ ..c:^^^.^,.,^ .. 

b) -What three states have rounded populations of thtee- 
million? Yi^--^ , >fc*-:*^^ 

* . 

c) Which state Jias a rounded population of 2i million*? 

d) In roxmding to the nearest nnxltlple of 500^000, 

. which states wotild appear to have larger populations 
than shown by the numbers" in exercise > Which 
seem to have smaller populations? 




BRAIKTWISTEia. - -' ^ 



1- . Make a tuble of the population of the' fifty states, 

the final i960 census/figures. Arrange in order of v 

ipbpulatlpn as you did in the i.preceding exercise 6. 

\. ' . V-. 

t - ■•■ ■ . " , ■ ■ 

j^l Obtain data of interest to you. ^Show how it can be placed 

W^ '-' . ' ' . • ■ ' . ■ 

ij,n a table to make it easy to xmderstand. 

"- ■■■■'■..■ ■■■■.■■■.- 
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Objectives ; 



Introduce the Idea that data can be 
^•epresented by ^aph ' 

TO bulld^a foundation ; on lihicb brokei^llne 

bar,- circle, and plctographs can be 
underetopd ' 



Vocabulary: 



Materials: 



Horizontal reference line, 'vertical - . 
reference line . 

Chalkboard, chalk, straightedge, paper, 
pencil, graph paper 



/Suggested Teaching Procedure: 



Follow the Exploration as given In the - 
pupils V book. The pupils will have their books 
open: . 

^ The unit on coordinates serves as a good 
background for thls present woi;k. Mow the 
ordered pair is not two' numbers .but Is, for / 
exan5>le, "hanster and.. -9 votes . " This ordered 
pair can, be plotted on* gwtph^ paper on which one 
axis (oalled ja ref e:fence* line) 'refers, to Pets 
and the other axis to JJumber of Votes . „ . 

_^ if 70u" drtiw Gp: the chalkboard. th% two 
graphs of vote for Class Ptet frcan pupils » "book, - 
you will helpTpT^TLs tmaerpiand^ more clearly 
how you "plot the ordered pairs . ? • Many slxlh- 
graders will have drawn graphs- previously so " 
your Job will not bi aadi^i^iat* one on thi's- 
particTilar data on the Vo^ for cias^ |et.. « 

However, children have difftculty^ in 
deteraining scales .to be us«d Itf making' graphs « 
and they will , need assistance, mi this . ESample 
2 of . the Exploration Jis desl^d t6 give an 
Introduction to it. YOU will need to .carry * * 
this further. The first thing to do is to de- 
^termine the number of units available fb? the 
graph on the graph paper. (TOie flke' of graph ■■■■ 
paper is advised for^- exercises ln:>this uhlt.T': ■ 

Muiy times the scale can be determined by. 
Just looking at , the data to be shown by ^ph. 
If the numbers are large,- there are J^o ways iiln 
which you mi jjit want the children to 'proceed. " 
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One way Is to, divide the largest number of - 
units (spaeiss or lines) available on the 
-graph paper. Itti* quotient will 'indicate the ^ 
nuBbar that each unit «:ls to represent. This ' 
quotient Is .rounded to a higher, convenient 
nuafl>eiy For ttxiuaple. If th^re are 'iS' units 
available on the graph paper-and the largest 
number to ber, graphed Is 8,24o, eafch unit might - 

i^present 5o6.:^.'(8,24o.+' l«^ - 457^^. ) This 

method is useSl if the smallest ntkber to toe • 
graphed Is near zero; that Is > if the numbers 
range front; near zeno to '&,2k0. ' 

A second way" to proceed would' be to oWtaln • 
the dlfferenciS' betweeir'the largest number arid ' 
the smallest fiumber to be represented on. the 
graph. :^ep divide this illfrerence by the num- 
- ber of yx^tB available oh tb* graph^ paper. 
Round this- quotient to a largfer, more Conveni- 
ent number- to find the nuiiiber each :unlt mi^t , 
represent. . "^ graph then woiad HOT stju^ at "^ 
zero but wool d start at thef next representative 
nximbe'r below the lowest number - to be graphed:; > -■ 
For examplfe, suppose the largest number w» need " 

2.9^^ ,.779 and the smallest is ' 
245,684. .i»he difference between these two 
numbers Is 51,095^. Assume we have 3d units ■ 
available on the reference line, so we « 11 divide 
51,095 by 30. This gives us' 1705-5/50." We* 
can let each of the units- rq> resent 2,000 and> 
start our graph at- 242,000. A shorter way to ^ 
determine a sxiitablisf scale Is to round' 293.779 
UP to 295,000 and round 243-, 684 down to 
240,000.v The difference 'is ' 95,000 ijnd we can 
see that with . 30 units, -each xmit could 
represent^- 2, QpO on this gBsph. '.spme children 
jtfill be able>to do-this rotindlng of the numbers 
and cho<^ihij an approximate idale mentally.! 

the graphs, of Vote for Class Pet some 
children may want to connecFpoIn^id^ line- • 
segments. Exercise 5 in tjie next Exploration 
explains why this shojdLd not be done - with , this 
particular- data. The'-^ra^ph whicli precedes 
the population gr^tph in the Mathematical Back-^. ^> 
ground ej^lains the reasons for this, in more 
detail . The only time when line segments may 
be ;drawn Is when each point of the Wjie segment 
would represent an estimate of some ordered 
pair Of numbers that could^be considered 
AS part of the*data. 
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GRAPHS OP DATA 




Exploration ^ 

« . ■ -. • 

In the chapter on Coordinates you learned that you could 
draw a picture of a set of ordered pairs of numbers by 
associating each ordered pair with 4 point of the plane, 
point was called the "'graph" of the ordered pair. The ta"bles>^ 
In Chapter 8 contain examples of oirflered pairs, although both 
meinbers of the pair are not neces'iaar&y numbers. For examp3je. 
In the vote on a class pet, we had the ordered palM (hamster, 
9 votes), (guinea pig, 4 votes), '^te. Th^ we should be able 
to set up some type of -a coordinate system and locate points to 
correspbnd'to our data. These points are called a graph of the 
data. i 

lii graphing data, we usually use only one quadrant -and ^he 
" axes are called reference llneij . It Is not necessary to use 
the same scale pn each reference line. For example, one 
reference line might represent years and the other reference 
line might repreaen^b-^'^^aatlon. Ydur reference line for years 
^might only' have to>lndlcate numbers to a little beyond i960,, 
but:yo\ir reference Ane for population might need tp Indicate 
numbers as high as 2^5^^8So,^. A graph, has a title which 
t^lls what the graph shows. Graph paper Is often used for 



constructing graphs . 



: 776 ' 

275- ' - . 



The-^sults t>f th^vote for a class pet may be shown on^, 

•a grawi. But, instead of number^^, names of the pets would 

be listed on. the vertical llfife. pive evefffy-ipaced points 

on the lln^_.are chosen amd each one labeled with the r^e 

.of one^of the pets.^ it Is easy to^see that \e need- to use 

only 5 spaces because there are Just 5 ' pets. Ift«e 

wanted to have a graph that was "spaced out" more> we 

could have skipped one or two. lines between the names 

the pets. The pets' names would then be evenly spaced but 

would be fartiher apart. The largest vot^for any pet was 
«■ -.^ ^ " • Z . • 

9 ^o we choose 9'' evenly-space<i points on the horizontal 

■ • • • 

reference line and label this line "Number of Votes". ** . 

X.' ^. • • 

cLet '3 suppose that all the children In' the school were 
-voting for A pet. Then one animal might get as many as ' 

•560 vote^? We do not have 560 of the evenly-spaced 
vertical lines. Therefore, we cannot let each line 

• stand for Just one vote. ;we would need to let each line ~ 
4Stand foi? several votes. \ 

If we chose to let each line stand for. 5 votes, then 
we would need 72 lines because there are 72 fives In 
560. Are there 72 vertical lines on your graph paper? 
Probably not! Then let^ let each line represent 25 
vptes> ,for example. We>%rould need 15 lines because 1^^ 
twenty- fives would show ^ ^50 votes and we want to show 
more votes thian that. ./ T 

• ■ ■ >• ■ • 
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a) ^ if we let each line atand for .50 vot*a, how many 

llnea would we need? (,9) \ 

b) If we let eaeh line atand for 10 votea, how many 
lines' would i(e n^ed? {soj 



.Before we can draw a graph, we muat look at the facts we 
want to graph. We will need to decide how to show these 
facts on a graph. Ve nay need to let the llnea on the graph- 
paper stand for more than Just one ^act, as we explained 
above. 

Now locate the points corresponding t^ the vote for 
each pet. Our graph might look like this: 



Graph of 
Vote for Class Pet'^ 



Garter snaked — 






































r 


Hamst er — 






































4 


Lizard : — 








































Turtle-: 














f 


























Guinea- pig 









































-p 



2 3 : h 5- 6 7 8 
Number of Votes 
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3. Could we haT* uMd th* vertical txl« to Bhow the mabn* of 
▼ot««? (Xir graph thm adght look soaething iii» thla.- 



Graph of 
Voto for Class Pot 





9 




8 




7 


Noiibor 


6 




5 


of 


4 


Votos 


3 




2 











Tortl* 



Llsard BUMtor 



pig 



Oartor 
■oak* 



POtB 



rrom tho eraph, tell, 



4. Does this graph tell tim saaA story? 
Which pets received o. vofk,L^ 4 votes j^lr^^S votes 

5. m soae graphs the points are connected hy line segMnts. 
Qiese line se^wnts show approzjjj^tely where other points 
would be if additional data were obtained, m this graph, 
line segMnts would have no aeaning and should not be ^ 
toajm. For ezaaple, there isntt any aniaal halfway between 
gninoa pig and* turtle . 
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LIME 8ECMENT QRAPBS 



.active: 



To develop ^^PIT tinders tandln|; and 
constructlngline segment graphs and to learn 
when It is appoopriate to "represent data with 
this kind of a graph' i 



Vocabulary: Lirfe * segaent graph • ^ . , 

ChallGboard, chalk, straightedge, papdr, pencil,' 
graph paper . ^ f 



Materials: 



Suggested Teaching procedure: ^ 

Follow the ^xploVation as given in ^e 
pupil text. . 'Pupils wlj.1 have their books open. 

Draw on* the dlfisakboard a grapn of the 
pepulation data, while, each pupi^ draws one on 
his paper, ir ij^oul^ be . well to .develop the 
following ideas coriceiii^tog graph construction 
before the pupils '^i^rt^to work: 

1. Retd^tjie data carefvilly. * 

2. Plan before making any marks on ,the paper. 
J Consider, for example, what scales will be 

needed for the griiph, where the title 
shall b^ placed and how much room will it 
take, and how each reference line shall be 
labeled. Be sure that the graphs are not 
^ too small. 
"3. Use manuscript writing. 
^. . TJae a straightedge when drawing lines ,^0 

th€^y will be straight. 
3* Graphs should be constructed so that they 
are "read" from left to right. " 



It is not necessary that the samer scale be 
used for both reference lines. 

In example 1 of the Exploration on Line- 
Se^ent Graphs, a question might arise concern- 
ing the choise of "12 equjmiy spaced dots." 
There would need to be 12 dots so that eleven 
spaces or units could be shown. This would be 
a good time to consider other scales. that also 
mlght.be suitable. 

Child]^ shotild be aware that the scale 
that is us^ affects the" "J:«?ok" of the graph. 
One caii make, a set of data^ilook "good" or "bad" 
depending upon the scale tha^t is chosen. To 
illustrate this, draw two graphs' on the^ chalk- 
boa3^; Data similar to the following could be 
used. ' 
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TABLE 1 





" 8 


1 

9 


1 — : — d| 
'10 








,27 




4 5 6 ■?: ar^ricJ "'t 



john^s Spelling Scores 

i'fe^ i: ' ^ '^^ ^ohoN spelling - Scores 

ea l^oto'^^all^Wj^c^o -1^^^ more ijiqpldly . V 

)^$.^mpffv^ If tihese dots. Were e^iiiiec'tedll- 



makes 

than do<6 . _ ^^^^^.^ ^« 

Ih lin^fi^^ntB^ tte-Z'trehd Would -be easler^tb 
Iwiti^'^lSfi^ier^ approprlat^Vitjh fkL-s" : 

^j^il ^ '^^ the Bxpldratlon beglnnliig on 

-^mS?' Slo.^^Mphaslrts that tfi^ verticalvand^SH--- 
^ontal scales needjnot (and 45f ten sh6uid»not) • • 
Sbegln &p -y O: <M:tlia^^ thel^:vere fol 

i; lowed Ih this exai^l&^he ^d foTtKejgMiph 
would apRear .as shblw oii? thifol lowing -^ge. 



:vere fol-- 
IK^graph • 

with the" fl^t point of the'lraph^atv^v 




V 
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2S0 




. O CD 

^ 2 
4* : o 

iH ^ rd 



16 a 



1.50 



'120- 



30' 
•0- 
70 
• 0< 

',50 
40- 



-f- 



.•V 



100 -|0o^;_BO6 



700 «00'{ 



•00 too 



»i:jioo 

/lOOOV I 

7e«f« 



000 1900 
1100 1400 J«OP 



^So 



V«d0 20 



> 



The graph fia propeiOy drawn lii^the Eacplo- 
ration fihcttifin o#Vthe. pt^lla* ^k-!^ ^ J*equ»tly 
"torn" edjsas az'e used t<»,Hidleate rtftrt only 'a • 



portion t5$r m ^piph^ being com14^^ 



fed 



^19 



1910 



Ezaaplej^ of tlat» SdffipraMon «nq?haslze8 
that'segiwntB nay b<^ uajBrto vonneet' the polnt/i' 
of thft ezaisple b*o«tuie^'a^ point of %he wsr 
aent would jrdprtfsent -an es-cimite of the pofula- ' 
tlon at a glve;i tlM . Exampli 3 ^mai ther pupil' 
to nake soae of ^Mte^^jftPttes ..A ' 

Bserolse s|t 3 d»e|g£he^ obildricin oppo^]v- . 
tuhltles to drtim'Xekpm ron thel? owif." Xt 'Is 
not expected ^hat tULs \linlte4 practice will ' 
develop an exceedj,ngry high degree of skill. . 
The first graph oanset l^'diHtniM a brokenr 
line graph becaua» tne l^roops &b separate 
entitles - there 1» ho , troop halfway between, w 
Troop 1 and Troop 2" or "bnfS'ourth of t^i^ay 
between Tr^op 4 and Ti*66p^.. . Thua theS^aph Is . 
Just the set of points*.' m the nMt section ' 
ohlldreh will learn that, a b^ graphg ould be . ^ 
used to show this data. - • , t ft : 

In exercises 2 and 3 'of- Excise Sej 



tine should be represented on the- horl 
reference line as this, is the custom. 
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Exercise k of Set 
■atralgbt line" graph. 



Is an example of a 



The graph of the Bralntwister In set k 
would look like this : 



"30 
25 
20 



5^ 



C 15 
O 



Weight In 
Ounces 



Note that each line segment ends at a 
whole OTince and begins just to" the. right of a 
whole oTince. This Is 'because letters weighing 
up to and Including one ounce require 5^ 
postage while letters weighing Just. "over" one 
ounce and up to and Including two ounces ^ 
require 10 jf postage/ etc. 



,783 ' 



282 & 



SEffliQrr aRAPHS fjj^'' 

Exploration / * 

• The population of the United States for each ten year period 
dnce 1900 Is shonn In the following : table . ^ The numbers In '';iKh^^ 
Population column have been roxanded to the nearest mlUlbn. ^ 

. . Census Population 
Years In Millions 

V ^ 1900 ' ; ^ 76 

y 1910 '. 92 - • 

* 192*0 ^ 106 / ■ 

.; 1950 \ 123 ' ' 

' : - . ' 19^0 132 • . \ " 

V , . \1950 151 • ^ 

: ^^ i960 • 179 ^ • ' * 

. * Ihe graph of thla data Is? shown following exercise .2 of this 
set of exercises. The horizontal 'reference line Is lisuallir 
used as the reference line for time as measured in hoxirs, 
months,' years, or any time Interval. Since there are seven 
10-year periods reprtsentid, ^e choose 7 equal spaces that 



use most of the horizontal, llne^apgment./ The verticil line 
Is used as the 3%ference IJ^ f ort the population. The 
poilLlatl on difference betw^fc' 1900; and i960 JLs 103 
million. * (The difference between 179* "million and 76 
million.) Ve can let each space on the vertical line 
represent lo' million in population. We choose 12 equally 
^ spaced .do^ on the Vertical line. The bottom dot represents 
- ■ 70 million, the next dot. 80- million, etc. The ordered 
pairs are' graphed. 



2. 



It Is Manlngful in this sxaiipls to connect the points with ' 
line sessents. The Isi^iiegiMnts ^i^^ draim/ fVe.nill call 
this graph a line sejpwnt gitph ;, In>thls case, the points of 
the line seis»ents siv<^ of the population between 



^ census years, por. exaaple^ the population In 19( 



^e 



^o^llllll 

, point on th(t horizontal axis which 



be 



estlaated. Find 
represents 1905* There Is a vertical line at this point, 
This vertical line Intersects the line segment graph. 
Follow a horlsontal line from this point of Intersection to 
the vertical *azls on which the population numbers are. shown 
and' estimate the numbenrs on this axis as carefully as you can« 
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' population in ^ 

1955- ^. Ccul* you estliiate the population ; In isfetTx^^. 3^ 



;4. Why could we'draw a line segment graph for - the populitlon 
data. but not for the data ahowlng the vote on the class- 
pet? (^-uj^^ .^.^Z^^y^^^^^^ 

, ^w/^t .■ a »w>^ .J * • : " 



1 



A line segBant graph c«[n tie drawn only when points of 



the graph between the endpolnts 



of. each line segment Represent 



an eatlaate of some ordered ,pal/r of numbers that could be 
considered pdirt of. the data, Wse we had taken the population 
count every year Instead of "eVery* ten years.' Then we could 
have plotted more points . Our line segment. Is Just a guess 
at where these "points . would be located. Thus, you should not. 
use a broken-llne .graph when you have objects like hamster and 

t^tle represented by points on one of .the reference lines. ' 
A type of graph that could be used to show the vote on the 
hamster and the turtle. Is a bar graph which will be discussed^ 
In the next section. 
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/ Suppose you are preparing to graph the 'pairs In the 
colunms (a) arid (b) that are shown below. Suppose that 
you have horizontal and vertical reference lines as shown In^ 
the drawing. There is space for the title and numbering of ' 
the refewnce lines. ^There are 15 spaces on the horizontal 
refel^nce line and 11 spaces on the vertical refiirenoe line; 



TITLE 





(a) 






Si 


88 


1790 


7,400iOOO 


12, 


99 • 


1800 


9,600,00Q 


18, 


110 


1810 


11,800,000 


24, 


121 


1820 


.14,000,000 


50, 


15? 




•16,200,000 




c 


787 


256 



Ibis pairt 18 about coliuon (a). Label the firnt ntmibera 
of the pairs oh the horizontal reference line. Begin 
numbering the vertical scale at 65- and^ the horizontal 
scale at 0 starting at the point v; Pill the bl 



a) Choose ^ 2 J horizontal spaces to repres^it 1 >. and 

vertical spaces to represent 1. 

b) The farthest labeled 'point to the right on the 

. horizontal scale Is labeled C5^3 / It^ Is 0^-) 
spaces from V. 

■ . .. 

c) The highest labeled point on the vertical axis is 
labeled with (/9-s-J . it Is '"gpaces^. from V. 

This part is' about coliann (b): Label the first numbers 
of the pa^rs;,on th6 horizontal reference line. Begin 



raunbering t^*vertldal scale^at 72 and the horizontal 
scale at I790i startj.ng at^the point V, 



< $) Choosy (3) horizontal spaces to represent 10 

i and'.three vertical spalces to represent (^V^^^^ 

^» '•...' ■.■< ■ • • ~ 

,'e) Th? firiShest lalieled' point to the right on the 



horizontal scale is .labeled C/P^) . it is (7^). 
spaces Trom V. ^ : 



The highest, labeled point on the ver€l^al axis is 
labelt^- (/^^) . It Is . i-'O' apa(^B firom v.- ■ 
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Oh a vertical reference line you. have to inclT^e numbers 
between 265 and .530. You have, 3.1 •points that you 
may/nuinter^ ^There are 30 spaces. ' . - 

What nufflber »(ould you- let each apace reprtsent?;^^:'{^^ 

HOW would you number the first point and the^last point? 



3 . on a horlzcmtal^ -r^^^ une you have to. Include ' . ' 

;: numbers from . 185^ to 4250- . Ybu have , 12 •spaces:on 
>^he -refiffrence: line. ■ ' * ' , 

> What would you let each space represent? ) ■ 

■■ ..,1 ■ : ■ ■ ■■■■■ ■• . ■ '.- , •■ 

' What .numbers would you use to label the^ first and last ' ' 
/ points? {..ISSZ>' <^ ■ , . ■- • ^ 
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Exercise Set 3 

The boxes of mint cookies sold by the Qlrl jScout troops 

were: Troop 1, ' 48 boxes; Troop 2, 34 boxes; 

Troop 3, 72 boxes/ Troop 4, 25 boxes; Troop 5, 

75 boxes; Troop 6, 51 boxes; Troop 7, 132 boxes; ^ 

Troop 8, 82 boxes. May^a line segment graph be used? (PC), 

Anna weighed ' 6 pounds at birth, 12 pounds at -6 months, 
19 pounds at 12 months, 28 pounds at l8 months, and 
.3^ pounds at 24 months. 

Show her. rate of growth using a line segment graph. (^Xu.rc,) 

a) . Does the graph you made show- Anna's growth to be the 
' • same f of each six month period? (^) * 

b) IXirlng which period Is her gain in weljjht the greatest? 

Max -Q. Farmer raised 'a calf. At, the end of a two-year 
•period he had recorded the following information: 
Weight at birth: . ^ 70 pounds 

Weight at ige 6 months: 4oo pounds 
Weight at age 12 months r 6oo pounds 
. Weight at age l8 .mohthus: 1100 pounds 
Weight at age 24 months: l4oo pounds 
Graph these facts using a line segment graph. 

a) , During- whic^ pc^riod in the calf 's life was the 

greitest gain in weight shown?/^Ei2:5^ /x^ ^ z/-^^..-*^} ' 

b) Hc^w-does the gain in weight of the first, six months 
emd the last six months corKp^j^'>(s^f*^^^*'^^ 

-c)'* How are the two graphs in exercises 2 and 3 similar? ' 

• 790 
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Choline costB 50^ a gallon. "^^Complete tha tobla: 



Qallona 



Price 



3C^ 



6(y 



7 



8. 



10 



Draw a line aagment |ppaph to show thla Infoiinat^sSn* 




J 



HRAINTWISTER 




Tha^cosi of nallJ^^/'a^flrst^^ 5 cants If . 

• tha weight of the le^er .iji one otince ;or less . The cost Is^ i 
Increased^ by 5 afots for each additional ounce or fractional - 
part of an piin^. For ^xajnple. It would * cost 10 cants to 
nail a lettar-^elghlrig^ 1^" oiaictfs and It would also cost ID cents 
to mall, a l^ter weighing 2 ounces. It would cost n* 15 cents 
to'mall ar'lettei? weighing 2i ounces. 

. / \ • ^ 

Draw graph showing the jpostal rate* for first-clasp letters up 
to ^5 ounces. 

Itead from your graph the coat of aaiilng a letter weighing 4^ 



/i 
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To develop the ability to Interpret and 
construct -graphs and, to know when 
^ It Is appropriate to represent data 
with this Idnd of a graph 



ary: Bar graph 



Chalkboard, chalk,, straightedge, pencil, 
ipaper, graph paper 



Suggested Teaching Procedure: 



Follow the' Exploration as given In the 
ptrpll .text. Pupils will have /their books 
open. ' • . 

Msny slxth-grtfde pupils .will alreiidy 
have seen and perhaps used thls^ type of 
graphs Exercise Set 4 gives- oppor^inl ties 
to construct and Interpret bar graphs. 

Note that bhe points are shown on the 
bar graphs. This Is done to emphasize the 
fact that the points are really the graph 
of the data and the "bars" Just aiake It 
easier for \is to "see" the £p?aph. 
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.BAR GRAPES 



Exploration 



In the last section we found that the results of the 
election for a class pet could hot be shown on a broken-llne 
graph. The entire graph Is Just the five points, and It' Is not 
possible to get az^ additional points. However, the five dots 
are difficult to see^ so we can draw bars from the reference 
line Tat the pets to the points like this: 



J 



Garter snake 
Hamster * 
% Lizard 
^ Turtle 

Guinea pig 



Bar Graph 
vote for Class Pet 



umumTHL 



. r7777T7Tn7T77Tn7TT77 



TZZL 



7777 



mz 



n7 



TizLuiiminzL 



zzzzzzz 



zzz 



rzZZ 



ZZZ 



ZZZi 



2. 3'4_5 6 7 
Number of Votes/- 



8 



ZZZj> 



This - type of graph is called a 1>ar graph , is a bar graph 
easier to read than just's graph of an isolated set of points? 

^ t)tr graph is used to conpare things, such as the vote 
for each pet. ^ 

The bars should be the same width. The spaces between 
the bars should be the ^ame width, l^ut not necessarily the 
Sam as the width of the bars. 
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Tbm bm on a bar graph say b« rtr*leal rather " 
herla^tai' To sake .thli type of graph for the vote for a 
elaaa pet, place the zuuiea of the pets alo6g the horlaontal 
nlfeBence iine. Wit? Bie graph Might look like thfe: 



Number 
• o f . 
.Votes 



9 
8 

7 
5 

4-- 

3 
2 

— v * 

1 



. B^r .Graph 
Of 

Vote for Class Pet 



s 




s 





























0) 

c 

GQ 

u 

0) 
OS 



u 

OQ 



OS 



0) 



a> 
c 

O 



Pets 



796 

235 
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Bcerolse S^t 4 



!• A table of newspaper sales Is given below. Mftke^a bar ' 
graph Showing the total papers sold by Oeorge; Barry^ Jim, 
and John for one' week* 



TABLE 3 

Newspaper Sales for One Week, 



-Monday 


Tuesday 


Wednesday 


Thursday; 


Friday 


Saturday 


Sunday 


George 


3 


10 


18 


30 • 


52 ■ 


70 


98 ( 


Hapry 


28 


. 29 




30 


32 


60 


75 ' ( 


Jlm- 


15 • 


21 


^7 


47 


^7 


50 


54 ; 


John 


36 


38 ' 


38 


40 - 


42 




- 4? ; 



2*. Ittke' a bar grapb^ shpwlng the number of papers sold by 
George. Airing each day of ^ the week . (^mr ym^JL \ jt^ T^C 3 • 



3. ' Nftke a bar graph showing the number oC papers sbld by 
ea^eh boy on Saturday. -♦^--^^ J ^ 



r 
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Exercise Set ^, nuaber 1 

* 

NEWSPAPER SALES OP POUR BOYS 



.00 

>> 
o 

1 

2: ' 



John 



JUn 



Harry 



George 




0., 30 60 90 120 150 l80 210 2^0 270 300 
Nxanber of Papers - - 



Exercise* Set ^, number 2 



^100 



2 

o 
p. 

-ctf 

U 

u 
o 



75 



50 



25 



OBORaE'S' NEtfSPAP£R SAI£S 



JUL 



Mon** Tues. Wed. Thxirs. Prl. 

^ Days of the Week 



' Sat. . Sim. 



ERIC 



The following JlMz^can 8kl-J\nq>lxig reedrda have been ibtde * 

. Qrmph this' jtnfomatlon, using it bar graph. C^^yt^-*^ ^^'^ 

■ _ . . _ * 

1887 ^Mlkkel Heanestvedt 37 feet 

1905 Julliw Kulatad 97 feet . • 

19iO . Osoar (kuciderson 138 feet 

1915 Ragnar Omtvedt > 192. feet 

1920 Lars Baugen 214 feet 

1952 aienn Armstrong . 224 feet 

1940 Torger Tokle . ^ 228 feet 

,^1950r Airt Devlin 307 feet 

1951 . Aiisten^jSainuelstuen - ' 316 feet 

13ie i*eopr(l of 316 feet is the pz*esent Aaerlcan reoord 
and still stands. Longer jiuqps have been made inp Earope. 



3* ;^ Draw a bar grfti^ to show the sale of boxes of mint 

. cookies by these Olrl Scout troops, i^wry,^^ ^^TC?^ 

■ ' * . 

Troop i - 48 boxes -Troop 5 - 75 boxes 

^ T3?oojp 2 -34 boxes ^Troop 6 - 51 boxes 

Troop 3-72 boxes \ \ Troop 7 - 132 boxes 

Tlw>p 4 - 25 boxes ' Troop 8 - 82 boxes^ 



koBwmr to Bcerclee^Set 4, number 3 

MWSPAPER, SALES ON SATDHDAY 

75 



m 
u 
,o 
o. 

CO 

u 
o 

CO 

u 

a ■ 



.50 



25 




• . ^ George^ ^ Harry vjim 
/ . Boyts Names 

Answer to Exercise Set 4, number 4 ^ 



42 



o 

§ 

a 



340- 

aoo- 

260- 

220- 
180- 
■140- 
100- 
60- 
20- 



SKI JUMPS 



1— — 




28o 





■ N 


-240 









200 




















160 






















120 
























80 


























1 


40 






















0 











o 
as 



H 
ON 
rH 



ON 
H 



CVI 
ON 



CO 
OS 



ON' 



Year of Record 



LT 
O 



Ansmr to Ssiiroi^a Smt 4. xmabw 5 

coon? 5AIES 




Answer to Ex^^clse Sot 4, matbor 6 

. HEEICmS OP BOILDINaS 



1500 



o 





■■ .v. 



ire Eiffel, wasMjogtori ; pyramKl Leaning 
,te Tower MonTjnent Cheops ^ Tower' 



\/ ^ ^ 801 : 

' -300 : 



EKLC 



Th« Bi5>lr« State Building in New York City Is the' world* » 
t«lle«t 'building. Its height 18 - 1,472 feet. The 
hel^ta of some other- structures are: Eiffel Tower, " 
984 feet; ■ Washington Monument, 555 feet; • Pyramid of 
Cheops, kSo fe^t; leaning Tower of Pisa, 179. feet. 
Draw a bar graph to Illustrate this data. ( ^J^y^J^^XC) 



,The ages of the Presidents at the time they took office 
wei^e: waihlngtbn, 57; . J. Adams, 61 ; Jefferson, 57; 
Madison, 57; Monroe, 58; J. Q. Adams," 57; Jackson, 6I; 
Van Biren, $4; w. H. Barrlson> 68; • Tyler, 51 ; Polk, 49; 
Taylor, 64;- Plllmore,' 60; Pierce, 48; Buchanan, 65 ; r^. 
Llx»oln, ^2; JohMon, 56; Grant, , 46; - Hayes, 54; 
Oarfleld, 49; ^^Inir, 50; Cleveland, 47;' B. Harrison, 55; 
Cleveland, 55; McKlnley, 54^ t. Rooseveit, 42; Taft, 51; 
.Wilson,^ 56; Harding, 55; Coolldge, 51; HooVer, 54; p. d. 
Roosevelt, 51; Truman, 6p; Eisenhower, 62; Kennedy, ' 

Make a bar graph to show this data. 
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CZRCLB CERAPHS 



Objeetiv^: To show how a circle graph la uaed 

t - . . . 

To develop a way of making simple circle 

graphs 

Materials: Chalky chalkboard^ straightedge^ pencil, 

paper, protractor (for desk and a chalkboard 
demonstration), compasses (student compass 
and demonstration co]q)ass) 

Vocabiilary: (Review-words such as circle, diameter, 
circular region^ vertex^ right angle, 
\ protractor, compass)^ circle graph. 

Suggested Teaching Procedure: 

The first part of the Eacpl oration Is 
essentially a review section but Is liqportant 
as a basis for the Ideas^used In thf ^cplora- 
tlon. It Is suggested that the* teacher and - 
the pupils work throujgh the Exploration step, 
bjr step keeping the books open. For the 
^grei^st benefit from this step by step ap- 
" proach, the pupils should "work out" the 
answers to the questions and perform tl^ 
directed activities at their Individual desks 
as the teacher follows the Exploration using 
the chalkbpar^ar. The teacher would save time 
and avoid delay If the diagram outlines could 
be made before the class period begins. 
During the class period, the shaded areas 
could be filled In and other Inforinatlon . 
could be added. 

It Is also suggested that the- teacher 
demonstrate a construction wherever the need ' 
'arises. UsuiaLlly the pupil text will be In 
sufficient detail to enable the pupil to make 
the construction. 

To find the measure o^ an angle when we 
kpoW' the fractional part of a circle, we 
multiply the" rational number by ^360. This 
type of prqcedure begins at question 8 of 
the Exploriitlon and Is followed* through 
nuinber 11 . v 
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In question 12/ the purpose of the . 
checking In parts, a, b, -and c. Is simply to 
re-establish .the fact that the a^m of the 
fractional parts of the whole is 1; that 
the Bvm of the earnings of all boys Is the 
total sum;, and that the sum of the measures 
of all the angles Is 360. 

After the Exploration has been thor-^ 
ou^y studied by the pupils^ the Exercise Set 
will provide practice which should be suc- 
cessfully handled by the pupils, with the 
^ exception of a few. These exercises shotild 
be done on an IndlvldueQ basis by. each pupil. 
After ,the circle graphs of this Exercise Set 
are completed, the pupil's ^could compare their 
"work with each other, dlicuss the comnon 
problems In class, and makp a display graph 
for each exercise. - 



After the completloi/of * this section 
tjirf pupils would enjoy paging through their 
textbooks and discussing any circle graphs 
whlch^they find. The dally papers, financial 
statements of large companies, and magazines 
very often have Information displayed by 
circle graphs. Urge the children to be alert 
for such examples and bring them to class.. 
It aids Interest and encourages the child to 
mak^use of the new knowledge Just acquired. 




CIRCLE (JRAPHS 



1. 



Exploration' 



Wiat lis a circle? f^^!- xj^^^^/w^ -Za 



2. What 18 a diameter? (a:JLU 




r^^Jtr ^M* <U^xJ^ , ^ 

is/ C 



Into how jnany half-circular' regions/ does a diameter divide 
a circle asid Its Interior?/-^) 



fl the center of the circle C, 



Draw a circle using your coi^aw. Draw a diameter of this 
circle /IS in the plctt^e 

■ ■ • . ■ • ' 

Use your protractor to drai 

'■■!'■ 

another diameter. Draw l 
so that the angle betweeii the 
diameters is a 9q^ ang:/e. 
How many right angled are . 

the ^measure, 
in degrees, of a right angle^f^^^) 




formed?^^''what is 



Can-^you find four 



whose vertices 



.tie' 



t' angles 

C? (y^^ 




6. Shade one of the regiohs as in the picture. Is this 

■ >tfBaded region one-foixrt^ of the circular region?(>^3 

■ Suppose an angle of \ne.Vegree sLs drawn in the shaded region 

with its vertex at the\ center of the circle 1 This angle 

makes in the s]|^gd/region a reg/on shaped like a very small 

piece of pie. There are V 90 of these small pie-shaped 

- \ • 

rej^ons In the entire shaded region. Why?/-^-*----^ /-. 
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7. How mah7 o'l these -small pie-shaped regions would there be In 



J 



the whole ^lxwil» region? in half a clrctilar region? W 
In one-elriith of a circular region? 



We can think, then of a circular region separated Into 
360 reglofiiB, each shaped like a small piece of pie. 



8. What would be t^ej^sui^. In degrees, of an angle which 
forms: a) ^ of a clMiilar reglon?^^^"^ b) ^ of a 
. circular reglon?^^^^^c) . ^ of a circular region? 0^ \ 




9. How would you find how maiOT-of these small pie-shaped regions 
there would be In any^frifctlphal^ part of a clrciaar region^ 



10. Three, boys, Dave, Peter, and Ron, planned to go on a camping 
trip. They decided to work and earn^leis much money as 
possible. Then they would put all the money together. Dave, 
earned $4, Peter earned $6, and Ron earned, $8. This 
nade a total of |l8. 

a) What part of thft/^ $18 did Dave earn? 

b) What part of .the fl8 did Peter .earn? f;^] 

c) What part of ther^lS did -Ron earn? 

Dave earned ^ or ^ -of the total money, Peter earned 

1 8 li ■• 

or J ^of the money, and Ron earned" ^ or ^ of the money . 



^05 



ll. Suppose the boys Wishe/ 'to show by a circle graph what part 
of the $18 each gav>. Bdw could they do It? They would 
probably follow* thejfe^stes^s : . 

' ' 

a) with the con^^s, draw a. circle of a convenient size. 
We Will sh^w each boy«s share of the earnings by a 
"piece of pie. ^ The entire "pie"* represwits the total 
eamic^V 



b) To 'show Dave* 8 earnings 



c) 



we can iBurtlply by 360, 
/since there are 560 
pie-shaped regions in a 



cil^ular region^ 



(fx 360; 



720 
"5" 



80) 




With your protractor 
draw an angle of 80^ 
with vertex at the 
center of the circle. You . 
have divided the whole pie into two regions. . Which 
region represents Dave^s earnings? 



(T^ show Petards eaminga we multiply j by 360. 
^ X 3^ ^ 120. With a protractor measure an angle of 120^. 
Ifae iangle should have a ray common with the previous angle.) 



• V 
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l?. Ron«s earnings should be represented by the remaining piece 
of pie. Angle ACD' Is an angle at the center of the circle 
'equal to ^ of 360^ or l6o^. Is It? (y^) 



.Let us do a little checking: 

a) How muph Is' the sua: . , | + 5 ^ ^ ? i^S. - /j 

b) How much 1^8 the aim of $^^.00 and $6.00 emd $8.00 ? 

c) .'^How much Is the sum of 8o^ and JL20^ and l6o^ ^ 



.The sum of the fractional parts of ^^^hes circle should equal 1 



The aaovmt of. money given by the boys should equal JlS.oo. 

The sum of' the measures. of ail the angles; should equals 360. 



13. Does our circle graph show that these three statements 
N a), b), and o) In exercise 12 are correct? (^^J 



0 i 
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gcerelse Set 5 

There are 30 jniffLln iVthe sixth grade at Lincoln School. 
There are l4 of these pupils that live less tjhan one mile 
,from school, 10 that live more than one mile and less 
than two mlle8> and 6 that live more than two miles. 

Represent these data on a circle graph. 




Mary gets an allowance^of one dollar a week, r^r^he spends 
50/1 each week f Of entertainment (tSuch as i^ietf^l- She 
^avea 2Q^/ in her savings bank each week and^^gives lOj^ 

to the chcirch. She spends 20fl each weekr 2^^JBchool 

. , •^ . • ■ ■ \^ • ■ ■ ■ " '^r^ ■ 

stipplies. 

Draw a cdrcle graph which shows- the percent of her 
allowance that Mary Uses far each purpose. 
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AREA OF COMTIliENTS AS PER CENT OF WORLD LAND AREA 

a) Europe and Asia aomblntd ^^ake up what per cent of the 
world laiWl area? f^A^/ 

b) Is the eofld)lned area/ of North and South ibnerlea as 
great aa that of Aflfla? (>^J * 

o) IB thft land area oC North America, more or leas than 
of the world land area? (A^^ZU. l-J-*^ 

, * ■ • 

d) Should the measure of Angle which determines the 
j^glon representlnis Asians area be more or less .than 

120? f?*-^ ^^^)^ \ 

- . • . * 810 ^ 
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Objective: TO shols^oif to Interpret and sake a plctogriph 

To show some xises for pletographs 

To develpp an awareness that Inforxaatlon nay be 
Inacctymtely portrayed by qeans of a 
plctograph 

Materials: Chalk, phalkbbard, stralghtedgJ, pencil, paper 
Vocabulary: Plctograph ^ ' 

Suggested Teaching Procedure: ^ 

The pupil text is quite sufficient In thia' 
section. However, s<>Bie Ideas nay have to be 
"pushed" in order to receive the enphasls neces- 
sary to point out these ideas: 

1. Pletographs use appropriate symbola or plc- 
t\ires which nay represent a definite 
quantity; that is, each symbol is. the same 
shape and size. . V 

The symbols may be the same shape but vary 
in size to give the desired effect. 
When only a part of a symbol is used, such as 
1/5 of \a telephone to represent l/GOOi 000 
fbonw, the children should realize that 
estimation pliljs a great part in the in- 
terpretation iOr the graph; 
The plctograph may be used to give a 
picture not^ entirely ta^ue as is the case 
in the graph showing the heights of Bill 
and John. 

The skill of rounding off numbers is used' 
in order to make for ease in choosing a ^ 
scale. '^r 
Some pletographs use a variety, of symbols; 
other pletographs use the pictures them- ' 
selves . ■ - 



2, 
3. 



5. 
6. 



^.the Braintwister at the end of this 
section, only the western states named were 
chosen so that the exelrcise would not be too 
difficult.. If the area of the state is drawn in 
proportion to the total population of *that state 
California would have the largest area of the 
western states. Texas would not be the largest; 
Nevada and lifyomlng would be very small. ^ 



V. 
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' ' Exploration ' 

/ ■ * - ■ > . 

John was 6o -Inches tall and Bill was 50 inches tall. 
John decided to draw a bar graph to impress BLi;! with how much 
tallerlie was. The '^ph looked like this: 

Heights of Tv;o Boys ' . 





60. 




. '50 


Height 


40 


m 


30 


Inches 


20 




10 




0 











i 
0 




1 
















Bill 


John 



( 



Boys 



John decided this graph* wouldn't impress Bill very much so .he 
d^ided to draw pictures of himself and Bill to replace the>jfciat*s 
Now the. graph looked like this : 

Heights of Tvjp Boys 





^ 60 




50 




^ ho 


Height 




In 


30 


Inches- 


20 




10 




0 




Bill John 
■ ■ Boys * 
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Does the g^ph 'make the dlfSrerenoe In* heights seem greater 
thw^ It 'actually l8?^Wiy? -6^ ^ ^-"^- >':>-r' .^-U^^^^i^ 



WHen a graph shows pictures of the objects represented 
by. the data^ as In the last example. It Is called a 
plctograph. Some plctographs may give ah unfair picture of 
the data being presented. Por example, the plctograph of the 
heights of Bill and John shows John is not only taller; but 
is also larrgerl Th^ 1b, his shoulders are wider, his head ^ 
Is larger, and so on. . ■ .... ^ 



In 1951* the nxmber of telephones In use In the united 
States was 66,6^3,000 and in Europe tM number was 
37#59?*0O0. Round these figures offrts^|Bie nearest million 



and draw a bar graph. Then draw a plctbj^ph by drawing two 
telephones, each one as tall as. the length of the corresponding 
bar of the bar graph. Does this plctograph* represent a fair . 
picture of the data? 

Another way of drawing a plctograph of the nximber of 
telephones in various^ parts of the world would be to draw 
one telephone for each >, 000, 000 telephones.' Africa, with 

about 2, 000, 000 ^telephones would have^to be represented by 

■ ■ ■ 2 

a picture of j of a telephone. This plctograph is shown 
on the following sheet. Do you get a^ better understanding 
of the telephones in the United states and Europe from the 
plctograph of exercise 2 or exercise 5? ( 3 ^ 
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' Worl'd Telephofte .Statistics 

A^^' • ^Total Number 

of Telephones 

North toerica 71, 803, 700 

Central Anerlca 910,800 * " 

South America . . ... . . 2,999, 600 

Europe ........... 37,595,900. 

Africa ... . . : ..... 1,768,600 . 

Asia . . . . \ . ...... 6,855,500 

pceania . . . 2,867,900 

Round these numbers to the nearest one million, if we draw 
one plctuz^e for each 3 million telephones, how many pictures of 
tel^hotfes will we draw for each coiintry? 



GEOGRAPHICAL 
•ARZAS 

North 
America 

Central 
America 

\ South 
' America 

, Europe 
, Africa . 
. Asia ^ . 

Oceania 



:roi'-lBER . OF TELEPHONES 
IN THE UORLD 
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' ' - ' . ' MILLIONS > ■ 

(Each symbol represents 3 , bOO, 000 telephones . ) 
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5- A plctograph for Problem 6 of Exercise set 5 on the height of 
the 'Empire St*t^-Bttii<Jlng«and other structures Is sffown ibelbw; 



iffilht •; ; » 

in feet 
1500 



1000 



500 



COMPARISON OP I^GHTS 
. . ; OP jSTSUCTURES 






ini 



r 



Pyramid of 

Cheops' 
(480 feet) 

Leaning Tower Washington 
of Pisa . • Monument 
(179 feet) (555 feet) 

Structures 



Eiffel 
Tower 
(984 feet) 



Empire, State 
' Building 
(U72 feet) 



Do you like the pictograjii better than the bar graph? 
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Exercise Set 6 ^ 

1. On Major Caeeldy's Dude Ranch there are 22 horses, l8 
milk cows, 4 dogs, and 12 cowboys. Let us choose a 
symbol to represent horses, another to represent cows, and 
still other symbols for dogs and cowboys. The following 
symbols will be used: 



A star represents horses 



A set of homs represents cows 
A dog collar^ represents dogs 
A stick-man represents cowboys ^ 



mke a plctograph of this data. J,et each symbol represent 
a group of 4 . ' \ 

;uUu^: ^ ^ ^ ■ ^- 





Draw a plctograph. j^o compare the popvtlaLtlon of., the united 
States In, 1900, 1930, and. i960. The 1900 popvilation 
was V 76' niilllon, the -1950 jpopulatlon waa 123 million, 
and .the i960 population waa .179. million, ( f^^t^.tr^'^^'^^ 



3* the highest altitude In each of these states is given. . 
Round off each of the nuinbers to the nearest multiple of 
100, then draw a bar graph. Put the liaiaes of the states 



the horizontal reference 


.C^-' yt^ , * 


^ T.C. ) 


Alaska 


20,320 


feet 


{20, doa) 


Arizona 


12,670 


feet 


ill 700) 






feet 




Hawaii 


13,796 


feet 




Maine. 


5,268 


feet 




'Massachusetts 




^eet 




New York- ' 




feet 




Tennessee 


6,642 


feet 




Washington 


ll^,no 


feet 




V^sconsln 


1,9^^1 


feet 





HRADiTOISTER — , v 

^slng the i960 census flgares, draw a rough map of western 
Uhlted States. Let the size of each state depeild upon Its 
population. That" Is, the states which have ^ the largest 
population shoxild be drawn larger than states which have smaller 

populations, use Washington, California, Oregon, Hontana, . Idaho j 

4. " ■ ■ , 

Nevada, Wyoming, Arizona, New Mexico, Texas, and Colorado. 
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Answer to Exercise Set 6, nuniber 3 
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NBASORES 09 CENTRAL TEMSSNC? 

Objective.: To develop tbe idea that description or data nay 
\p9 briefly done by uee of an average 

To teach the. pupils that there are three averages: 
u^lthnetlc mean, nedlan, and node 

To Show that In sons cases one type of average 
gives a better description than another 

Materials: CSialkboard, chalky pencil, pajp^er 

Vocabulary: Average, arithmetic mean, median, node 

Suggested Teaching Procedure: « 

Point out to the pupils that there are three 
t^s of averages. The first type known as "arith- 
metic me<n" is simply found 1^ dividing the total 
sum by the number of entries. CMldren have been 
finding; this, average in various cases^before. It 
should be remembered that this type of average is 
not -always tibe fairest. The average chosen to de<-^ 
describe tte data must describe it most accurately. 

The advantages and disadyantages of using the < 
median and mode should be emphasised. Qo^stions ... 
l->c through 1-j of the Escploratlon are written .with 
thXB in mind as^ well as to d#velop the concepts of 
isedlsn and mode. 

In the ^jscond part of the 2xplori(tloii the 
purpose iff two- fold: 

1., To give practice in computing the dHthmetlc 
. mean and median, and in determining the mode. 
2. To compare these measotres with respect to ^ 
V one another. ^ 

The pupil text carries out these two purposes 
very well. Wherever likenesses Sr /differences 
occur among the three avlsrages^ they should be 
pointed out. 

The nppils will probably need J^lp in- under- 
standing t^t more than one mode may occur or if 
several items occur only once each, there Isn^t 
a mode, established. 

In computing the median whm jm even nuadser 
of entries occ\ir the teacher .may have to re- 
«cplaln using a different set of numbers. Most 
of the pupils, however, will be able to ccmprer 
hend' from the explanation contained in the pupil's . 
text. 

The exercises are designed to point up the 
values and shortcconings of the three types of 
averages. The answen to these exercises will con- 
tain helpful hinted ana suggestions along this line. , 
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MEASURES OP- CENTRAL TENDDICY ' ' 

^ . ■ Bcploi^^n . 

Once the- data have been oTgai^sed^ the next problem Is to try 
to find a number which will r<le?c!rll)e the data and help us 
understand It. A number which tells us something about how near 
the number pairs are to some central number pair Is called a measure 
of central tendency, or an average. There are several different, 
types of averages. 

1. , Here are the scores of Bli;, John, and Mike, on five tests: 





Test 1 


Test 2 


Test 5 


Test k 


Test -5 


John 


80 


75 


80 


100 


80 


Bill 


i»0 


80 


60 


-80 


80 


Mike 


25 


. 80 


30 " 


- 81 


■ 82* 



a) Fbr each boy, ar3?ange the scores from smallest to' 

^ - f )JU 7^ iV> ff^ ffo V 

largest ./ ^ ic v <5 | 

\ -TnJuC ss- 30 ^^ 2/ j 

b) How would you find. the "average" of John's scores? 

. Probably you found the "average" by adding' the scores 
together and dividing- by the number of scores, like this: 

85 



75 + 80 + 80 + 80 + 100 

5 ' 



Are many of the scores In the table "nekr" 83? The scores of 
'75, 80, 81, 82 are not far from 83. This type of average Is 
called the arithmetic mean . The word "arithmetic" In "arithmetic 
mean:" is not ' pronounced the way you^ually^ronounce the word. 
Look In the dictionary for the correct pronunciation. The 
arithmetic mean Is an average computed by using arithmetic 
(addition and division are used). 'Thus you should be able to > 
remember the name of this average. , * 

- . ■ 820 V . 



Plnd the jarlthfcetlc man of filll«8 8coreir%and of Mlkeis 

There may be s^e other "average" that woTild make 
Blll«8 grades look better. • V 

The number that occurs most frequently In a set of 
numbers Is another type of -average called the mode. 
We think of the ooat popular type of drees or hat ae^ 
this year's «>de or fttylej hence, the choice of the 
word^ode. If no lt«n. occur? more than once, 4Aere Is 
no mode. 

What is the node of Bill's scores?^ is It better* than 
the arlthnetlc meim of his scores? 



What is the oode of John's scoresT^-'ls It better than 
^e arithmetic mean of l^s scores? 

There la still a third type of averajge that might be 
useful In comparing the scores. 

When the numbers of a set, are arranged In order 
of Increasing or decreasing slse, the median Is the 
number that is In the middle. There are Just, as many 
numbers below the median as above. The word "median" 
means "middle." By associating these two words you 
Should be able to remember that the median score Is 
the middle score. 

What Is the median of Mike »8 scores?^^^is it better than 
the arithmetic mean of hlSr scores?'C^^3 
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1) Nidcft a t«^<ft and llfft th* arithawtio. nean. 



3) 



Blll« and Kllca. 

•Vhloh type of average seems to be tl 



Jmkn' 






fc 


B.il 








M.ktt 




u 





tie fairest fbr 
describing the various sets of test scores? { ^ H // i»f'2S!Ly*>^^) 



2. In example A of the Exploration on^ Organizing Data near the 
first p9Lg» of this chapter you were asked to make a table 
showing thct nioiber of boxes of cookies sold b;^ eight ai!rl . 
Scout troops. Tour table probably looked ll^e this: 

. r ^ TABLE 4 I 

Cookie Sales 
'by 

Qlrl Scout Troops . 



Troop.i 


Hint 


Chocolate 


vanilla 


1 


48 




i ' 


2 


54 


27 


^ ■ 50 


5 


72 


51 


' 4o: 




25 


1*^ 


12 


5 


75 


59 


51 


6 


51 " 


62 


57 


7 


152 


/98 


99 


8 


82 


'l05 


- 76 



The arlthnetlc mean of the numbers of boxes of mint cookies 
sold by the different trooi)8 Is 

»8 4- 3^ 4- 72 4- 25 > 75^ + 51 4> 1?2 4> 82 , g)^7 - ' 

^ a) .Which three troop^s sales of mint cookies were nearest 
the arithmetic mean? Y*2r«^ ^> *^2^~7*^y ^ ^ 



. Arrange the nuabers of boxes of nlht cockles sold tpom 
the smallest number to the largest nuaiber. 

To find the median number sold, we have "to find 
the median of eight nunibers. Because 8 is an. even 
number, there lsn»t any one middle number. So 
consider the two middle numbers. These are " 51 and 
72. Any number between 51 and 72 would be « - 
number such that four sales were less (25, 34, 48,. 51) 
and four greater (7^, 75, 82, 132). usually, iiJ cases 
like this, the arithmetic mean of the two middle 
numbers Is chosen as* the median. . The arithmetic mean 
of 51 and 72 Is 

5^^-^-!^, or ip, or 6li . ^ ■ • 

' f*' • A ' ' ■ 

The median Is Slj- . 

Which troop's sales of mint cookies were nearest 
the medlta?/('"^«ry» <^ JS*^ 

Find , the arithmetic mean of the sales of chocolate 
•cookles^and 9f vanilla cookles.(c^^ ^7/ >o...^ <'7i;) 

Which two, troop's' sales of chocolate cookies were 
nearest ^^^•art^hmetlc mean? (-^^7. ^ W>2:^ 

Find the"iedlan of the sales" of chocolate cookies 7 
and vanilla cookies. 

Which two troop's sales were nearest the median^ 
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Exercise Set 7 ^ 



1« Parmer Jones can grow a; good garden If about four Inches 
of rain falls each nonth during the growing season from 
until October/ The rainfall during these months last 
- year was: 

M»y 1 Inch 

June 0 Inches 

July 0 Inches ■ 

Atigust . 1 Inch 

\ SepteBfl>er lo Inches 

October 12 Inches 

Compute the arithmetic meail'^and the median .^'^ Is the average 
monthly rainfall 4 Inches |> using one of these averages?^^^ 
Do you think Farmer Jones had -a good gfLVde^^yiniij^ (^^^^ 



The principal announced that the average number of students 
In the fifth and sixth grades was 25. £y:kverage he meant 
the arithmetic mean. ^ There was one class of each gz^de. 
There were 13 pupils In the flftii grade* 



How many pupils were In the sixth grade? 



82 



3. The t««>erature m degrees iit noon on the first day of eseji 
aonth m the toim of York were recorded *s ^follows: ^ 

January 12 juiy . I05 

February 12 August .105 

March 32 September 62 

April • 55 October ' 45 

May 76 November ' .17 

* June 105 - December 12 , 

Find the arithmetic mwuf^iid the. medlai(f^^Do these averages 

Indicate that York would *ave a pleasemt year-round 

temperature jy^d the mode. This distribution has two 

modes so list both of th^an.^'^'^ow do you think York has a 

pleasant year-round temperature? 

f*^^ 3 near the front of this chapter shows the newspaper 
sales oi four newshoys. 

a;) Find the arithmetic mean of the weekly sales for' 
George, Barry, Jim, and John.jJk^ ;J^¥o-yf\ 

b) Find the median ot the weekly sales for each of the 
newsboys. r>«-^<u<2L^ ; jvs^ 7 4/0^ 

c) Which average shows better how busy the newsboys 
usually are? ^ 



5. Prom the data on the ages of the presidents iat the time, 
thisy took office (Exercise Set. 5, exercise 7), find the 



4'. 
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Chapter 9 

^ETS AND CIRCLES 



PORPOSB OP UNIT — ^ 

Prior to the study of this wit the pupils will have studied 
the tinlt entitled concept of Sets , This unit reviews briefly 
80»e of the Ideas of that unit and then deals particularly with 
the Intersection and union of sets. One prlnelpal objective In 
the study of sets Is to establish recognition of the Intersection 
and union of two or aiore given sets. Emphasis will be placed on 
the Intersections and unions of Just two sets but this should not 
obscure the possibility of more i;han two being considered. The 
use of Venn Diagrams Is encouraged as an aid in aeleptlng Inter- ^ 
sections and unions of given sets. The applications In the 
exercises are expected to, stress and clarify the geometric con- 
cepts which have been studied previously as well as give the 
pupils some practice in using the language of sets and In making 
Venn Diagrams, v 

The main objectives In the part of this \inlt which Is devoted 
;.to circles Is thr renewed emphasis on a circle as a set of points^ 
Thj^ points which constitute a circle are all equally distant from 
one point which is called the center of the circle,. Recoil tlon 
of the meaning of arc, radlSjis, diameter. Interior region and 
exterior region are Important w pupils should learn to< 
recognize these In a representation of a circle' and use the words . 
with facility. The .use of the compass In drawing the representa- 
tion of a circle should be reviewed or taught anew If the pupils 
have not used It previously. The pupils should be encouraged to 
look for representations 'Of circles In familiar^ things around 
them, e.g., church windows, .wheels, edges of tin cans, etc. The m 
Inaprlbed angles are Introduced to make clear the meaning of 
inscribed angle and to prepare the way for their use later. The 
prlnelpal application of the Insczlbed angle Is that, "An angle 
Inscribed In a semiclrole Is a zlght angle." This conclusion is 
expected to be reached Intuitively and no mention Is me|uit to beV 
jMtde here of the measure of an arc In terms of degrees. 
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MATHEMATICAL BACKOKODND 



A portion of the mathematical backgrouiid needed for Sets and 
Clrclea Is foxand In the Teachers « Commentary fpr the Concept of 
Se^g i» a previous chapter. A few brief remarks here on the , 
Intersection and union of sets and a short discussion of circles 
will be the, main effort In this section/ 

Intersection of Sets . The Intersection o/* two or more sets. : 
Is a set although It may have no members. If the Intersection 
set has. no members, then the Intersection Is called the empty 
set;, or the mSl set. The symbol for the empty aet which Is usecL 
frequently Is the Qreek letter But we shall use the symbol { ] 
for the empty set since It seems to soiggest a set with no members. 
By definition, the Intersection of two sets Is a set whose members 
are In both the given sets. Hence^ the Intersection of any set, 
with the empty set Is the empty a^t 'Itself, if A Is ahy^et, 
we can write ^ 

Diagrams, called Venn Diagrams, are very usehil In giving 
a plctorlal^ representation of; Intersections. Each of the fol-" 
lowing diagrams represents the intersection set Indicated Jbelow 
the diagram. The reglonis are not meant, to bet circular regions 
although circular regions are very of ten uise^' in YennVDlagraiM 
Indeed, it is betlJer if the regions are not circular since ; \ 
pupils might make some unw«Lrranted inferences about relations 
between sets and circles when none are anticipatecl. in each 
diagram the portion representing the inters.e^lbn set is 
ahaded^ Jf .povp6rtion is shaded, then the ihters action la the 

.^iwi©ty"j»etv\;:>" 




Example; 

A ■ 8et of boys In your school 
who have blue eyes. h 
. 9 » sejb. of bojrs in yoxir school 
who are 12 years old. 

C - set of boys who are 12 



years old and who have 
blue eyes.- 




.;-.-.v^*;®caaple; "•^ ' " . 

5 A - b, c, d, e) 

^ - set of the first, five. 
letters of the '9^}^^iy 



Set A - Set B 

A n *B - A or A n ^ - B 
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Exanplet 

A ■ set of boys In Grade 5; 
'b ^^et of boys In' Orade 8. 

/ The liJifesjw is tee enq^ty ■ 

vt; set sln^v lib boys are in both* 
Qrades 5 and 8. 

-a O b • = ( ) 




Bcaaple: - . 
B -.set of people 'fchb live in 
U.S.A. 

A, - set of people who live in 

; ^Ohtbj^^^ ' 

All of the people whp^llye In 
Qhlo live In U.S.A. 

' A n B - A 

•% t' * ■ 
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If all flMafll>er8 A are also neinbera a set ^ 

then A Is called a subset of B. (We mi^y write this A ^ B, 
or B ^ A. Ibis hbtation Is not used In ^h^ pupil «s material. } 
SI7 this atat^men:^. e equal sets ^s a subset of the 

other.- ^ ?ox^ (fixaisplB^y i^^^ b, c, d, ejk and B » the set otk 

the fli*t five letters; of .'ti^ then A is a subset of 

^B fand B 1^ a stib^ of A, >^ In 

B and B contains other m not In A, then A 

la a proper subset 6f B.' : F^^ A Is the set of 

people who live In Ohio tod B;-^!^^^ of people who live in 

U. S. A^jI then Ar^ is a proper; subset, of B. We may write A*C^.B. 

.Venn I)laip:'ans are usefi^d/in lliust^^^ the relatlbhslilps , ^ 
between jDore than two sets although^ of course, the diagrams may 
be a bit more complicated, considej;:, the diagram for the 
following three sets: 

Le^ the ovaLL region A represent the set of boys in your 
; ischool. * - 

Let|the oval region B represent the set of boys named Jobn. 

Let' xhe oval reglprf. C represent the set of bojrs who have 
^Iblue■eyes. , 

■^^J \. Therjlfthe"^ region D represents the set of boys in your school 
^: wKb are named John and who have blue eyes. 

1 _B 




(A n B) n c = D 



(l) some vbf the boys in your school 



(2) some of the 'boys in your school have blue 



- The diagram shows that 
are named John, 

eyes, and (3) some of the >boys in yoiir school who have blui 
eyes ^are named John. The shaded region D represents the 
-possibility described ih (3). . P ' 



In the next fi?)<^_^^ of aeta, the 

dMHinge atM the i^preaenta^ figures; they are* ' 

not part''o| Venn ^agraxn?^^ ■ needed with the pupils' 

to help them dlJBtlIlg^&tf;be^ used In Venn diagrams , 

and CTxrves and other gedmetrlc figures which represent the sets 
whose Intersections (or'im^pns) consideration. The 

cilosed CTirves In a Venn* dia^ devices used jto assist In 

thinking of the sets of elements - that are Involved^n the dtp- 
cusslon. Tlje curves In afvefta dlagramj and^./helr Interiors are 
not the sets under consl<fcratl^^ . Such a cuirve Is drawn to help 
In picturing the members ^s'^^i^^ 

Tn a drawing of geometric !eigures In' which their intersections 
(or unions), is asked for, the geomfetrlc figures are themselves ' 
the sets, i.e., the points of the geometric figures are 'the 
elements of the^sets. These sets of; points may be the points of 
a triangle, the points in the interior of • a trliangle, the points 
-of a circle, the points of the interior of a circle, the' points 
of a line segment, etc. In a Verm diagram the closed curves are 
an aid to thinking of the sets; in a drawing involving the ^ 
intersections (or unions) of geometric figures, the points of> 
the figures jare the sets. 




Thf . intersection of a5 . and PQ la-^ 

the set' whose only member is the poiiit S. 



We wite a5 n 75 - (^S ) . , 

■ft 
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■ ■■• ■. -. ■ ^ . 

lh» Intarseotlon of th* Interior of the twb cji-feeles A and 
B 1» the set W pointa In th* shaded Interior in which the 
letter . c Is placed. 

^ ¥e write 

Interior of A D Interior of B - Interior of Region C 




PQ 



We.;write 



B 



Ihe interseetlon of X5 with 
JS n PQ - 70?^. It nay be observed 
that this 18 an abbnylated^form for: 
The Intersection of the set of points 
of JS and the set of points of PQ . 
Is the set of points of IF. This 

rather long and difficult statement should not .be required of the 
pupils but* the pr^<t£^et-.mi^^ of this and similar s;ta:tements c6^- 
eernlng lnterseQ:tf <ms (afid unions) may. be helpful to the teacher^^C 



The Intetw^tio^ the oval region Q 
ABC is TBI and *'1Cffr ' (Recall that A ABC 
Interior. ) Ve write 

A ABC n Q-Bl U AST. 



and the triangle 
does not Include Its 



Again observe that this Is the 
abbreviated statement for: The' 
Intersection of the set of* points 
of oval region Q with the Mt 
of points of the triangle j4ac is 
the set of points of TSt and J^. 
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Tftil'on of Sets / The union of two sets Is a set consisting 
of the nkiniibers which are elttier In one. or both of the given sets*: 
Just as We have oitde Venn. Diagrass to lll\istrate the inter- 
section? of sets, we can make diagrams to illiistrate the \mion of. 
sets. The next set of diagz^sms Illustrate union of sets A and 
B which bear the s^une relation to ^ach other aiB the Isets A 
ahd' B used in the intersection diagrams. . 




■ 




aU B 



/ 



If A and B are dlsjfoint, then their intersection is empty, 
and their union consists of the sets A and B. The union of 
A and B is shaded. They have no members in cossnon. 





aUb 

If A-- B, then A U B - A 
or A U B - .B 



. A U B. 

If A is a proper subset of 
B, then 



u 



B - B 
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5h« f«Uo«laf diuirBM lliti«tr»t« both intersections and 
«Diei» lA •aoh dUsraa. 




(bD i) U (B n C) or B n (A U C). 

B n A Is ttresssd trlth Tsrtlosl and horizontal lines. 
B r\ C Is crossed with horizontal ' and slanting lines. 
(B n. A) U (B n C^) consists of hoth the portions B f) A 
end B n C . 

.1 ■ ■• ■ . • ■ 

■ / 

%2 . . 



In th# followlhg exasples of xrnlonB of B%tB, the toawlngi 
are the repreeentmtlona of geometric figures. The sets xander 
oonelderatlon will, thereforje, conalst of polnte of segments, of 
circles, of polygons, of the Interiors of closed cxxrves, etc. As 
In the discussion on the distinction between the closed curves 
of Venn diagrams and actual sets represented by geometric figures, 
care will need to be observed with the pupils. 




Consider the two sets of points: 



Set M - Vertices of A ABC 

Set K - the Intersection of the points of circle 0 and ' 
the ^closed curve D » 

set M - {A, B, C} 

Set K - .{P, Q, R, -S} 

M U K - {A, B, C, P, Q, Sj 



sow ooneldn* this drmvljig and look at tho two seta of polnta 




3^ X m Set of points In tht Interior , of 

\ - set Y • set of points In t^ latert interiors 
) V '^^^-^ 0 ahd itie closed ojirve- 

set X , 1^ ttfe Interior df^the i^eglon itned horizoiitally.' 
set- t Us the Interior of the regions lined vertically. 

' ¥ - ■ ■ " 

■ . ' ■ ^' 

X U Y oonslsts of the poliit* In the Interior lined ' 
horlsontaUy, In the InterloKllned vertically, and In the 
Interior that la^llned both h^Hxontally and vertically, in 
thla exappie It la dlffljRCOrw describe the union of the two 
aelM in a atatCMnt. The vertical and horixontal lining will 
indicate a way that the pupils nay tiie. Baphasis is upon the 
selection of the correct Interiors, seeaents, points, etc., and 
not upon a preclae description unless it is fairly easy for the 
pvqpUs to formlate. faQhasis sliould not be oa language state- 
■enta to the extent th|t the central Ideas.^ becooie lost in a 
llxiguistic aaxe. \. -f" ■ 
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circles , A circle is a setC of points^ of the sini lilane 
•uch that all points are equally distant Trcm one point of the 
plane which Is called the center. 

The above definition of circle is not in conflict with the 
alternative statement which defines a circle as a plane slaple 
closed curve all of whose ipAntB are equally distant from a 
poiLnt of the plane called/^he center. 

Either deflnltljjxL.^ocuses attention on the'.cirole being a 
set of points^ j/ on^ draws a representation* of a circle in the 
usual way, • the cxirve which we see on the paper represents the 
circle. Care should be taken to distinguish between a circle and 
its interior. . A circle with its Interior is called a circiaar 
region. In the drawing shown below, A . marks the center of the 
circle. A circle is named by one capital letter written on or 
«sar the circle, e.g., o in this drawing. 




The line segments AB and AC are radii. These line 
segments ar)» congruent to each other. Their lengths are the same. 
They have a connon endpoint, A^ but the other endpoints are 
different points of the circle. The lengths of mil radii of the 
circle are the same. 

The line segment PQ is a diameter. Any line segment which 
contains the center of a circle and has points 'of the circle fpr 
ijts endpoints is a diameter. As is true for radii, all diameters 
of the circle are congruent to each other but they are not the 
same diameter. All diameters of a circle have the same length.. 
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The segnent MR 4.8 called a ekord of the circle. Note 
that. Its endpolntA, M and H, are points of the circle. 

• A part of a circle is a subset of the clrclV. it is a. set 
of points that are points of the circle. The set of points (or 
part of the circle) that you would trace in going from B to C 
through E is called an arc of the circle and is named arc BEC 
and written ESp. It could be m^itten and read arc CEB 

since these two sets of points are the same set,. Ve could follow 
a path on the circle from B to C by going through point 
. (or P, or N, or Q) since these would inckcate^ the sime^ath. 
^Cfei be written in either of these ways: -^Cy' HKI, 

IX^^^ the same center, they are^ called 

conceniti^c/^lrcl^ Clearly, two concen'tric. circles whose radii 
have the 'sttoe^ length are the same, circle since, they are the same 
set of points. ' ; 

• ' Two distinct circles may have either no point of intersection, 
■i one point of intersection, or two points of intersection. ISfciese 
."4 situations are illustrated In the following drawings and their 
;)^' intersections are stated in "set language." 




aH B - (P) 

;(3) 



A n B - (M, N) 







(5) 



(6) 



1^ dz;c^ngs (5) tnd (6) repMsent olroles whl^h are 
tangent to'eaeh other; I.e., their Interseotidn eonsltita of 

one point.'* A;/. ■ 
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TEACRINO PROCEDDRES 



This \xnlt differs f rom Biaixy of the preceding 
tmits in the sixth gpmde relative to the use of 
•xploratory passAges Tor the pupilo. , This is 
particularly true in theF sections devoted to 
eonatruction9» Many; paaaagea Include less ex- 
ploration and more exposition. Olhis is done 
deliberately, we hope wiaely, to obtain aome in« 
foitattion on the ability of pupila now con5)leting 
the aixth grade, to read understapdingly fairly 
long paaaagea and follow carefully aets of in- 
atruetiona. A aeoond reaaon f or^ de-enphaaizing 
the exploratory nature of the- presentation ia 
due to the fact that nany pasrba of the unit are 
a review of previoua concepta which were developed' 
initially with the pupila by the eacpioratory^ 
nethod. ^ - 

Tbe oomnienta to the teacher in thia aection 
TEACHINa PROCEDDRSS are intentionally brief . 
The a^lanationa to the pupila that precede each 
aet of exerciaea and the informatipn and exMupltB 
aet: fx>rth in the MATHEMATICAL BACKOROOND are 
thoi^ to be aufficient to provide the teacher 
tfith the needed material for teaching the unit 
with underatanding and confidence. 
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RECOCBUZINa SETS - ^ V- 



RtTlew with th^ pupils the eonoepts In Conoept 
of Sets, Chapter 1, Qrade 4« Ask thea to zuum eete. 
of pbjeets, zxmabers, letters, eto«, to eaphaslxe 
the difference In aeanlng of a set and the set« A 
set Is Indefinite but the set nust be jdesea^lbed so 
that the pupils are eertaln what the aenibers of the 
set are end If any pbjeet Is jsentloned, they oan 
tell whether It Is a MBber of the set « 7ou sight, 
sxioh exaaqples as the following to help..: 
sh the distinction between a set and the 



set 



set of books" does not nane a speolfie set, 
Ve hSYe/no way of knowing what books are meant. 
But, "the set of books on the top she^lf of the ~ 
bookoase in^yzr sohoolroon" Is a speelflo set. The 
pupils oan till idiat books are In the s^^* They 
oan also tell whether any book that you Mntlon 
to the set. 

"A set of letters In the alphabet" Is not a 
specific set. It does not tell us hen many letters 
a3?e I n the set or what letters are aeant, -But, 
"the set of the first ten letters of the alphabet".. 
Is a specific set. We can write, or say^ these 
letten If we wish. Have the pupils write the -set 
and denote It by — Tr 



T - (a, b, c, d, cf, f, ^' h, 1, J) 
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A«lr th« pupil* to t«lj^ ifclch' of the follpiflng 
■f!^ ax* dMcidbed we'll "eno^ for them tc? Idibw 
wliiiit the nembeirs of the set are: 

1.' A set of nuabera. (They cannot tell) 

^* A aet of^^^^^^^ (Biey cannot tell) 

3. The set of whole n^qpbers which are lisSv! 
, . . - th»n 6. (Q, 4, 5) % 

* 4* A 8«t Of States. (They cannot tellV ^ 

• •■V.;; ' •■ ...''■Vv ■ . ' , . 

■5. The set of states; of the TJhlted States whose 

names be^ with X. (They'Teah tell, it Is 
the empty set.) ' 

6. A set of shoes. (They cannot tell) 

7. The set of days of the week. (Sunday, Monday, etc.) 

8. A set of pupils. .(They cannot tell) 

9. irfhe seit of pupils In your olassroomi 

(They can tell ) 

10. The set of whole numbers less than 100 which 
are divisible by 5. (O, 5, 10, 15, ... 95) 



Study the material with the piwlls In their text on 
Beeognlxlng Sets; then proceed to acerclse Set 1 . 
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/SETS AND CIS^^ 

RECO^IZZMa SETS 

If 70a sav a great atny U^rds flying .<nr«»tead and wanted 
tall aofneona about what jou aaw^ how woiild ^fou :tall than? Vduld 
you say "I saw a-lQt of b33?da* or *I aaw a fioalc of bixito* or 
r "I s*w a group of bli^»? : Yc» w be apra llfcalir to aay •"l 
aair a. flock of birds". B^t> If yc^: saw^ Instead of blxSte; ^ ^ 
you jsight^ say *! saw a swum of ^ beeis^/; J>r "I saw a bunch of \ t 
bees". , . ' ' C- '--^''^' 

A MUX who has * blg^ r«neh In Tezafe oiy har* mnj ctMl9S - Z 
(uaA aany hbrsea. if he were to talk to 70a. about, theae, .he 
adght aay he had a J' ^yegd of oattle* and a 'drove of horsea." 

Ybu aee, 

different woida' lh the Mae way. ibeae wo^da 4^ xood^ 
la eabh a wb^ iciaed to refer to a 'eolleetlon of;:^^ilnci?' ifowj. ' 
70a My reaeaiber that we deelded to uae Juat ^rae word to apeak 
about a oolleotlon of thlnga.' Ihla .word waa Idbe word aet . If 
we do thla we would acy "A aet of blrda*/ A aet of beea", "A 
aet of oattle", "A aat of boraea". 

If BoaMbna^tella you that ahe la thi Hiring about a set of 
dlahea, doea thla tali you Tory woh about ISw diahaa la the 
aet? Do you. know wliat oolor they are.? ' How uny are in the Mt? 
Are they eupa, or aaueera, or platea, or aoae of eaeh.of I^m^ 
Ihe anawer to soat of theae queatlona la "Ko*. - So^^ when aoaiione 
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•«y» "a set of dlBhee" 8he 1« not really telling you v^ry much 
ib«iit them. Bat If sh.e were to say ".the dishes you see lA -the 
window at a wrtaln cMha .store", she would be talking about a 
ceiTtain set. You cannot know what dishes' are meant by "a set 
of dishes'^. But you can know iflait dishes 'are meiant*by "the set 
bt .d^^^ at a certain cfilxwi; s$ore''.i? 

D^ you kfiow what boys are maant if we say "a- sfe.t of boys 
Do you know what boys are meant if we say "the set of boys- in^., 
your claflS ' Whose ^^1^^ TiLcl:, or Ebo^t^^ 



■V; 



Ift eacli of the flwt ifive e^ 
pacer a mathematieal' sentence for the set. Notice this exanple 



' Exangjle: .TJie. set of streets that .cross at-;i?irst Street and" 
Jiah street. S - (First Street, Main Street}. 

1. ^ : numbers which are less than 10 . ' ' • 

2. The set' of even iiumbers which are less than 'twenty and 
greater than 8. 

. -f [ /^^ - , ' ^ 



3. (a). The set of whole- imnbeij^^^^ 

(b-^ ^ of prime numbera which are factors of 30.' 



4. The set of lettera- Which lablsl the points, of Intersection 



of 



the three line segments shown In thJ,*" drawing. 





5. The names of the states In the Xtolted states whose names 
begln.oWith H. ^ . 

V < - ■ 

i ■■ ■ - • . ■. • • _ , ■ 

in rtjB^^of the next five eets you are not told enough about 
the sets so. ;^u can wi*Lte a jnathematlcal sentence for ttiem. 
Sflilch ones are they? 



Oe Set of staaqps. 



7. 3«t of« books on a certain shejf of the bookshelf In 
your olassroom. 



a. 



set of/ietters^n.-the first half of the alphabet. 

Sit^o'f whole fiumbers less than 119 whose numerals have 
1 for the first (leftmost) digit. 



10. Set of cards. 



Exercise - Set 1 



, For each of the flrs^l^fiv^ exex^lsea ^belQw; wrltfe a ^ ; 
mathematloal > sentence on your paper for each* set. - • ^ 

1. . The sef of oo\mtlng minbers less than ^^0 which •are - 
.. multiples of 5'. f '^^ ^^^*^/.^^} 



4 



2. , The set of prliM huinbers whlch^are grerfter than, 17 and 

less than 29. '3 = ■ f /t, ^fSj ■ 

3. The set of whole numbers whlbh tre faetots of \6o. 

The set of whole numbefi? less than 48o which eu?e 
. multiples of 6q. ' D= Vca/zac^ /go^ ^-^o^ 3oo,3ic,'A2c} . 



S.^The set of ^aames of the states of theU^S.A. whose first 
letter Is Z. ^£ = £ t 



; In some of the next six exe-rclies you are not told "enough 
^^/about the sets so you can write a i^entence ^or them. Which one 
• "are they? i^.^f^ • / , ' 

? 6. Set of letters. ' ' • f . ' ■ 

' ' ' - 

7. Set of whole numbers vdilch are *greate» than 10 and less 
than 11 < . • ^ . ^ . . 



set of points. which are the vertlcea of a triangle. 
Set of Bembera.of thlV set: (1, +, , ^ ). 

>* ■ . ■ * 

?Set of titles of the books that^are on^jour teacher »s desk. 

• - *. ■ ■ . » 

■ ^ ; * . , 

Set of names of thft^resldents of the U.S.A. since 190O.. 

, ' . • i • 

'■ . 

Describe In words- the set ( , }. 

Would the dishes yoxir mother used last Thanksgiving and 
your father ts best hammer form a set? ^^^^ V Why? C^ n t r - ^ 

vroixld the men In your town that are at least six feet 
tall and *elgh no more than one pound form a set? (^*^) 
Why? i2JL ^ ^^^.....^ 
* ■ * 

Name the members of the set of* / * ' ' x 

(a) red-haired boys In *your class 

Jb) blue-eyed boys In youir class ' . " 

1 ■ ■ 

'(5) red-h«d.r^d blue-eyed boys In yo\ir class. 



^ INTERSECTION OP SETS 

You might begin the study of this aeotlon with the puplia by 
wrlt^nll eone pairs of aef on the blackboard. The aeta should 
not hare a large number of members • Baye some pairs which have 
no^ji^mbers In coionion^ some pairs* which have a small number of 
members In common and some palra which have all members In coonon. 

Let us look at the two sets (write them on the board): 
A'- [3, 6, 9, 12) B - {9, 12, 15, 18) 

Questions you might ahk. Are there members in one set that 
are in the other set also? Or, you may as]( the same question 
this way: Do the two sets have kemiers in comaon? Yes, the 
numbers 9 and 12 are in both ^^s, -Then the set -whose 
members are the numbers 9 and 12 is the intersection set of 
Av and ' B. We write this 

A n B - {9, 12)" ' ' * 

Bare the pupils read this, "the Intersection of sets A and B 
Is the set whose ineiBbers are 9 and 12." 

Use such exaaples as the following to sharpen the pupils' 
recognition of Intersection of sets and have them write and read 
the statements that describe the Intersection. 

(1) C - {c, a, t, s) PI • " ■ 

D - {o, a, t, s) C I I D - {a, t, 8} 

(2) R - {a, r, s) ^ 

. T - {m, r) R I 1 T - {a, r} 

■ • (3) X - {1, 7, 11, 9, 15, 13, 5, 2) 
Y - {13, 7, 1, 9, 11, 5, 15,. 2) 

X" n Y - {1, 7, 11, 9, 15, 13, 5, 2) 

(4) set 1 - {a, b, c, d, e, f) . 
Set 2 ■ {a, b, c) 

Set 1 n Set 2 - {a, b, c) 
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Stm» Mt« ttiould be d*tonb*d in words. Help the' pupils 
dsscrlbe the Intersection. These will not be written In the same' 
foM^ as used on the preceding page. The following exaniples may 
be^jfljpfui: 

(1) . If set M is the set of all whole numbers less than loo 

and set N Is the set of all whole numbers less than 2CX), 
describe the-intersectlon of B an/t N. (The Intersection 
• of M and N is the set of whole numbers from o through 
99, or Set M) 

(2) Set V is the set of pupils In your class who are members 
o*f the school chorus. Set w) Is the set of pupils In your 
class who are members of the school band. Describe the 
intersection of V and W. (iai«- intersection may be found 
by writing the ziames of the pupils that are common to both 
sets V and w. - if there are no pupils common to both 
sets, then V M W - { } . ) 

(3) Set P . i^ the set -of all elementary teachers 1© your town 
. (ilty, county) aH<i., set Q is the set of all sixth-grade 

teachers in your town (city, county). Describe the inter- 
section of sets P and q. (The intersection of sets p 
and is the set Q since all teachers in set Q are 
also in set p. ). 

W If one set consists of the students in your school who are 

studying mathematics and another set, consists of all students 
.in your school who are studying Preneh, might these two sets 
have an intersection set which is not the empty set? (yes, 
there may be students in your school who are studying both 
mathematics -and Flinch and these would be in the intersection 
set. If there are no students in your s-ehool who ire studying 
both mathematics and Ftench, then the 'intersection of the 
£, two sets Is the enpty set.) 

If '* > • . * 

After practice on ^eh problems As (l) through (%) above, 
the Venn Diagrams for intersections be introduced, use the 
information in' (4) in, building a Ver^i Diagram. 



steps In building the diagram : Let the oval wglon M, 'lined with 
vertical lines, represent the students In the school who are 
studying mathematics. Now, before we draw a region to represent 
the students who are studying French, we must know which one of 

the following situations Exists: 
(a). Some but not all of the students 
are studying both < mathematics 
' and French. 5he Venn diagram 
for this situation is diagram 
(a). The two regions overlap. > 




There are no students taking 
both mathematics and French. 
This is Venn diagram (b) The 
two regions do not overlap. 



(c) 



(d) 




All students who are taking 
French are taking mathematics 
also. This is Venn diagram., 
(c).. The F region is ^ 

wlthln~the~"Tr region; - • - ^ 



All students who aze taking 
mathematics are taking French 
alsd. This is Venn diagram 
(d). The M reglohv^is within 
the F reigion. 



TUe sizes and shapes* of the regions are not Important. The Venn 
diagrams serve only one purpose, namely to represent dlagrammatically 
the information conveyed by th^Ssentences. • , 
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INTERSECTION OP SETS 

'ttit two olrcular regions below are drawn so that they 
overlap. The circular regloa A Is lined vertically. HhB 
circular region B Is lined horizontally. The Intersection 
is cross-hatched. The union of the interior of the two circular 
regions consists of three portions: The portion that is lined 
vertically, the portion that is lined horizontally, and the 
:^ portion that is cross-hatched. Remember thit union of two sets 
• of points includes all the points that are points of either one 
of; the sets or points of both of. the sets. - 




In the drawing below the Interiors of the two clrctilar regions 
Intersect in the ax^a that is shaded. Remember that the 
intersection of ti|^ sets is the set of elements that are in both 
sets. The members lit, the sets in this figure are the points of 
the two circular regions. The points of the smaller regions arc 
in the larger region, so the intersection set is the set of points 
of*, the smaller region. 




:.. r Vb^ drawing the xmlon of the two circles eonglsts of 

t|ie tii^ Or you wmj aey that the ttnlon of the sets of 

pbinta. .ox^;the two circles consists of all the points on the two 
; circles the circles on your paper and color the \mlon set 

a .colored crayon. ' 




In the next 



there: are^ Just two point* -'that are^ on 



both circles . Kaaie them JP abd. 'Q. . Are the poliii*^ p and 
: q mtBttberB of the Iriterafection^^M^ interiors of the two 

i? A" ^-"^ -^^^ - ^ - - --- <^ 



cities? Jlre they m^ers of. the^^^i^ set of tte two circles? 
Are they the only members of the Intersection set of the two 
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Do you r«Maib«iv Khat we mtca by the-^tarsectlon of two 
•et«? Perhaps an example will help recall it. 

■ ; ^ >..J . : ■'•■■>. 

Look at these two sete:* , V-V- 

A - Co, a, n) 
B - [b, a, t) 

:i:^^fX'p^ "^^tter a 1«. In both set*. We call this the 
intersection of sets A and B. Ve write this 

• ' A rtfi - [k] > 

13» Intersaotlon of two sett is the set of members whloh 
jtre In fcoth of the glverv,*ets. in the two sets above, a Is 
ti^i' ta^ that Is In both sets. 

•'-■**. . 

What will be the Intersection of two sets If thsTe Is no 
•Mber In one set that Is -also in the oljher? fhe^ l^ 
Is the empty set, ( ). . ' 

Examples/ of ' intersections of; 

1. S - [2, 3, 4, 51';^ ; . T - CI, 2, 3) s n T- C2> ^ 

2. A - Ca> V • B - [c, d, e) A f^W- [c) 

■ , ■ i 

3* M ■ (a, e, i, o, u) N ■ set of consonants in the 

alphabet 



In the drawing below are two geoaetrlo flguws. one Is a 
^i«n^P fnd the other Is a circle . There are two points, 

P asSi; Q, which are on both the circle, and on the - 

' ■.■ '^--c ■' ■ ■ ■ .• >-» 

triangle. So p anflVi^ are the^ points of Intisrsectlon. 



We write thll 



( A ABC) n (circle K) « {P, Q) 




In a certain school some of the pupils are studying English 
and some, are studying History. There are some, but not all, 
of these pupils that are studying both English and History, 



Draw a Venn diagram to represent this sltuatlbn. 
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Jh anotjier school there are " 47 pupils. The subjects 
they study -are History, English, and Scltoce. ^ 



4 students study all three subjects 

5 students study Hletjciiry and Bigllah' bufc^^^^^^ . 

6 students st^x^ and Science but nio t Siglish 

7 students study and Science but not History 

7 students study History only . ' ^ 

8 ^students study Ehgllsh only 
10 students study Science only 



Dwiw a Venn diagram to Illustrate this situation.^ You 
wll^ need to use 3 regions. 
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E3C«: 




1. -If S,- C4> b, 3, 5}, .^^^^ W- C5},' and 

E - C )*; then find : . ^ 



a. S p T - {3} c. T V«. {j; ' W^^^^^ 



2. If : A>i [4, 5, 1, 2), 
- B-'ia, 7), 

then find ' * 

• ■ ■ '5^' • . ■ 

. a. Ia n C » f /. 2,3..:V/ 
b. :A Hb- f^i 



. « C - f3, 2,: 1). 
and ' D - O 5), 



o: 



n 



d. A n P, If P - B 0 



3. Trace a drawing similar to the one pictured below. - The 



alinple closed curves are' labeled. A, B, and C. 

■' ' ' ■ X. 




^Flnd 



a^ 



A TIb 

b. A n C 



c' Bnc-fr,i^^ ^ 

d/ (A n B) n c - f i 



\ 
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* . . - i>paw ^Irenlar vAoxm A, B, C as shown . Dr»w hoplrontsi 
. ••gnwnts In region A as tfhoim. Then i±paw vertlQal 
segments In the region B and slanting segnents In the * 
■ region^ C. , 




Describe how eaoh of the following Is lined. 



b. 
o. 
d. 



A n 

bGc 
aD C 



(Lined with vertical and horizontal lines) 



A n (B n -c) ^u^^^.^'j^^ 



Look at the oval-shaped region A lined with vertical 
lines., the horseshoe-shaped region B lined with * 
horizontal lines, and the. line ca) with some points labeled 
on. it. Now describe eaoh of the follow^-ng intersection sets; 



a. , A n B_^ d. B n CD 

b. Afl cD ^ff e. B H'Sd' 




c. A n DC 



f. A' n ' 
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Look at the' oval-shaped curve ^ • 

A, the horseshoe-shaped curve 

B, ^ the ^PDE, the line ^ . and 

* . 5 ■ . . . / 

the points that^are labeled. 



Describe each of 'the following 
Intersection sets,; . 



b. B n ic-'f^'f.'-..''3e. 
c: A n DC = fJ.J) f. 




A n EC = g. A n (E) = ri 

n Lmfi- fc,t^. A n (C, D, E}=n- 
a O ^ CDE-ri.Jjl.:* (A n B)'n A • 

■ ^ :;.V, . : : . -V' 

Look at the circular region * Jl, * 



the 



BDP,^ the line CEi and 



the labeled points Describe 
each of $he; follDiiirig ' ■ 
Intersecticm seibs. • 



UNION OP SETS ; 

The following is a sxiggested procedure for the development 
of this topics You should expect answers frcxn the pupils .Instead 
of supplying them. . Allow the pupils plenty of time to see the 
members f that belong to tl».|mlon. As you write sets on the board, 
let t^ pupils write the same sets on their paper. Help the .. 
pupils^ in writing the sets correctly. 

Recall what is meant by the union of two or mdre sets. We 
will** do this by some examplea: 

Example 1 

Suppose set A = (1, 2, 5, 4, >5} 

and set B - {4, 5, 61 7, 8} 
The union of set A and set B Is (1, 2,. 5, ^4, 5, 6, 7, 8} 
We write this: . A U B = (1, 2, 3, ^/ 5, 6, 7,. 8} 
Notice that 4 *and 5 are In' both sets but each appears only 
once In the union. , • * 

Example 2 

Suppose one committee for your class party has James, Robert 
and Marie as Its members. Call this committee R (r for 
refreshments). 

Then R = (James, Robert, Marie} 

Another committee has Lloyd, Blarle, and Mildred as its members. 
Call this committee D (D for decorations). 

Then D » (Lloyd/ Marie, Mildred} 

What Is the set of studeAtis in your class that are committee • 
members? This is the set: .James, Robert, Marie, Lloyd; Kildred. 
It is called ^he union of the 'two sets R and ; D. We-write this 
R U D « (Jajnes, Robert, Marie, Lloyd, Mildred} 

These two examples should help us recognize the >«iion of toy 

two- sets. Let us say this ''In three easy sentences: 

0 ■ - ■ • 

(1) The union of any two sets is a set. 

♦ ■ , 

(2) A member of Just one of the two sets is a member qT 
their union. 

(3) ^Also, a- member of both of the twd sets- is a member* of 

their unlon^ \ 

' • ■ ' \ ■ * 

\ 
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How l«t us us* SOB* pletiTM of gMMtrlo figure* «nd**«l*ot 
*0M Mt* of point* froa them/ fmd find ^ir uni^. . 
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Look at» tba two tsianglas ABC «nd I2EP in the p].etura, 
Vhat 18 the set of polzitsvthmt la the union set of the tvo • y\ 4^ 
trlangieis? The union set eonsiste of^all the points of 
trdlrsingle KBC, of triangle ^mF, and of^polnta that are polnta 
of both triangles, ^ 

f : • • • 

Renoe: 

A ABC U AlJEP - (All points of botli A «a) * , 

^ Or, we may say^ the union Is the set of points on the 
segisents A|^ BCj AC^ ISR, ZF, and DP. Are the points P and 
Q in the xmlon? Tes, Is each point 9 and Q counted twloe 
In the union? No^ only onoe. Are the points - P and Q ^^1^^ 
lateneetlon set of the two triangles? Tes. ^ * . ^ 

• W* 0*7 writ* 

Aabc n Adep - (P, Q) 



Jl 



( 
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TOlION' OP.SETS • ■ : ^ 

* A olaBS was making arraxigamert 8 f or a "party. Two comltteea 

were set up. One waa the ooBrnttttee tar refreahnenta.,? Ita 

• • • ' J"-'' 

iMBibera wen Mary^ Joan^ and Bill. Call thle set R. 

^ We oan write ^ 

• ■ 

R - imh, Joan, Bill} * 

Ihe other ooanittee waa the ooomlttee for deeormtlona. Ita 

• ■ * . 

Msbera were Hirry, Blli,'an<l Henry. Call *hl8 set D. 
We can write . ■■ ' - ^ 

D ■ {ffiirry, Blll^ Henry} 

^ The puplla who are on oonmltteea ai^ Mury, Joan^ Blll^ 

O B&rrj, and Henry. This set Is called the •union of the tWo sets 

R a^d^ D.. lis members are the members which az*e in either. R'*^ 
Q rD or both. . f^. 



^ . We write this 



RzU D - {Mary, Joap, Bill, fflurry, Henryf 



V 



Each nafl% appeaansonly ona# in Ihe sift R U D. Bill is 
oxt both connittees and each of the other^^pupil^ is on'' one of 
the coflBdLtteea. * ^ ♦ f ^ ^ 



, Let tts look at another example of the tmlon of two sets. 
Look at. the geometric figures m the next drawing. Think of the 
line segaent AB and the angle prq. is the. set of points of 
JB ooatalned In the set of points of- ^ prq? (^}**-) 




What Is the imlon of the set of points of JS and the set of 
points of the angle" prq? do you see that the points of 5S 
are also points of the^ angle PRQ?^'^e points of S5 are. points 
of both of the sets of points In the drawing. All the other 
points In the drawing are points of /_ prq. Hence, the union of 
the two sets Tft and / p^ is the /_ "pRQ. 

'■ . ■ B . 




. Lpok at the triangle ABC, In the figure shown Jibove. it 
consists of the points of the -three line segments 15, S?, CI. 
we can say that- the union of the three line segments 7[5/ HJ, 
7!K Is the trlangl* ABC. * 



we write: 



iJB Us?) U - A ABC. 
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ExTclee s»t 2. 



If A - (a, b, e, d) 
B - (c, 1, 2 A ) 

Then what is' * . 

a. a U b l^.^.c/J,>:2,Ai^^ A y f) gj la%cjl 

b. A U E {a^A-.c,/.} d. B U (A H B>* fc, i ,3.-^1 



If A 18 the set of the five most eonmoniy used vowels, and 
B Is the set of the first 10 letters of the alphabet, and 
C Is the set of the last. 10 letters of the alphabet, 
then what is. 3. f i.^ <^ ^ , J, ^ T 

b. bU c ^ ■ e. . (A 11 c) U (B n a) i^i 

. C. , A U (w^ y) f. . (ti, w, y) U (A 11 B) 



If A Is the set of students In yoxir olass, and B Is 
the set of blue-eyed students in your olass, and C Is 

the set of red-haired studei^s In your class, then what 

... , ' It %l 
Is described in each oi^ tnje l^llowlhg: 



»• B {MUjt'^^ '< d. A U (B U C). 

yi.^^^ e. (aUb)'Uc 



e. ^ (A n B) f. A. U (B n c) 



^- , .863' 
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4. 



A B C D , 

. Cop7 eaoh stateawnt a, b, e, d, and ooiiq>l«te It ap that it 
'»rf.ll*be true. 

a. inr U 5? 



b. Ji U BG - ^ 



0 . AB U BA 
d. Ic U BC 



AC 



5. Copy eaoh statemnt a, b, e, and coaiplete It so that It 
will be tirue. 



B 



a. (A) U (C) - f /»,c! 

b. (S5 U Rf) U BC - 21>3CO 

'? (TO U 5?) U (BP UX5) ABC^l/^- 



- ■ . » 

. Mark (polnta A, B, and C (not In the sane line) on your 
paper. Draw (AB U BC) U CA. Is the figure a triangle? 



I8 a trlugle a tmlon of three rays? 

,; . ■ 864 
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mik, poUitM J>, H,^ and F (not in the sam line) on your 
pi^er, Dran ( Z ^ U, Z U Z I®?. ^la the ^figure a 

triangle?. * . / 

.0 ' kZiiL :«,,.i9t tw^.) 




8« I^lc points X}^ \ uid '^l (not in the eaae JLlne) on; your 
paper: l»4w " (^ U'fflT)- U * ' " ' >^ 



a. Ifl the figure a trliuigletj 



b. IB a triangle 



a> I» the. iinlo 





line ' segMhts alWaya a 



-A: 
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on thft chalkboard. 




Let U8 l>tsXn hj <!^^^ hrelcB (really pictures of circles) 



LVe' the pupils - use con^jasses to draw 



led review in use" of coh^jms and In use 



on paper). Pupils jaay^ 

of chalk and string l|^rawt3ig on thel|« paper and chalkboard. 
Draw Boae circles on ^^4)ap4r''«o that "they may be compared by 
placing one on top of/^;^^ejr.V- Le^^e' pupils to recognize that 
If two circles h^Ytii^ rlj^vj^^^^ to a radius of . the 

igruent to each other. Also, 
dlus of one greater, thai a 
Ills recognize that if two 
engths^ then the Interiors of 
ch area was the greater measure? 



other, then the two 
.cooqpare two cirol 
radius of the othe 
clrcliBf: have radii 
the tiifb ieiMiea^^ 
^ HftVe tha pupils 




- ' ■ K^^T- two congruent circles 

Uhleh are-in different r»^^e"posltloria to each other. They 
should te fed to the f ol^S^g conciuslcps, each of which Is 



Illustrated by the^ 
drawing. 




:dr drawing and stated Just below the 



. ,;^!^o' consent circles will coincide or be the same circle If 
they have t^|i^e. center. In set language, the Intersection of 
two congruen%*iflflreles Is the set of points on both circles. 



'3 



0^ 




TWo'oongruent circle? may intersect in two points, in set 
language, the Intersection of two congruent circles may be a set 
of two point*. 
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v. Two congruent clrcla« may Intersect In one point. In set 
langiiage, tlB intevseotlon of tvo congruenjb circles nay be one 
point. (The pupils wgr wlsh to say that the circles A and B 
touch each other at the pplnt P. This is, peradsflble. ) Do the 
three points M, P, N seem to be In a straight lAxmt\y^^ 




Tiro congruent circles may not Intersect at all. In set 
lithiguage, the Intersection two congruent circles may be- the 
empty set. 

Next,, let us examine thc% Intersections of two circles idilch 
are^ot congruent. %e pupils should discover the situations 
shown In the following drawings and make *the appropriate 
statements concerning the Intersectloiis. 




When two circles Intersect In Jius to one point, do the centers 
and the point of Intersection always seem to be on a straight 
llne?C'^) ^ ' ■ ■ 'j- 

Let us reccLll what we mean by an o^f a circle. A part of 
the circle which can be traced, with a pencil without lifting the 
pencil from the drawing is called an, arc of the circle. . In the / 
drawing the part of the clrele from A to B - is an^arc. Bit, 
does this tell \is which arc is meant? Do we meaci the arC f^m A 

to B in the direction a clock hand, moves, or is it the arc from 

* , • ■• 

A to B in the direction '^oppt)Site to that In^ which a clock hand 
moves? We cannot tell; it could mean either.^ So to distinguish 
the two arcs we will use letters placed along the arcs between 
A and B and^readjthe arcs as shown'^b0l:9W the drawing. 




Are APB, Written AFB^ Is the shorter are. 

, . ^- . . . •. 

Arc AQB, written AQB, is the longer arc. 

V 868366 



It_^?^d are the endpoli^B of a dlaaetiBr of the elrelej 
than ^ is congruent to j(S eaoh arc la called a aenl- > 
circle of the given circle . aFb la congruent ,tb. and each 

^ la a- aend-clrcle of the circle 0. ¥111 the endpolnta of any 
diaaeter of a circle divide the circle" into two congruent semi- 
clicleB?\>j^^ ■ ' '.^ . r. 

Ncw« have the pupils draw 'sone. ciwiea and on the circles 
color aome area which are aemi-clrolea, aoae whiish are l^as thto 
aeml-clrclea; have them read and write the nane of each are, \ 
. uaiixg three letters to xuuae each are. 

A line segnent which has its endpoints points of . a circle is 
called a chord of the circle, in the drawing shown below, 7S5, 
HR, are chords of the circle. 




IP ZJP a chord of the circle? (Yesjt^i^ diameter is a chord. The 
length of a dlaaeter oi^. a circle is the gftatest length "that aiqr 
chord of a circle nay havis.)? The endpoints of a chord of a 
circle separate the circle into two arcs. / 



Ih« •ndpoints P and Q, of the cih&rdi PQ separate the 
circle Into arcs ^ and 




; V to angle which has its ver^ on a circle and which haa|4^ 
other points In oooMon with, the circle is Tsald to Tw insci^lwif jf" 
In the clrcl* and Is called an Inscribed angle. ■ 3^^^ 

Ihe ^ BAC is an Inscribed angle. The BKJ is In the 
Interior of the'anjjle. ¥e say /.BAC Intercepts & on the 
le^ Or The letter B IS not r*all35<^needed here since the 
Interested by an ani^e is always tl^p arc in the interior 
*he angle; ^ - 
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Ih suj^.flsurea aa the fbllowlzigj, let the . pupils name' the 
chorda, liaJ^SLi)ed ahglea, a^^^ aro'^interoepted by each 
Inacrlbed angle, . ' <^ ■ ' ■ ■ . • 




Chords: IS, 35"^ . SU. 

Inscribed angles and' the, arc whl-oh eaeh intercepts. 



i_ BAG: 


•BPC . 


/_ BAD:. 




BCD or 


/ CAD: . 


CQP . 







or 9QD 

. ' ^ I,. 



r ■ ".^f ■4,./.,,. ■ = . 

Now study Id. th the pupll:^ the aaa^rfal-'on Kmteg- Clreles 
and proceed' to Exerclae Set 4.. ^ \ ' 
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■ • -CIRCLES ' ' J ;'v ;-; .' 

y ' Naaiing Circles 

You know how to draw a picture of a circle by using your 
compass. Or, If you are workixig at the chalkboard 'you will 
probably use a piece, of string and a piece of chalk. The sharp, 
-point of the compass thiat Is placed oh your paper marks the ^ 
center of the; circle . All . tli: points of the; circle are thi same ' 
distance from Its center; ^ / . ^' ' 

In the drawingijt^^^ the point A « isf the center of the 
. circle. If you wlsh^'to speak of this circle you may call it ' 
.CiYcle A. " ' ' : ' ; 




'872 
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If you have two olroles with the sane center as In thelKext 



draiflng>:' whieh will be the better way of speaking of them? 





What Is the JLntersectlon set'of ;'^e two circles In the /Igtire 
Where the two circles have the sane center Q? What Is the union 
set of these two circles? (^Xf^^^urU.. /J--/ c) ' #- 

If you draw a line segment which has both of Its endpolnts , 
on a cri'rcle, the line segment Is called a chord of the circle. 
Draw a circle on yoiir '^paper . Jhen draw a chord of the circle. 



if- 




How many chords cotild be drawn In a circle? there more than 
one chord of a circle?^* Can you draw a chord of the circle which 
will pass throu^ the point 0?^^an you draw more than one chord 
which will pass %hrou^ the point 0? 1!he name for a chord 
which passes thro\igh 0 is diameter. 
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^ ^'^-^•^ clrc5% !• a particular subset of the clrcl|k. In 
the drawing below, the aubset of thef.drcle between A and , c 
18 calleti an arc*. But there are "two subsets of tfie circle between 
A and (h Ont. subset Is the arc on whicH^.we have inarked*?the " 
point P and the other^ls the subset ♦n which we h^ye marked^Qie 
point Q. We can tell one from the- other if we name one^'arc APC" 
and the other arc AQC. We write these and aqc. You see 

that we write the name of the Arc lajnuQh tbe same way thatf^e 

write the name of a line segment. But we need three fetters to 

-■ . ^ ■ 

name an arc while two letters are enough to name a line segnent. 





Wrltjp on your paper the^names of some of the arcs of the circle 
whose center Is C. Renietaber to use 5 letters In naming an 

arc. ( T^f<./'^'' , T^^i rlTp , ^ ^ fTt.^ ^97^/"^^.^, ). - 
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Kftz4c a point 0 on your pap«r and draw a olrola as 
shown. O 9L point of tha oirole? 



Nftrk pointa A, B, C, and D on tha oirela. Naaa 

at leaat threa uron of your cirola. (MC,lfco^co^S^flcb,A^ 



Draw a chord of your eiroia. Draw anothar chord of 
your cirola. Ara tha chords th^ sama langth? 



hi 



Do you think this cirola has jl longaat chord? 
«o, draw it. ^L^^ '^^^^ 



Do you think each circle has a shortest chord 

so, draw. it. if not, why not?(/l*«*.»*^ a ^.iL^jS^ 

875 . ° 



Mftrk a point 0 on^your pap#r and draw a clrcla as 
shown, NaM your clrcla C. Is point- 0 in the 
Interior of C7(:h^) • 



iVir)^ a jKJljjt A rln the Interior of your circle, Mwk 
* point B which Is jiot In the Interior and Is also 
not ^>pd*6t. of the circle. 



I» IS £n the Interior of your circle? ><-:^^-''7*^^^ 

0 ^ ^ 



Is any point of 15 a fr&int of yourp5li^e?(^*^^ 
Is JS a part of any circle? f ^'^ 



n n c - 


? 




"ab n c - 


? 




AB n C ;- 


? 




BA n C - 


? 








374 

876 



P572 



3. It J- rspresmts a and C reprasents a elrela, then 



tha sat A 0 0 hd? ibjtr many nnbara? DrKr enough pleturas 



* to llluatrata your u9^f r . /I C ^ A- 5w^, ^ :t^^,-^.3 • 



4. 



■ »■ 
5. 

9 



a. 

to. 



♦0. 

d. 



a- 
a* 



WIS cn^ur^ar.^ 




lomw a oirol« vlth center at A and aa a radius. 



Call tha (Circle C. 



18 a radltia of a elrolajP^t of the eircle? 

Iraw'a dlaawtir o*^,your circle.' I» a dlaaeter of a 
flrele part of the circle? ^'^^*-*^r^*-^fc^ 



A?aw a^^clrcle with center siarked A 

Can you iBUtglne another circle with cen 
radius 15E?^^s there more than one 




s JS. 



and 



6. 



Imagine two circles. 

a. Do they have to be In the same plane? (X> J 

' Could their Intersection be the empty set? C"^*^} 
c; Cpuld they Intersect In exactly one polnt?^^2lu8trate. 
d. Could they Intersect In exactly two points? o^iustrate. 

Coufd they lntersect-;Jlii exactly three points i^lllusj;rate. 
f.^ 'Could.they intersect In a^tfre than, three points? (.V*^^- 



Illustrate. 
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INSCRIBED ANGLES AND CENTRAL ANGELES 

The ney^t objective la to. lead the.«jj 
an angle which ^haa lt8'*ertex on a.circl 
points as endpoliits of a diameter ;of T:fi:e c 

Ekve the pupils draw a circle and then 



.diameters • Call the^ end& of the diameter 




?, Of H, and S mark f 
draw segments from 
have the students measure 
the axxgl<^ APB, AQB, ARB 
me^kstirements on the chalkbpar 
nieasurements. Did. all the 
aijgle?. Should they get the 's 
measure accurately, they sho' 
^cgreeiB, of each angle/ : • 





er points 'Of the^ 
id S to both 
fully wl 
S. Make. a r 
1 the pupl 



the same %^Bijpe 



srare? 



for . thir .meafruw^MlS^^^^ ; v 




Does 



/ APB nave Its .Vertex 03%. the circle]? ; (Yei 



r^Aa?e^ there 

two other points ot £^ APB \ which Are' endpoln'S^ of a^SJ^ne^pb^ 
the circle? (Yes) "%ow ask ^"^he . same queitlp15^|| c^ncei^^ 
^ .ARB, / ASB. Now^if an angle has Its vertt?^ on a circle ai^d 
two other points which' are ehdpplnts of^ dj^eter, what /c^an wl 
say about the size of the angle? (We can'^ay t^t ti^an^e Is a, 




right angle . } 



■I' 



V. 
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In tl» drawing b^low, the polygon • ABCD has all Its vertices 

on the cli^itl?. . .Jff. and W are .diameters of the circle and ' , 
,^,BOA ■ is a ;flgh(t angle;-:; ■ 

ffifcve the^^plls make such .a figure by -drawing a clrple and any . 
6ne of Its diameters.* Then have them draw, by use of th* 
protractor,. V seiowl diameter which makes a right an^ with the 
first disinter. ^ «easu^ *with\the protractor each of th^se 
iMcribed ^ngTfes : > 'A?C, -I BC^l Z <;dA, / DAB. \o «iy 
all aeem to be fl^t^ angles? fy^ift,) Do 705, 35,^ appear 



to be equM*. (ye#) If'/ou draw tw>. diameters of a cl^xjle which ^ 
ar« perpendloul^ to, each , other and :.apaw ll^ie aejpnents Vonnec^^' ^ 
the endpolnts' of; these" diameters In tW. order, shpwn m the : 
drawing, -do, ^cfu ,thln|^ vthe. pdi^gon «o f^^d wi^l ' always beiia ^ ■ " 
square? (Ye?i> ..^ Jjj, *' ^ " • ^ ' *^ : - - • 




_ Now, study with the ptipiri the material on 

INSCRIBED ANGLES AND CENTRAL- ANGLES arid woceed^o Exercla* 

set 5- ' " / 
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INSCRIBED AN(S£S AHD CSNTRAL ANOLES 

Draw two ^chords of a olrole with point A as ont andpolnt 
Of both. See the drawing btlow. 




Call the chords AB and AC. The BAC la called an 
Inaerlbed angle. 

Angle DOE It called a central angle since its vertex is at 
the center of the 6ircle. • 

Vl'ite the names of the central angles^ and the nanes of > the 
inscribed angles that you see in the drawing below. A diameter 
of the circle is Make two colioans on your paper as suggested 



below the driawlng. 

I CCS 
' L CO A 
I 60 A 
LMOC 

L no A 
L ccr 

' L fioP 



Central Angles 
Name at leaist 



7 of these. 



LfiPR 



Inscribed Angles 
Name at least 8 of these. 
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If we h*ve ui Inse^ed la a circle, we aa^ name the 

are' In Its interior with two letters. In the table below the 
iiext drawing we have Written the nanes of some of the Inscribed 
angles and the arc which lies In the Interior of the an^i^ v 

c •• 



V 




Inscribed Angle 
/CPA 

/ CPB ■ 
/ ACP 9 



Arc In Its Interior 
CA 

AP 



Can you tell how to locate two points of the circle C In 
the drawing below so that the two "arcs Into which they divide 
the circle will be congruent? (\^t*. / i),^^ ^ Jijr^^ ^ 




After you'^j^hlnk you have located^ two such points, ask your 
teacher IT you have done It correctly. 



5i' 



1« a* Draw a olrola with oentet* ^narked 0. ^ 

b. Draw a centra^ angle, or tlievvClrole.i Is this central 
angle a part or the clrcle?(>^. ^ (u-Zt-^^t-^t XmijIJ^^ 

e. Draw an Inscribed an^e of the circle, is it a part' 
of the circle?/-^- ^ Jm^^^^l^ ^ ^^6^ 

2.: Draw a circle as shown below. 




b. Mark a point D on your circle. 



^c. On "^^DO mark points C, E, and F. ; 

d. Name at least 3 arcs of the circle. ^^^'^^^^^^^^ 

e. Mark iLnd measure (with a protractor ) a^ KBO, ^ AC(L, 
^ ADO, £ AEO; and ^ APO. , 

f. Do you notice anything surprising about the ineasures, in 
degrees', of these inscribed angles? Explain. ( 

g. Make a guQSs about the measures, in defgrees, of all 
inscribed anglea with one ray throtjgh one end of a 
diameter and the other ray through' the oliiex; end. 

• 59=- 3 so, • : ' 
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3. a. Draw a elrole with e«ntar auoiced o and dlamete 
b. Mark a point B bh the circle ^ (^'' Jt ^^ y ^ 




c. Draw / bcxj. What kind of angle la this? 

d. air uBlng^ a protractor, apprpxlmate the meaaure of / BOC 
Draw /BAG. Wiat kind of angle' la stills? . , - v 

f. By using a protractor,- approximate the measiire of ^ / BkC. 

g. Mark a point D of ACB which Is not a point of AM. 
Draw Inscribed ^ BDC. 

h. By using a proi^acl^orr^approxlinate the measure of / 1SDC. 
1. Draw three more. Inacrlbed anglea with vertices on ADC 



each having one ijay through B " and the othfeu one 

■ ' * ■ . * ■ 

through Do jrou notice anything about the meaeures 
of these Inscribed angles with common . BC ? (-2^ 

J. Make a guess about measures of all Inscribed angles of 

a given' circle with the same. b5. (^^^-Of'^L^ — r -n,, ^ 

k. Make a guess about the jneasxire of a central angle' 
with, ic and the measure of an Inscribed angle 
with BC. ( :LU kjj^irJi ^sJ^. ic ^ -v^iu^^-X* 

*~ ■ * 

Draw a picture of -a circle on a piece of paper^ Crumple 
this sheet Into a wad. ^is the drawing Vtlll a picture of 
a clrcle^^why? f )^ ^ ^ ^^t^ ^ ^ ^^^^^^ ^ 



^0 
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. imagine, all the diameters of a circle, r 4 

a. , What would be their Intersection? (iL uJX^-^tl, u^JU) 

b. \ What woiad be their union? ^-^^^-^^J^.--^^ 



6. BRADfTWISTER 



a. 



b. 



Pla6ie the sharp point of a oonqpass at a point of 
one face of a block. Name this point Al With A 



^iUid U sui Labia setting on rhe^compass^ 
^-draw a simple closed curve on this ^ace. Is the 
result a picture of a circle? C"^*^^ . ' 

Wlth\%^s same setting of the^compass, draw a 
almple clo'sed curve on the box using Hbe vertex. r;' 
B eis the center. Are all the points of the 
resulting curve points of a clrcle?^'^^fhy? 
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STRAIOBTEDSE AND COMPASS GONSTRUCTIONS , 
CONSTRUCTINO A RAY PERPDIDICULAR TO A LIKE 



This section ml^t, be teguxi with ttr pupils by 
having them oonstruet a tight aiigle at a point on the ^ 
line by use of the protractor. This, has been done I9 
the study of the circles, but It may 'be*Weil to^dp It ,/, 
again, partly to stlsnilate the pupil's curiosity con* 
cemlng the construction of the rlght-angie which they 
are soon to do without the use of Uje protrictor. The 
word construct as used In this sense nay be new to tlje' 
pupils. They may prefer tp -use: the word draw, but lead 
them to the use of the word construct. The process of 
constructing Is more than . drawlnig. It Is the production 
Hiel Lhe use of Instmiments, namely straight- 



edge and coB^ass, as we nhall think of constructing 
here. It Is Important that the. pupils make each con- 
struetlon step-by-step In response to the -^^Ins true t Ions. 
It Is possible the teficher may need to niake the con- 
struction on the board as he and the puplls^ead and ^ 
^discuss the ^tructlons together. The puplla may 
need to be emMraged to make each construction a 
: second , time ^f jfche first one Is not satisfactory. * When 
a satisfactory construction has bebn' produced by 'the • ♦ 
ipll It '^ould be. retained by' the pupil for use In tlie 
icerclseis tliat pertain to It. 

v . . -.. . ."^ ^ ■ - . ' 

It Itf^jposslbiei that a word of caution concerning 
•'^the word pez?p|hiilctilar mayvbe worthwhile.' Certainly 
•this .cautlJn should "be given to the jpuplls.' In. Its ' 
prlpnal usage, the Aiford perpendicular meant a *plumb • 
line d|.rectloh?* or "verticil direction." Consequently^ . 
the woM perpendicular may sl^ll. retain^ t^^'ftome exjtent, 
the r Erroneous and narrdW meaiilng; of verticals line/ when 
Instead It' should l5fe used In the follo^ixig -proper sense: 



Two lines are perpendloul"* to each ^ other If and 
only If one of ;the angles with its vertex at the 
intersection -of the two lines Is a right angle: . 
Subsequent considerations will show that the four 
angles at '^the intersections of • the two lines are , ^ 
right anglfes and the pupils may make this ob- * 
servation^, at this time. 

^- - ' ' y ■ • ■ " ' 

^ There Is no attenpt made at this sta^e of the 
pupils' development to exhibit a formal proof of 
the correctnJ^s"^ of, the r«^8ults that are stated ' 
following . any of the cons tractions . Rlgoroitt • . 

Jprppfs are neither 4*8lwtble nor possible ^at this - 
time/ V In their later work in geometry the pupils. 

^;iirtli recpgnize that they were led here to make con- 
clusions intiiitively and by Inference as a insult - 
of measurements and that these .methods of reaching 
conclusions will be replaced at the proper time by 
logical reasonliig /and deductive argumerit.-. The . 
actual sterps in all'^fetxe constructions a^e very 
nearly, perhaps precisely, ^carrietlsjout in 'the same 
way here thaif the pupils will per^rfm them in their 
later study of geometry. 

■ • : , .■ ■ ' ' 

■Now proceed "to the plupils' sefction on the 
construction of a ray perpendicular' to. a line. «^ 
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STRAIOHTEDOE AND COMPASS CONSTRDCTIONS 
CONSTRUCTINQ RIQHT ANOLES USING PROTRACTOR 

Let u8 use the protractor to make a right angle with Ita 
vertex at the point P on the line. 'AB. . 

Make a drawing of AB on your paper and t^lom the 
directions suggested below 



Q 5 



-B 



SPlace the V-pdint of the protractor at P iand the zero ray 
of the protractor along PB. FUirk a pointy call it on the 

paper at the mark on either scale of the protractor « Draw 

PQ. Measure / %PQ and / APQ with the protractor « Is 
m / BPQ - m / APQ - 90? It should be. 



In the drawing that you have made'j you may say that is 
perpendicular to AB^- at P. Ve write either PQ is^-L *^ 
AB at . P, or AB is to PQ at p. Notice the symbpl 
means perpendic\ilar . Saying PQ is to - AB at P means 
that ^8 APQ and BPQ are right angles. Also saying 
/b QPB and QPA are' right angles means ?Q is -L to 
at p. 
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BxTOlae Srt 6 



1. : Wrlt€nrESt6Bent8 for'Mdhi dranlng as written In ^ a. Thes^ 
, anglea'ahoim in the draii^nga are right angles. 




b. 




^ SMR and . ^ Rip: are right 
ahglea. MR iS' i to 
S? at M. 



o. 



d. 



0, 



Lpay 

0? 



Z yon ^ ^ ^h^- 

X M J- o. ) 




fl£ \U -L X m ^^') 



888 



3S6 



'P58o 



CONSTRUCTINO A PERPBHPICULAR TO A LIllE WITHOUT USING 
PROTRACTOR ' , 



Next let u8 see how we can draw a ray' perpendicular to a 
line without yQSing the protractor. We shall use a oon^ass and 
a- stralght^ge. . / ^ , , .■ 

yAsyoix read thet directions here, carry out the constructions 
on yoT^r paper. The marks In th* drawing will help you €0 follow 
w'tlons. 

Choose any point, P, on line AB. 




M 

X 



N 



4 




k / ^ P ' B A ■ ^ P ' . B 

Set the oompasA point at P and draw two small aros which will, 
out* AB at polnta R and S. /Is PR - PS? ('2^)' 

3et the oompaas point at R. Adjust the oompads do that the 
oopipass setting Is greater tWi the length of RP. l:ben draw 
an arc such as the aro MK ;^n the drawing. 

Keep the same compass /setting. Set the compass point at S 
and draw another arc yln the drawing. The arcs Intersect In 
a point. Call It Q. 

Draw PQ. The ray /"pQ^ls perpendlc^ular to a5 at P. 
Your completed drawing /should look something like the one above 
at the right. - / * 
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Do you think ^ SPQ ,and / RPQ/' Are right angles? ' MeaBur* 
•aoh of them with the protractor. , The, measure Iti degrees of 
^ach angle idiould be 90'. 

This Is equivalent to saying th^t ; PQ^* Is J_ to "ab" at 
P from the meaning of perpendicular. , -* 

Ray PQ Is J_ to AB. The P^l Is part of 7q, and ' R5 



IS part of AB. So we can say ?Q *ls J_r to RS at. point iP; 

Suppose you wish to construct a line segrtent to 15 

at a point on S5. Can you make the construction In the -same 
way that you macL the "pQ ' to AB? (l}^^ 

Next, supposV you wish to constjKict a line segment — L to 
.15 at po^nt' A. Does the dratflngs below show you how to begin? 
Itie dotted X^egment to the left of A suggests that It was not 
a part of 7[5v but that you needed It In order to make the 
const^ctlon. Now complete the construction on your ^aper. 




I ■- 



B 
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Exerolae Set 7 

copy on your pap*r lufid oohstruct a ray _L to - 
at P. Make your oonstruotlon ao that the. ray will' b« /In 
:the half Plane beloW "/CT.^ ' ^ . ; ^ 




Copy the aegment MN on your paper and oonatruot a aegment 
-L- to . HSf at point N. Make your conatiniotion ao that 
the aegment will be to -the right of the point N. 
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fiiSE'CTiNO AN Angle • 

' ' ■ ' ' : t ■ ■ ■ ' 
; Thtf detalJ-ed Instructions for Wie construction of 

^a ray that bisects a given ahgle are glven^ln th^ pupils' 
text. .As has been stated previously, part ^of the purpose 
of the constructions In vthe unit Is to provide an ex- 
perience for the pupil of ^reading understandlngly a list 
of Instructions and following them step7by~step. It 
Is recoihmended that the teacher and the^^plls study 

'.the' Instructions together with the teacher^ making the 
constructions at the board as the pupils make the con- 
structions on their paper. It Is possible, of course, 
that the ''teacher may find It iinnecessary to carry out • 
the constructions at the board. The pupil's- may' be able 
to read. and follow the Ins true tiens without much 
assistance ^from the teacher and the teacher Is the one 

-to be the' Judge of exactly how this Is to be handled. 
T$i«re^wlll undoubtedly'^ be some frustration on the part 
of some of the p^plls In finding that the two angles , 
obtained by .their construction do not have equal 
measures as shown by their protractor. If the dif- 
ference In the sizes of the two anglers Is very 
pronounced, the pup^s will heed to make a second or 
even third attempt. * 




?I8ECTIN0 AN ANGLE • ) r, • 

The l^KSC ^ in the drawling below has the-aeaafure In degrees 
of 60.-;' This- angle can be made by using the protractor* or" 1^ 
making an equilateral triangle.. Reiaember fte know the measure 
In degrees of any one of the angles of any equliateral triangle 

IB- 60i" ' ' " " • > ^ J' ^ ' ' 
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Copy the angle on^ your' paper/ 

Draw BK so that the measure in degrees of £ CBK ts ' 3Q. . 
Then the mea;<ui^e In degrees of ^ ABK Is also 'jo. . U 

We 'Jsay that BK blseots The measures ' of ^ CBK 1 / 

and ^/ABK are the same. Ttoe stun of their measures in defgr4fts 

Is the ^measure In degreeia of ABb. - , < » 

■ * ' ' " /' ■■■■' \ ' ' ' ' 

^ If you have an ^gle drawn on youir paper, oo\ild you alwkys 

use th^ protractor to help you find a ray wHloh blB^^|Bts^the 

angle? You could do this If you rtad the scale om the- 

I>rptract"bj^ very acctirately. 

Now we Wlsh/to shoR how to draw a ray without using the °' 

' r ■ ^» ' ' ' - • ■ 

protractor so ^Ihat the ray will. bisect the'angle. As you yead. 
the direSjtlona on the folloWlng page, carry out the cpnit"ructlons 
on your paper. The marks Ifl the/ next drawing will; help you to 
follow the IniBtnictlons. 



vv- .893 



Itie angle that we are going to blseot la £ HON. Here are 
the 8tef)8 In the construction of the ];*ay. that la the bisector. 

With the polnt/of the oooqpas.s set on pQlnt 0^ draw two 
so that one 6f them cuts ON .at a point (call It A), and the 
other ^arc cuts Ml at a point (call B). Keep the setting 
of the compass unchanged while drawing the^ two arcs. 

With the^olnt of the compass fet on points ^ and the^ 
setting the compass so that It Is greater than one-half the 
distance from A to B> 'draw an arc such as X7. 

With the point of the compass at and the setting of 



another arc such as^ R^. 



t^e compares ^ the Bame as used In drawing t^e arc XY^ draw 



The two arcs you have Just drawn Intersect at a point p. 

^ ■■ • - ^ ^' . 

Draw *0P. 

' ■■ ' . ■' ' \ 

OJie OP bisects, the ^ HON. j ' 

Measure ^ POB arid ^ POA with your protractor. 

Is m / POB In degrees equal a^/^ AOP,^ In degrees? 

Is m 2 POB + m ^ AOP . - m / AOB? ( Y^) • \ 

:'■ ■ . ' . •. ' , 89*392 • ■ ' - 



1. 



2/ 



Ex0i><>lBe set 8 



Copy the angle DBF on your 
paper, flhen oonatruot Bp 
so that m will blseot the 
ais|gie . Uae° your oompaaa^ and 
straightedge but not your 
protractor. 




With your protractor measure ^ DEP in the, drawing on your 
paper. Then / HEP and / HED. Is the sum of the measures 
in degrees of HEP and / HED «qual , to the measure of ^ 

l_ DEP? [t^^. 



>. On your paper draw 15 about 4 Inches in length. Name 
a point 0 on IB between A and B. - ' 



4. 



5- 



Construct 



to OA at 0. use ^the straightedge 



and eoiiq;}ass but. not" the protraotbr. 




In the drawing you made for Exercise 3, coMtruot a ri^ >- 
OK so it will bisect /_ AOR. USe the straightedge and 
.conqpass but hot the protractor. ' v ■ 

Plnd by uaing the protractor the measure of l_ AOR that 
you constructed in Exercise 5. Then use the protractor to 
find the measure of ^ AOK^*^\b the measure of /_ AOR twice 



as lar^e as the measure of / AOK?^^^ 

f ' - 
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INSCRIBIN.O A REOULAR RmOON IN A CIRCLE 

Tim meaning of th« thrtt wor^* Insorlbingj regular ^ and 
hexagon ^ould be nad^ olear td tha pupils in the beginning of 
the ooiia true t ion. Howerer, they are not Introduced In the 
pupils* ^material until; after th^ construction Is completed. ^ 
Present then In tills order: (^rlor to the explanation, con- 
struct a regular Insoribed hexagon in a circle on the board to 
assist m explaining the meaning of the words) 

A hexagon ^Is a I>ol7son of six sides. 

A regular hexagon li^iThekCl^fi whose sides are congruent 
segments and whose angles are' congruent angles. 

Inscribing a regular h^agon in a circle means constructing 
a regular hexagon so that lis sides will be chords of a circle 
and its angles will be finscribed angles of the circle. 

Begin with a circlie. The olrole is given, and a regular 

\ ■ - ■ 

hexagon is tp be inscribed in it. Note that we are not 
beginning with a ^ven hexagon and putting It ^ a circle. 

The circle with which you ^gin may be a circle with any 
Qonyenlenti length for the radius. For the pupils who are 
working on their paper, it radius of approximately 2 inches 
will likely be c(mve^ent. For the teacher *8 construction at ' 
the board, a circle with a radius of approximately l8 Inches 
All likely be convenient. 



The exeroises In.EKeroise Set 9 will help the pupils 
iunmarlse the important facts to be obtained from the <conq;>leted 
pons true tlon. , Now frooeed to the section in the pupils* book 
on Inscribing a Regular, Hexagon in a Circle. 
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INSCRIBINO A REOULAR HECAOON IN A CIRCLB 

Look very carefilly at the drawing ^tiefow . We/want you to 
.8«e BOB* of the many Interesting things about' the drawing. 




A , 



TBiinga to ie aeen' ln the drawing: 

• f ' 

1. A cliljfole with center at point 0. 

2. tegmenta ^ OA, OB, OC, OD,*OE, and OP are radii of the circle. 

3. There are 6 triangles shown with o as a common vertex. 
^. ■ TWO sides of each of. the 6 triangles are radU. 

5. One rflde of each-.of the 6 triangles Is a chord of the circle. 

6. 'The vertices, of .the polygon ABCDEP are polrits of the c^lrcle." 
The chords AB, BC, CD, DE, EP, and^ p^ seem to be congruent. 
All of these 6 chords seem to be of the same length as the 
radii. 

9.^ The K triangles seem to be equilateral triangles. 

The 6 triangles seem to be congruent t9 each other. ^ 
The segments lU, BE^ and ?JP seem to be dlametep. ' 
12. The measure In degrees of each of the angles ABC. BCD 
^CDE, DEP, EPA, PAB seerai-* to be 120. ' 



7r 

8. 



10. 

11. 
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Aftar you have looked oarefullyir did you see. all of the 
things that are listed following Ibhe dx;awlng? ' If you saw all 
twelve of the things listed aboVe and below' the drawings you did 
very well* But you may have seen more than thes^. If you dld^ 

tell your teaoher. .Your teaohesujnay have seen some mo re ^ too. 

f ■ ■ ' ■ . ■ [ 

As you looked at the drawing'^, you may have discovered how 
the drawing oan be constructed with the use of compass and 
straightedge. / _ ^ ^ 

*'.».. - ' ' 

The following directions describe how the drawing, can be 

*" ^ 

made with compass and straightedge. Follow them carefully and , 

. ■ ■ ■ .. • .* . ■ < ^ 

make the construction on your paper. Then save it so that, you 

• r ; . ■ ^ . ^ ■ : ■ ., V;'---, / 

can use It later. . ^ J" 

First draw the circle with center^ 0» ^Maike Its' radius the 
length of o3f. , Mark a point of your circle and qall.lt A. 

^t compass point at A. ^ Uise the same compass setting as- 
used In jdrawlng the circle. Make an arc that cuts the circle 
at point B. ' 

, Next put compass point at B> keeping'^ the same compass 
setting. Make an arc that cuts the circle at C. 

Now you see how to' mark. the point that #s named D. . "ffaldc 

it. • . -. ' 



Before j^ou mark v^y of the othey points of the circle, do 

the following: ^ ■ \^ 

Draw W<, ?JIT, W, ^TS, S?, and CU. ' 

Are the triangles OAB, ABC, and OCD equilateral triangles? 

(Yes.) You know that they are because the three sides of eaph 

' ■ ■ ■ * . ■ • ■ 

triangle are cong^ruent to each other. Also, fefie^ length of each^ 

' V * ' - 898 \ ' \ ^ ' . " 



Bide of the 3 triangles is the same as' the length of the radius 
of the circle . * 

Measure each angle of one of Jtiie triangles with your 
protractor, The measure, in degrees, of ^ach angle should be 6o. 
Is m / AOB + m / BOC + m ACOD - l8o? (it should be. ) 

Place your straightedge aloiig the (51. Are M and C15 , 
•parts' of the same straight line? They should be. Segment AOD 
is, a diameter of the circle, - in this unit n9 will read a line 
segment that is a diameter with three letters. The letter in the 
middle names the point at the center of the circle. 

Now continue from D to mark points E and ? Just as you 

marked points B and c when you started from A. 

;^ ■ ■ ■■ ■ ■ ■ ■ 

' Draw Of, 5P, M, IP. . , . ' 



Measure / DOE and /' EOF with your protractor. Is the 
™ Z + m Z EOF - 120?, It should be. \ 

Is the m / FOA - 6o? , It should be. With the compass 
setting the same as^ the , length of the radius of the circle and 

the point of the compass at P, make an arc. This arc should 

' ' ' ' ' '■ ' \' 

intersect the circle at A. , 

, - > >. 

One more equilateral triangle each of whose sides is 
congruent to a radius of the circle can be "fitted into" the 
circle-, one vertex- will be at o, one at p, and the thdrd 
one at A. This completes the construction. 
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NOW: you flan see that ail the " seem to be" statements are 
true. These statements are numbered 7» 8, 9, 10, 11, 12. ^ 

The polygon ABCDEP Is a hexagon . It Is called a hexagon 
because It has six sides. In this hexagon the sides are 
congruent to each other, and the angles are congruent to each 
other. 

A polygon; which has congruent Bides and congruent angles Is 
> regulal* polygon. The polygon you have drawn Is a regular 
hexagon . 

Can we say that the polygon ABCDEP Is a regular heptagon 
Inscribed In the circle ^that has Its center at 0 and;^ that 
the length of each side of the hexagon Ip the same ^s the length 
of the radius of the circle? [ - . 
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^ Exerolae Set 9 * 

(You will need to uae the drawing of the Inscribed hexagon 
that you- have oonetructed or the one drawn In this book.) 

1. . If the length of the radlua of the olrcle Is 1 lnoh> wliat 

Is the measure In Inches of the perimeter of the hexagon? (•4/ 

2. What Is the measure In degrees of each of the angles AOB, 
^ BOC, COD, DOE, EOF, and POA? (^o) . 

3. Draw JS, US, and EX. Use your (\pmpass to qypmpare the 
lengths of these segments. Are Iff, 7!S, and EI * 
congruent ?^Twhat kind of triangle do we call A ACE? ' 

\ 

4. Construot a ray (oall It of) whloh blaeota ^ AOB. Mark' 
.the point Q In whloh OP Interaeots the olrcle. Draw 15 

and 55f Use your oompasa to oompare their l<»ngtha. la 

15. = B5? fv**-) ' - ; 

5. Doea exerolae 4 auggeat a way that you could uae to conatruct 
a polyigon with 12 congruent aldea that would be Inacrlbed 
In tlB clrcie^'/ljeacrlbe the way you would do It. Do not 
make the oonatructlon. -Xa^r^*:!^^ ' ^ ^^^t^ 

6. Doea exerclae 5 " aiiggeat a way that you could uae to 
conatruct a polygon with 24 congruent aldea that would be 
Inacrlbed In the circle l^^^^'oaacrlbe the way you would do It. 
Po not make the oona true tlon.^^^'*'*'^^'^^'*^-^ ^ - 

' \ ..■ • , . 901 /. 



INSCRIBINO A SQUARE IN A CIRCLB • ' 7 



we wish to enphasl^ze 
In a seml-olrole 18/ a 



In Inaorlbxn^ a squar^ In a olrole, tlqie / 
pupllS'Wlli ba-jnaklhg ui^e oC th^ oonstruotlon of 
a parpendloular to a line fkt a pqint on the line. 
Hence, part^ of the ,QbJe<i|tive- la an applloatlpn of 
thla . cons true tl on • Also j 
that BX\ angle Ineprlbed 
right angle, in order to strengthen the i(^ea ' 
that a perpendicular* is not necessarily a ;'^entical* 
llnift, the first diameter; of the squaxje is 'chosen 
BO that It Is neither vei?tlcal or horizontal. 

• ■ ' ' ■ ■■ • ■■ 7 - 

study with the pupils their Instructions on 
inscribing ar square within a given circle. 
Bnphasl^e that we decide upon some circle In ad^ ^ 
yance and \2se any convenient length for the radius 
of the circle. Then follow the Instx^dftlons step- 
by-step with th» pupils. Ybu may' wl^)|^tb make the 
different steps In the construction /at the board 
, as the pupils make the corresponding steps on .their 
paper. The precision of their cohstrubtions are 
Judged by measuring the sides of the Constructed 
square with compass and comparing the/ lengths. 
They shcmld be the same. The central angles of 
the square should be right Ah^les. The measures of 
the angles are made with the protractor. 
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INSCRIBINO A &dfJARE IN A CIRCLE' 

Look oarerully at^the drawing b^* do not do any meaBurlng 
now. a^llst of some of the thlnga you aae. After you have 

studied tilt (3^ see whether you saw all the th^gs 

that are Itsjced below the drawing* 




IMngs to be seen In the drawing. ^ 

1. A circle with Its center at point 0. 

AOC. and BOD are diameters of thr circle. 
OT, 55, Cff, TSS are radl,! of the circle. 
15, RT, JUS, TSK ar«i: chords of the circle. 
P^ur triangles GAB, OBC, CCD, and QDA with a conmbn 
vertex at 0. 

POUT triangles ABC, _^D, CDA, and DAB. 
The angles AOB, BOC, COD, and DOA seem ^ be right angles. 



The angles Xbc, BCD, CfiA, and DAB seem to be right angles. 
The chords IDS, Bff, C1I5, and ,111 seem to be oongruent. 
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Aa you lookcrd tt tht drawing, you may have discovered how i1 
oan )>e oonatruoted wltfhsc'onpaaa and atraightedge. ^ 

* ) * ^ ' 

• . ■ ' ^ . ' / . ' 

The following dlrectlona deacrlbe how the obnatruptlon oan 
be carried out. Follow them olu^efully and make the oonatruotlon 
on your paper. Then aave^lt ^o you oan use It later. 

»> ■ " • ■ *■ . 

■ \ 

. . • , ■ . . . f , 

Draw a olrole on your paper which will have l.ts r^idlus the 

same length as the circle In the drawing. Call the>cehter of 

your circle 0 and mark a p^olnt on your circle t^at 

oorreeponds to the point A. In .the drawing. / 



Draw the diameter that has one of Its ends at \ k. ^Name 

r C. Must the center C 

point of the dlimeter? t 



the other end of the diameter C. Must the center 0 be a 



construct another diameter which will be' JL to 7C at Q 
Ube your oompaas and straightedge but not your protractor.' 
(Remember that you know how to construct a line to another 

line at a point on It.) Letter the/ ends dt this diameter as In 
the drawing. 



Draw TS, Bff, HJS, and T5K. This conqpletei the 
cona^tructloh. 
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! • Use youE oompasB to oonqpare IB, B?, T!B, and BJC, Are 
they^ congruent? They should be, ^ 

■ , ' « ■ . ■ . ) . ■ • - 

2. §86 your protractor to aeaaure / AOB, / BOC, / COD, and^ 
^DOA. IB 90 the measure In degrees of eaoh of them^***iB 
eaori one of . them a right angle?(y^^ 

3. Use your protraoljior to measure the ^ ABC, / BCD, / CDA, 
and / DAB. i 

IS 90 the meaisure In degrees of eaoh one of th*em?.C^) 

Is each one 'tof . them a right angle? ^ ' . 

■ ■■■■ . ■ , ■ (^) 

Is each one of them Inscribed In a seml-olrole?*^^(Remenfl)er 

I ^" Insprlbed In a semlrblrole If Its vertex 

:'lM^'fi')?oijit of the olrbie and the endpblnts of a diameter 

.."^fi/-^/ - - , J-. ^ ^ -■ ■ , ■ , , ' 

. are jKSirilis of its rays. ) 



Name eight right triangles In the drawing. 

( Aog^ liac^ cao^ oca, abc^ sto , coa^^ uab J 

. Name eight Isosceles triangles In the drawing. W , ., 

Are the triangles you named In exercise 4 the same as you 
named In Exercise 57j{j^) 



Do you see any equilateral triangles In the drawing? 
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8. can we say that this quadrilateral . ABCP Is a regular 
. Inaorlbed polygonT^'yiB It a squw 

9. With conpasft and straightedge construct tKe bisector of 
/ AOB. Let P be the name of the point where the 



bisector Intersect? the circle. ^ 



1*0. ; Draw the ray opposite td OP until It interseots the circle 
at.^'i point between C and D. th€r^|j^^ 

11. Is ^5 the measure In degrees^ oi^. each of the angles AOP, 
BOP, COQ, and DOQ?.(v*'^ \ 



12. Draw IF, 5F, -wid 155. Use yoviip'dtjinpasfli to compare 
their lengths.. Are they oOngruent a^gfaerjISi? i''^) 

13. Put the oompasB point at B. Use the same setting of your 
oompass that you used ln~ Exercise 12 when' you oonqpared 
the length of the > segments, flake an arc which will 

' Intersect the circle between B and Q. Name this 
point R. Draw BIT arid HSK. 



14. Draw the diameter Whldh has one end at point R. Let S 
be the name of the point at Its other Md. Draw T5S and 
31. . V 
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15. Is the polygon APBRCQDS. v}an Insorlbad polygon?^^t has ^ ♦ 
eight aides. It Is called an octagon,. All of Its sides ^ 

are oongruent line segments. ' 

16. Use your protraptor to measure at least- three angles of the 
octagon. For exaii5)le, you might measure angles -APB, PBR, 
and BRC. Is .135- the measure in degrees of each one of them? 

17. Can you tell how you could inSscrlbe a polygon of l6 sides 
in, the circle so that all of its sides would be congruent 
segmentBf'n)eBoribe how, it can be done but do not make thi 
drawing . C^-^^^ Mt.^ .^jro^jL^.^ X J^^ zoL oCC^ . ) ' 



18. You have seen hpw you could inscribe polygons of 4^ 8, 

^ and 16 sides in the circle. Can you describe how you aoiad 
inscribe a polygon of more than l6 sides in the circle so 
that all of the sides 'of the polygon would be congruent 
line segments? 



19. Do you think the perimeter of the octagon Is greater than 
the perimeter of the square? v ^of the l6,-slded 

polygon? (>u) 



20. Do you think we could Inscribe In a circle a polygon with 
a very, very large niunber of cbngruent sides so that Its 
perimeter ^would ^ nfearly the same as the perlmetet of the 
; . clrcleW^actly the same?0^) 

■ ■■ ' " ■ % ,405 

907 • V 



Chapter lo 
' RBVI3V 



PDRPOSB OP UNIT 

Bie purpose of this unit Is to provlds- 
a review of .som 6f the o6noepts 'and skills 
that the pupils have learned In Ntthematlos 
In Grade six. The aaterlal provided- here 
Is Intended to review the study of NUiabers 
and Nuiwrala as lhdloated'*by ^e title of 
.the unit. The review of the geometry 
studied in orade Six is fairly well done in 
Chapter 9. Henoe« no^ review lessons whloh 
refoR to seoMtry units are provided hl^. 
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9EACHINQ PROCEDORES 

The teaohlTig prooedure will depend upon 
the amount of review 'that la needed. Some ' 
puplia fisay be able to answer all the queatlona 
and work all the problem^ Vlth little or no 
asBletanoe from' the teal!bhe|*. other pupils may 
have aoae dlffloulty. In general. It la Bug-> 
gea ted that the pupUa review a partloxilar 
ij^lt without any other preparation than they 
had while atudying i;he unit. After tK» puplia^ 
have responded to the review questions In 
aooord with the given ^directions, the teacher 
can determlni whether there nbeids to be some 
Instruction to the entire class and to Indi- 
vidual pupils. Pupils who have difficulty * 
with the review Items should be encouraged to 
turn to their copy of the chapter which jsave 
them difficulty In order to correct thelr^Qwn 
errors. If the pupils have done well ei^ci^gh to 
Indicate no review of a particular chapt^'la 
needed, they may well undertake the next one. 
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Chapter 10 
REVIEW. 

WORKINa WITH EXPONENTS 

Exerolse Set 1 



- , Write the numerals 1 through 1? on your paper. Deot^e 
: If each of the following mathematical senthneea Is true or fal^e. 
^^Then write ti^e or false opposite each numeral on your paper. 

; ^; 5^-5xV ' Qu^) . 7.\ 28-32 (/^> - 

? 3 X 22 - 5 X 2 X 5 X 2 (^) 9. 2^ (/*^) 

5^ X 5^ - '5^^ -lo.^ 82 . 52 (8 - 5)2 , 

,5. 8 X 2^ - 8x2 X 2 X 2 11; 8 X 52 . (8 X 3)2 

•J' \(2 +]^)^ j- 2^ " ^ V^^XZc^y 

■ * -■ • < 

In Exercise 1^ through 2if wlt,e each expression as a' 
decimal numeral. 

13. .3^.+ l ; ,19. 5^ .{M^ -^^) (/yt) 

15.; 2^^ - i^2 . . • . 88'- (5 - ^^' Yi'^ .- 

.16. 82 - 62 T^/j 22. ' (18 - 17)10 ^ (g-^ ^jJ, 

r^- T - ^ ^ ^ 25. 22 + (42 +22) (/J ; ' 

18. (3^^ i^-^y 24. 42. (52.* 2?) (.//) , 

: ■ ■■ '-"^ ■ 408 • 

■ ■ . • ■ '911 



wit* >, or <, or - for eaoh bltojc In Sxerolse 25 
tluSough 38 so that eaoh fflatheaatloal sentonoe will bo %rvLB. 



V 



25.- ■ 3* + 1 - - 1 + 3^ 



' 26.. i85 + 21*^ Sl*^ + 185 

■ . . . :/ 

27, 2^0- + (2^5 ^ ^21 J jgio ^ glSj ^ 321 

.28'. 9^5 + o^_ 0^525 • . ' 



29. 64^Q ^ = 64^0 X 1 
.% 10® - 1 < 10® + 1 
, 31. 15^ + 8"^ > 157 - 8*^ 



32. (4 X 5)^ - ^ 52 



33. 6? - 4^ = * (6 - 4) -x (6 

^ ■ ■■ 

35. 7^ + 5^ < (7 + 5f 

36. l502 < 5Q2l 



37.' (1 + 1+1)^ = '3^ 



38i (1 - 1 +1),®_> 0 



0.0 409 
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Bxerolae Set 2' 

1. - • Wl)at ootmtlng num^^ n etand f6r ,lf 4" - l6? 

" . You could think, "4^ - 4, so n - l«. not l. 

4^ i 16, so n - 2." , 



,1 V . 

o 



What coim ting number does n stand for so that each of 
these mathematical sentences will ^ true? Write your work 
as shovm for EJcercls* a. " ' , 

a. --1$ : 4 ,x 4 - 16 4^ - i6 n ■ 2 

bi -7" -49 ' f. 6^-216,; f«^33 

2"^ --•8, ^"=3) ^ g/ 12" - 144 

d. 2" - 32 , h, 4" - 1-024 (^-i-j , 

e. ic/* - 1000 . 1. 3" « 243 ( h^^) 

2. Write each of these expresBlons as a decimal numeral. • ' 

♦ a. n^. If n - 6' (M) • e. 3" ■/ if n - 2 Oj) 

■ " . . ■,:;„;. : .... ■•; • . , ' ,^ ■ •, 

• b.;" 2", If n^ 6 (^1^ V. ^ f/*^6" + n?/if n - 2 U^-) 

c. n^. If n - 5 (^^^ ^ g. 3" - 3", If 'ft - 4 (o) 

d. 3", If n - 5 C?*'^ h. 100" - n^^, If^ n - 1 



Whilt ooiintlng number doefi n .stand for so that 2" + 1 
You could' think 2^ + 1-3, so n Is not 1. - ' 
2^ + 5, ao n Is not 2. 2?+ 1 - 9/ , 5o n - 3. 



What counting number does n stand for bo that eaoh of 
the mathematloal sentenoes Exerolse' a' through 1 will 
be true? Write your' work as shown for Exerolse a. 

k. 3" - 1 - a (3 >^ 3) - 1 - 8 3^ - 1 - 8 • If - 2 

. , : , b. 2" -1 - 3, (^=2) • '■ ^ 

0. If" t' 3 - 19 * .(«*^). 

• ■ , ■ «> ^ ■ ■ ■ 

d. 6" - 4 - 2' O ■ 



e. 



2^ + 1"- 3^ 



f. 5" - w- 17 



; g. 2" - 2^*^-16 

. h. 2^ - 25 _ 0 • ^" '"^'-^ 

ii : 3" + 10-37. r^^^3 
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HORKINO ¥ITH VHDLS NDI1BIR3 AMD BRKIIRS 

BCTOlie Sft 2^ 



0 12 3 4 5 6 7 8 9 



Abova Is a graph of a set of whola pfttaibTi. Let u« call it 
Set A. s«t A - (0, 1, 2, 3, 6, 7, 8, 9)., In Bxarolaa 1 

and 2 you will b« thinking about thfeia whole launbtrB and only 
thaaa whole nunbars . . ' V 



Think about jbh« whola numbtri In Sat A, 



Vhloh are deiorlbad by th« mathematloal lantanoa 

n + 2 ■ 6? 

•r; 

Itaa answer la 4, alnoe 4 + 2 « 6, 

• ■ 

Vhloh are deiorlbud by n < 2? 
lha anawar la 1 and o, alnoe 



Sf 1 < 2 , and 0 < 2. 
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1. Vhloh aeinbars of Set A aM desorlbed Exeroise a through 

a. n > 2 . /5;.V,j:4, 7, ^,») f. n>5 and <7 - W 

b. n-2-5 (V V g. n < 2 and > 0 f 0 

n < 0 (yrw^) h. n < 6 and > 0 (/y^'V^,^) 

> li. n > (5 ♦ 2) r3.v,^,^''''-'0.i-. n>3 and < 7 ('^'^'O 

• . 2 ♦ n < 4 ('/,^,3.y.^^.7,i',fJ J. n < 6 and > 7 (P^^J/ 
* * (be careful ) 

The mathematloal eentenoe 6 < 8 < 11 means 6 is less 
than 8 and 8 is less than 11. 6 < 8 < 11 qbj^ be written 
6 < 8 .and 8 < 11. 

The matheaatloal sentence 3 < n < 3 means to find n so 
n la greater than 3 and n is less than 5. The only 
Minber of Set A for which this Is true Is 4. ^ ' 

2. Which members of Set A are described In Exercise a 
through 1? 



a. 


2 < n X 4 


(3) 


f.. 


3 < n < 7 




b. 


0 < n < 2 


(/). 


&• 


0 < n < 1 




0. 


5 < n < 7 


U) 


h. 


6 < n < 7 


( 7t^^ 




2 < n < 6 




1. 


7 < n < 8 




e. 


5 < n < 8 
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Bxmralf* S*t 4 



'6 "5 "4 "3 ^2 "I 0 +1 ^2 +3 +4 +5 +6 



Abpve Is a numb«r line of a sat of Integera. Tha mambara 
of the aat are tha Intagara that ara graatAr than "7 and laaa- 
than +7. Call thlB Sat I. 



1. Which of thaaa Sata aca abonn pn tha abova nuobar lina? 



luabar^iinai 



a. All intagara that ara graatar than '1 and laaa 

than +4. 

* 

b. All Integers that itM less than *2 ' and graatar 
than "5. 

0 a All Intagara that ara graatar than *4 and 
^ graatar than '*'4. 

da All intagara that ara laaa than 0. 



a. All Intagars that &ra graatar than- 5 and 



laaa than 
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What Integers, If anj, of Set i are desdrlbed by th^se 
statements? .' ' j 

a. j^ll Integers less than "^2 and greater than 0. ' 

b. All Integers less than "5 and greater than (*^) 

c. All Integers greatei* than 0 and less than , 0. Cf*^) 

d. All Integers less than ^ "''e and greater than (\*s) 

If '2 < n < ■•'l, and n Is an Integer, wh^oh Integers are 
greater than "2. and less than "^'l? The answer Is ''l 

and 0. ' ' . * 

For each of these, fin* n If n a member of the set 
of Integers, 

("6, -5, "3, "2, "1, 0, +1, +2, +3, ""^^ +5, +6) - 



a. 


+1^ 


> . n > +2 




b. 




< n < +2 




0. 




< n < +6 






■5 


< n < "2 






■3 


< n < 0 




f. 


"1 


< n < +3 
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Exerolse 3»t J, 



Answer eaoh of these questions. You may write, a 
natliei&atloal sentenoe'as you) answer^ Ifj you wish to do so. 

!• What Integer Is 2 greater than the opposite of "^4? 



2. What Integer Is 2 less than the opposite of 4? 




3 . The Integer '^2 Is 2 . greater than a certain Integer whioh 
we will represent by A. Also ^2 Is 2 greater than\he ^ 
opposite of A. What Integer does A represent? f^) 



4, What Integer Is 6 greater than the opposite of ^21 



5; The sxun of two Integers is Both ad<9§nds fl|re positive 

Integers. Write all possible mathevatloal sentendes.^ 

> tr * ^ / mm 

6.V The sxun of two Integers Is 6. Both addends are 



sentences. , 



negative' integers. Write all possible mathematical 

f ; 

7, The sum of two Integers Is "^8. Both addends are negative 

Integers. What are the addends? Doetethls problem have an 

answeri^W your answer is no,' state a reason .^-^ ^/u- 
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, \^ ■ • • Bf rel8« Set 6 



On a ^heet of gi*aph papar, draw the x-axlB and the y-axle. 
Locate the points deaerlMd below and label each pAlnt with ita 



name, but not^ wl|th Its ordered pal>. 

1. Point £ la 5 units above the x-axis and 4 units to the 
■right of the y-axls. [^(^.^/^jj 

2. Point R is on the y-axls arid 8 units below tl?e point 
whose " coordinates are (o, "•'ij). [FC^/^^] 

y: The x-eoordinate of C Is the opposite of """S. Its > 
y-coordinate is the opposite of "5. [c ("S'/^ 

4. Point T Is the reflection of the point with coordinates 
(-12, +5) m the y-axls. /rC^/a/^^^j 

'. V * ■ 

5* Another point, R, la 6 units above and 9 units to the 
left of the ^olnt with ooordlnatee (+7, "l). //?C"2 ^^^^J. 

6. Another point, c, la on the line «e©nent Joining E and 
T. It 18 midway between E and ' T. [^('^^/^^J 

7. Point . 0 has aa ooordlnatee Integers that are opposltes. 
The second member of this ordered pair is the opposite 

of ^5. '^'^^J 

. If jrou have located the points correctly you will find that: 

a. All points are on the same straight line. 

b. A word Is spelled by .the letters. Wflte the- word? 

■ i ' . * . • . ^ ■ ■ ' . . - 
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VORKINa WITH RATIONAL NUMBDERS 

Exerol»e Set 

nie Anolei^ Egyptians used only unit fradtlonSf for the 
moBt part. A \mlt fraotlon Is a fraction which namee a rational 



niunber, auoh aa 



1 

15' 



or 



297 



that Jhae a numerator of 1« 



The Egyptians did not have a synbol for rational numbers 
suoh as ^. They had to think of |- as . ^ + v^- + ^ the sum of 
rational numbers named by unit fn^btlons. They oould have thought 
of J 



7 T* 



In the exercises below you will be asktfd to name some numbers 
as the sum of two or more rational numbers whose numerators are X 
Fir this Exercise Set you are not to use j- ^ unit fraction. 
You may have to try a few, t^Lmep for each exercise before you get 
the right answer. 



r 



1 . Write each of these aa the sum of two rational Rurobers 
named by unit fraotlons. 



a. 



2 



b. 



2 



0. 



1 



d. 



1 
3" 

(Ui) 



e. 



10 
2?J 



2. Write each of these as the sum of two rational numbers named 
by. unit fraotlons In two different ways, . An answer for ^ 



Is shown m the* box. 




92 



8 
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3. Copy and fill in the blanks with rational numbers naaed by 
unit fraetlons. 

. Wrtte J aa the sum of two equal rational mSMBbera naiMd 
by unit fr^tlona. (j +iJ 

Wrttt J as the t\m of four equal rational niunberB named 
bSr unit fractlona. (i + f ^ f ^ i ) 

5. Wrtte J. as the sum of two rational numbers named by unit 

fractions; as the sum of three rational numbers named bV unit 
fractions; as the sum of foxxr rational numbers named by uiat 
fraotlons.(v^'i *^ '^J 

BRAmWISTKRS 

5. . What Is the largest number you can write as the sum of two 
rational n^ers named by unit fractions? ^i" i) ' • 

7. What is the largest number you can write as the sum of two 
. ratLohal numbers named by two different unit fraotions? v 

8. Wiat Is the largest number you can write as. the siun of three 
rational' nudbers named by three different unit fraeti'ons? 

■ . . ■ ■ 

o 
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Copy thft produet •zprttslon fhovn btlowj 

a. Dntw a llna undtr aaoh for whloh the product Is less 
than the flrit factor. ( / ^.e- ; J j '^"^J 

b. Draw a ring around each for which the product la 
greater than the second factor, (/'^j J^; ^^^^'^J ^^'0 

(a) (b) (c) 



h^l (fj 


m 






i-k) 










fx 1 U) 







Study your answerft for the above exercises • Then oopy and 
oopplete these statements with the words, greater" . or "less" 
In the blanks. Answers are about products of two factors. 

a. If the first factor Is less than .1^ the product Is 
jjLmA.) than the second factor; 

be If the second factor Is less than' 1^ the product Is 
w [JL^) than the first factor: 

c. If the first. factor Is greater than 1,' the product 
Is than the second factor. 

d. If the second factor Is greater than 1^ the product 
1» (»^^) than the first factor. 
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• P6lO.' " ^ - ' - . ' * 

^ ■ 

1. What number l8 n so •abh mathMuitloal aantenoa la trua? 

d. f - n [£ e. ; 3| X 1^ -^^ f . 4 X 4 - ,n (iW) 

g. |x|-n(f;h. |x}-n(i^J 1. lx2^-.n(;fj- 
, 4. . 5^ X I . n(?:j k. , f x 4 - n (fj 1. x 2^ - „ (^j 

2. Find a fraot Ion name for eaoh of the following. 

a. ' (4^xn) + l if n - I (f; e. X n) + ^ If n - j ^^J 

1 . ■ " 

b. (n X I) - 1 If n - I f. („ X |y If „ - Ife) 
0. (| x n] + ^ If n -I^IJ g. ^ . ..(n> 20' If n - ^(fji 

■ d.V f - (n X 2) If I (i) ,n - (I x^D If „ --1^^ 



3» Wiole-nxHnbeir exponents may be used with fraotjlona as the 



base. , Poi* exan5>le, " .> 

, _ tlie meanlngjOf ^^j" and is: 



{if , (If -Ixixf 

* » "* ■ 
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BxerclscI set 10 



The mathematloal sentence 



a relatit)h iunong 

• - TV.;,:; ^ 



10 



V Is a statement about 



am !Rie ma thematloal; sentences 



sr*r " J 



or 



10 . 2 _ 5 

5r + T"7 



■I ' ■ I ■ - . t 

«r« also stif^lmeril^s about a relation anon^ the sane rational 
nufflbers j, il^,,. and " 

' ". ' ■ ■ ■ ■' : . . 

Slmllfurly ^ x n - |. and n - ^ + ^ aire both Btatementa 

1 



about a rel»t!}:iiMi among ^, the product, ^, the known faetpr 
and n, th^^uii^noim factor. One way of finding the unknown 
factor, n, so §.x n - ^ la shown In the box belpw. ..^^ ! v ' 
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iii ii^0rol8e a through f find h so that ii^eh 
• natii^matloal sentehoe la truai^ ; ; 



a. f J'.^ - 6 (y>^f) 

..;0,.. ■ .a 



d. 



e. 



f . 



-If ■ n X 



^1 




^ j! 2. 11xe^iatheina1;l,oal sentenoea In Exerolse a through t 'r^ 
I I ' true. In whloh^c^f these mathematleal sentences is n . 

IP i Whole numberii^' T*py to find an -answer without writing thW 



on^your paper, 
1 



a. 



jx n 

1.,- 




d , .. |. X n - 2 ( 

e. ' I" X n. - 5 /(w =^3 

f . '-'f x n -t-^^#6> = ^3 , ' 



ERIC 
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1. Plnd the UQtodifh. fabtor for eaoh of ^cerolses a through f 
Wxlte yoiurranBwazuir^^^^^ this form: •i' '^ « Use whatever 
other atepa>^ do n6t*wz;lte them on your paper. 



2. In each of the exerolaes *above, la the product or the known 
factor the greater number? /] la the unknown factor lesa than 




or 



greater than 1? f^v^^ 



3/ ^; Study yo\ir anawera to Exercise 2. Copy and fill in the 
blank below so that^ the statement wllir.4>e true. In a 
division exanq>l'e it seems that If the iGddwn faaiol^'^s larger 
than the product, the xmknown factor Is 



4. > Follow the*lnatn:|,qtl6hc^ Exi9rcJ.se l ,:to find the unknown 
fabtbr^. S^e If^yqu can write the unknown factor by studying 
your anawera to Exercise 1. 



b. 
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m eaoh of the exerolaeB In p^bWfem 4 is the product or o 
the known factor the greater njimber? le the unknown factor 
less than or greater than 1? 



Study your answers to Exercise 5. Coiiy e«^d fxp. in the 
blanks so this statement will be tni^i^; -ij ^ ^'^^f 

>N ." ■■ ' • ■ , " ■■■■ ■ " 

In ;a division example It seems that if the known factor is 
less than the product, the unknown factor Is ff**^'-J^f^ ^ 



Wrlt^ ;^he unknown factor for^jei^'h of the exercises below., v 



Study your answers, then; fill in the blades so eaoh 
statement will be true. 

i;f the known factor Is multiplied by 2 alnd the product is 
unchanged, the unknown factor is M^s^L*-^-^ >^ a ) 

If the known factor Is divided by 2 and the product is 
tJnchanged, the unknoJm factor Is • 

929. 



..■■:- BxTeli» a»t Ig 

StvLiij this set of numbers: 

(1, 2, 4, 8, 16, 32; ...) 

HImv la a rule to use In oz>der to find a member of thla 
set. It let 3tart'wlth.l; muXtlply 1 by 2 ' to get the next 
meoiber. Any meiiber .la 2 timely the member before It. . 

>or the aet (1, 4, 7, 10, 13, ...) you may think of the 
rule as, "start with 1 and add 3." 



vncdte the .flrat 3 members of each of theae sets of numbers. 

1. siart with 2 and multiply by 2|. ^2, ^ /ai*, -^'^^ 7*^) 

2. Start with ij and divide by |. (if, ^ "^i .^-^jJ^J 
\3. Start with 288 and divide by j. (ais?^ /a '1 ^ 

4. start with 3.7 and multiply by S. (s.l, ^nsjijnf.i^ttis^) 

5. Start with .19208 and multiply by .7. 

6. HRAmrWSTKR . 

. ■ * 

Start with 2*1. Haltlply by .4 to find tht second 
mttnlNir of the i#t. Add 1.2 iio this saoond nenibar of tha 
sat. lhan rapaat. Tha first thraa mambars of tha sat iras 
2.1, .84^ 2.04. urdJ|a tha naxt flva mttibars. 
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Eterolee Sat 1^ 

Tell whether ettoh statement is always true, sometimes true, 

or never true, 

» ■ 

1. ^iThp reailt of multiplying two rational momhers la a rational 

munber. ' ( aA-^wy^ it-* ) 

2. The reault of multiplying a rational number which Is a whole 
number and a rational number less than 1' la greater than 
the result, of multiplying two rational numbers leas than 1. 

• . - ( oA^-frn'^A-^ 3 

3. If the proiiuot Is doubled and the known faotor Is doubled, 
the unknown faotor 1? also doubled. (.^i^^^Zi^^ ) 



In a division examplov the produdt Is larger than the unknown 
faotor. (^T.r?^^^ . /J r V = 3 /z> 3 \ ^ 

5. If the known faotor Is larger than the produot, the unknown 
factor Is less than 1. <f A.^-»-^vfi^ ) 



6. If one faotor Is less than 1 and the other Is greater than 

1, the product Is less than 1. (,xai>«-t'2i:^ "^fc^ ") 
^< ■ ' ' .■ 

7. If the result of multiplying two factors Is greater, than 1, 
. at letst one faotor Is greater than 1. 

• • ■ 

8. If the unkngwn factor Is less than 1, both product and 
known facto* are less than i. >^ )^ 

9. If the known faotor is multiplied by lo and the produot 
divided by 10, the xinknown fao^r is unohanged. (^lLj^'JI^^^ 

.-.•// • , ■ ' 
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Exercise Set l'^ 



k + ll - 








WRONG 





We all make silly mistakes like the one above. Often 

estimating answers helps us avoid silly errors. For example, >^ 

2 

for 4 + iS- you could think 

k + Ij is between 4+1 and k, + 2^ 
so it is between 4 and 2. 

Tou nc^w see that ^ is not between U and 2 so you have 
made a mistake. . 

Copy this phart. Pill in the blanks. Exercise 1 is done 
for you. 



Division 



unknown factor 
is between 



Unknown factor 
is between 



1. 


8,+ 5t 


8 + l^ and 8 + y 


2 and 3 


2. 


12 + 3| 














3.. 




* 










* 

5. 






^ 3 


6. 












20 4 ^ ^ ^ 




7. 




• 




932 


429 



Unknown factor 
Is close to 

2 

3 - 
V 

• 3 

■A 

4 
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Exercise Set 15 



In his science class Bob learned that a gallon of water 
weighs 8.36 powds. He also found the following Information 
about milk, turpentine, and gasollne>-->>,^ 

A gallon- of milk weighs l.Q^,tlmed as much as a gallon 
of water. - * j 

A gallon of turpentine welgl^ .87 times as much as a 
gallon of water. 

A gallon of gasoline weighs . 67 ' times as much as a gallon 
of water. ' ' ■ ' ■ 

Bob weighed a lo-gallon tank that he had. It weighed 18.7 
pounds. A 5- gallon. can weighed 4,d,4 poxmds. 

Use the Ipformatibn ?r6m th^ aj^oy* paragraphs to answer these 
quieaj|:l^PB . Wrlt'e'.amlatbemiLtical sentence foi;* each question first. 

jiV -v JWhat ia 'the'wljlghtiof a gkllon'df rAllk? f>7- f.cs ^^-^c- 



la the^w^ightiof a gallon of milk? (>7- /.^3 



-^0 



^. What will be the' weight of , the lO-gallon tank filled with 
water-? ( >^ = (/^ < ^- ^0 + ? j ^^-^^^ytf >fcjf IjJU^-^ 

3. What Is the weight of 2 gallons of gasoline? T^i = .^7«y.3t 

4. Wlmt I's the weight of 1 .quart of water? v 

5. What is the weight of the S-gedlon can filled with turpentine? 

6. 5 'gallons of milk weighs how, much more than 5 gallons of 



water? f(A^3xr30*^J- [i.^^^^};/ J^yi^ ^--^ 

7. . which weighs more, 7 gallons of gasoline or 5 gallons 

of turpentine? 1^-/7 X ^.5ir J--- 3^.5^ >^^vAir/2V^. 

8. Which weighs more, '5 gallorts of milk and 5 gallons of 
Easpllne, or 10 gallons of turpentine? 

I * f? \ sf'SU ^ /O =. 7-?. 7 



933 



430. 
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Bcerclse Set l6 

Vrhlch of the mathematical sentences In the box can be used 
to answer each question below? Solve the mathematical sentence 
and write an answer sentence. 



1 • How many 8 Inch pieces of pipe 
can be cut from a pipe whose - 
length Is 59.2 . Inches? (i.^^^'-^^^ 

JL^,4^ y.*-^ pU^A^ ^ ^yU td^ 

2. A piece of pipe 59.2 Inches 





8 + n - 5,9.2 


b» 


8 X n - 59i2 


c. 


n .= 59.2 X '8 


d. 


n - 8 - 59.2 


e. 


8 + n « 59.2 


•^f 


8 - n - 59.2 




n;> 8 - 59.2 







\ long IB how much longer than 
, apiece 8 Inches long? (e. ^^« = ^t- ^ -/n^^^-^^^ 

5. What is the total length of eight pieces of pipe each $9.2 
, • Inches long? (c. /Jr^rax tf ^ ^ :^r^ f 

4. Prom what length of pipe Is an 8 Inch piece cut so the 
resulting piece Is 59.2 Inches long? [d. ^-s = ■ ^ 

3, What Is the entire length of a piece of pipe If ^ of Its 
length Is 59.2 Inches? (^5-- '^-fi'r^y. a M. ^ 

It takes 2 minutes to make each cut thru a piece of pipe. 



How long does It take to cut the pipe Into 2 pieces? 

7. Answer Exercise 6 for 5 pieces; for \ pieces; for 5 

pieces; for 10 pieces; for n pieces If n Is a covmtlng 

^ \ ■ ■. 4 31 . 



8. 



you oan out a reotangular region Into 
parts by vertical outs like x or - 
horizontal cuts like j. It* takes 2 
minutes to' make a vertical cut and 3 
minutes to make a horizontal cut. 
How long would It t€Uce to cut the 
rectangle Into "four equal parts if 




a. 

b. 



^You could uB^onlj^ vertlcal^^uts? 
You could. use only horizontal dtits? 



Y 



■use' the' Information in Exerotaie. 8 to answer these 
questions. You may use both hbrlzontal and vertical outs 
In answeirlng. - 



a. 



b. 



What Is the shortest time needed to out the 
rectangle into four equal partB?^:! ^ ^ ^..'^PUJ 



IfAiat is the shortest time needed to cut this . 
rectangle Into 8 equal part-ii 9 (i^ , . ff.^ ^ ^ 



p. Draw a picture to show how the cuts would "be made^'j^n 



dividing the rectangle Into^ 8 equal partfr In- -1^ 
minutes; In 11 minutes. 



0 i» y-- 



935 



432 
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Exerolsei Set 17 



The expression 2 x n + 1 means, "Add 1 to the product of 
2 X n. If n - |-, then 2 x n + 1 Is (2 x |) + 1 - ^ + 1 = i^." 

,•/■■■ 

Copy and fill In the blanks In these tables. In Exercise 1 
you think, "If n - 3, tken 2n + 1 - (2 x3) + 1 » 7." ¥rlte 7 



In the table below J; 

1. If n « ■ . ■ . / 


1 


3 


8 


2 


si 


• 11 
o 


0 


I 
2 


Then 2 x n + 1 « 


7 


/ / 


/ 


II 3 








2. 'if n - > 






If / 




7 


11 

T 


8 


Then Jn - 2 » 








'A 




7 




3. If n « . 

i ■ ' 


2 


6 






.12 


.78 




Then 2.kn + 1.5 « 






?. /i- 


12.^* 








»». If n - 


3 


« ■ 


.8 


100 


.12 


l.l^4 




Then (3.6 + ft)' + 


.6 - 




f.C 








3./ 




5. \ If n - 


■ 5 


12 


.8 




1.8 


3.9 


' Then d AB - (n x 


.6) - 




I.J 9 


^ *• 









6. 



If n- 


.96 


.ll^l^ 


.1728 


.888 


.0056 


Then 12.72 -.: (n + .08) - 


0.12 








la.L^ 



y ' 936 433 
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Exerolse Set ^8 



Ttie square on the right Is called a 
multlplloatlon maglo square. The 
product of the nxunbers In eacth row and 
eaoh oolvunn Is the sane: for exanple, 

2^ X 2^ X 2^ - 2-^5 



2^* X 2^ X 2^ - 2-^5 • 



2^' 


2^ 


28 


29 


25 


2^ 


2^ 


27 


06 



1. Copy the raaglo square on the right. 


3 


,10 


35 


Fill In all empty cells so It Is a ^ 


3^ 




3" 


multiplicative magic square. 


3^ 


i" 


39 



2. 



You ar* to make a multiplicative 
magic square from the one at the 
right. Do this by changing the 
position of two numbers. 



,11 



,14 



,10 



49 



,8 



.4. 



5. 



ts this a multiplicative aaglc 
Start to multiply. ' 



18 this a multiplicative maglo 
square; 





16 


8 


256 




512" 


32 


2 




4 


■128 


' 64 










.32 


. .16 


5.12 


10.24 


.64 


.04 


.08 


2.56 


1.28 



BRAINTWISTER. , Use the number whose numerals are 
5^, 5"*, ,55,' 5^, sj, 5®, 5^ 5^°, 5^^' to make a multiplicative 
magic square. Hint: Th e product of fe e numbers in each row 



and column Is S^''' , 







s" 


s" 
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